
Rudiments of SM 1 

Bare essentials of statistical mechanics 
 
 The proper quantum mechanical description of an N-particle system is a 
wavefunction that depends on 3N coordinates (3 ways of moving, in general, for every 
particle) and 4N quantum numbers (3 motional quantum numbers and 1 spin quantum 
number for every particle).  In a macroscopic solid or liquid there are 1023 atoms per cm3; 
in a gas there are 1020.  Thus, the amount of information required to specify the 
wavefunction for such a system is scandalously large.  A fundamental theory of 
macroscopic systems cannot be based on microscopic details.  Instead, a new way of 
thinking is required.  This is known as statistical mechanics.  
 
 Statistical mechanics is usually based on an independent-particle approximation, 
i.e., the systemÕs particles are assumed to not interact with each other.  The wavefunction 
can then be separated into a product of N single particle wavefunctions, each depending 
on 3 coordinates and 4 quantum numbers.  Important to the success of statistical 
mechanics is the assumption that the system interacts with its surroundings.  These 
interactions are so numerous we canÕt keep track of them, so we invoke a simplification: 
the interactions serve to cause random transitions between the microscopic states.  Thus, 
if a system is initially prepared with some unique set of single particle quantum numbers, 
in short order (10-13 s or less), there will be another set and we canÕt tell which it will be.  
This kind of uncertainty is different from quantum uncertainty: itÕs due to our 
overwhelming ignorance of all of the possible information. 
 
 The measurement of a macroscopic variable, such as temperature or pressure, for 
example, is assumed to occur slowly compared with the rate of internal transitions.  The 
result of such a measurement is therefore a time-average (thus the meaning of statistical 
mechanics) over many internal states (sets of quantum numbers).  If the average value 
doesnÕt change (much) from macroscopic (i.e., longer than 10-13 s) moment-to-moment, 
the system is said to be in statistical equilibrium.   
 
 When a system is in statistical equilibrium it can usefully be characterized by a 
few macroscopic variables.  Temperature is one of the most important of these.  The 
absolute temperature scale (measured in kelvins, K) is defined as follows.  (1) T = 0 K is 
the temperature of a macroscopic system found permanently in its ground state.  Such a 
system has no excitations; it has its lowest possible energy and is completely isolated 
from the rest of the universe.  Of course, such a condition is impossible to achieve in 
practice, so absolute zero is a conceptual state not a real one.  (2) T = !  K is the 
temperature of a macroscopic system found equally likely in any of its allowed states.  In 
other words, if one could measure the 4N quantum numbers of the system again-and-
again, each possible combination would be observed with equal frequency.  Again, this is 
really a concept, not an achievable reality.  (3) At finite temperature the probability of 
finding the system in a 4N quantum number state, S, is proportional to 

!  

exp(" ES /kBT) , 
where ES is the energy associated with state S and kB is a fundamental constant of nature 
known as BoltzmannÕs constant, the value of which is 8.617x10-5 eV/K.  In this scale, 
pure water freezes at 273 K and boils at 373 K (at a pressure of 1 atm).  Human body 
temperature is about 310 K and Òroom temperatureÓ is taken to be 300 K (though that 
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might be slightly little uncomfortable).   At room temperature, kBT = 0.0249 eV = 1/40 eV 
(among friends).   
 
 The total energy of a system can be written as 

!  

ES = N"

all  "

# $" , 

where Òlittle ! Ó means a single particle state consisting of 4 quantum numbers; " !  is the 
energy of that state and N!  is the average number of particles in that state.  Of course, if 
the particles are identical fermions, N!  can only be 0 or 1, while for identical bosons N!  
can be anything from 0 to all of N.  In any case,  

!  

N = N"

all  "

# . 

Assuming the system is made of identical particles of only one type or other, a bit of 
mathematics (i.e., maximizing the probability PS subject to the constraints that the system 
has energy ES and total number of particles N) leads to 

!  

N" =
1

B(T)exp(#" / kBT) ±1
, 

where B is evaluated by requiring the sum of all N!  to equal N and the +sign is for 
fermions and the Ðsign is for bosons. 
 
Fermions: 
 
 LetÕs first examine the identical fermion case.  In the limit that T approaches 0, 
the N lowest energy single particle states will be filled, and all higher energy states will 
be empty (thatÕs the N-particle ground state).  The highest energy filled state has an 
energy 

!  

" F , designated as the ÒFermi energy.Ó  A convenient way to express B(T) for 
fermions is 

!  

B(T) = exp("#F / kBT).  This leads to  

!  

N" =
1

exp #" $#F( ) / kBT[ ] +1
. 

Note that if 

!  

"# $" F < 0, then N!  "  1, as T "  0, whereas if 

!  

"# $" F > 0, then N!  "  0, as T 
"  0, just what we want.   
 

The Fermi energy actually decreases as T increases, but usually it is sufficient to 
use its value at T = 0.  To determine 

!  

" F  at T = 0, we need to know what the 

!  

"#  are.  It is 
often very useful to assume that the N fermions are contained in a cubical infinite well.  
In such a well a single particle state is given by 3 motional quantum numbers (nx, ny, nz = 
1, 2, 3, É)  and one spin quantum number (±1/2, for spin-1/2 fermions).  If L is the length 
of a side of the well, the single particle energy is  

  

!  

" nxnynz
=

# 2h2

2mL2
nx

2 + ny
2 + nz

2( ), 
each of which is two-fold degenerate (the two spin states have the same energy).  We 
write the Fermi energy as 

  

!  

" F =
# 2h2

2mL2
nF

2 . 
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Because N is of order of 1020 or more, nF is similarly large.  Thus, to a good 
approximation N is the total number of states inside an octant (because we only want 

positive n values) of a sphere of volume 

!  

4
3

" nF
3: i.e., 

!  

N = 2"
1
8

"
4
3

#nF
3 =

#nF
3

3
 (the factor of 

two being due to the spin degeneracy).  In other words,  

  

!  

" F =
# 2h2

2mL2

3
#

$ 

% 
& 

'  

( 
) 

2/ 3

N2/ 3. 

But, L2 = (the cubical volume)2/3 so finally 

  

!  

" F =
# 2h2

2m
3
#

$ 

% 
& 

'  

( 
) 

2/ 3

* 2/ 3,     (1) 

where # is the number density (number/volume) of fermions in the well.   
 
Example: Suppose one electron per atom is shared among all of the atoms in a chunk of 
gold.  Treating these shared electrons as noninteracting fermions in a well what is the 
associated Fermi energy?   
Solution: The mass density of gold is 19.3 gm/cc and the atomic mass is 197.  Thus 197 
gm of gold = 6x1023 atoms, so # = (19.3/197)x6x1023 atoms/cc x1 elec/atom = 59 
elec/nm3.  Using the electron mass for m we find "F = 5.5 eV. 
 
Example: A neutron star consists mostly of neutrons packed at nuclear density.  What is 
the Fermi energy for neutrons in a neutron star? 
Solution: Nuclear density is about 1n/(2.5 fm)3 = 6x1016 n/nm3.  Using the neutron mass 
for m yields "F = 3x107 eV = 30 MeV.   
 
 Whether the T = 0 value for "F is useful depends on whether the fermion 
wavefunctions ÒoverlapÓ significantly.  To approximate the overlap we use the 
Heisenberg uncertainty relation, 

!  

" x" p # h /2, to find a measure of wavefunction spread, 
namely, 

!  

" x; to do so, we replace 

!  

" p by the thermal average value 

!  

3mkBT .  We say that 

significant overlap occurs if 

!  

" #x( )3 is close to 1 or larger.  At high temperatures 

!  

" #x( )3is 

small.  The lower the temperature the larger 

!  

" #x( )3becomes.  Irrespective of what the 

absolute temperature is, 

!  

" #x( )3determines the systemÕs ÒhotnessÓ or ÒcoldnessÓ in a 
fermionic sense.  Thus, suppose T = 300 K in the first example above.  ThatÕs room 
temperature for you and me.  But at 300 K, 

!  

" #x( )3
$1800.  Consequently, electrons in 

gold at room temperature are ÒcoldÓ (and (1) is fine to use for "F).  Similarly, suppose T = 

108 K for a neutron star.  At that temperature 

!  

" #x( )3
$105, so neutrons in a neutron star 

are fantastically ÒcoldÓ (even at 100 million K!). 
 
Bosons: 
 
 For bosons,  

!  

N" =
1

B(T)exp(#" / kBT) $1
. 
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The minus sign in the denominator makes a huge difference as T approaches 0.  At a 
finite temperature all N bosons go into the same single particle ground state, with energy 

"0.  At low temperatures, 

!  

B(T) " 1+
1
N

# 

$ 
% 

& 

'  
( exp() *0 / kBT) , so that N0 "  N.  We can use the 

same criteria as above for wavefunction overlap to see at what temperatures such ÒBose 
condensationÓ might begin.  Significant overlap occurs when 

!  

" #x( )3 gets close to 1.  It is 
known that about 10% of a volume of helium 4 combines into a superfluid state (no 
viscosity) at T = 2.17 K.  For that temperature we find that 

!  

" #x( )3
$1.6, apparently 

sufficiently large to account for the observed superfluidity.  (Contrast this with water at 
300 K, where 

!  

" #x( )3
$10%4; water has very little wavefunction overlap and is a classical 

fluid, with plenty of viscosity.) 
 
Photons: 
 
 A container of photons at temperature T does not have a fixed number N.  
Photons can be absorbed (leave) and emitted (enter) by whatever the ÒwallsÓ of the 
container are made of.  As a consequence the number of photons in a container is 
constantly changing: N does not constrain what the probability is of finding a photon in 
state ! .  Photons are bosons but with B(T) = 1: 

!  

N" =
1

exp(#" / kBT) $1
 

For photons, as T "  0, N!  "  0 as well.  The colder the container, the fewer photons are 
present.  Photons do not undergo Bose condensationÑ they just disappear.   
 
 More generally, if 

!  

"# / kBT  << 1, 

!  

exp("# / kBT) $1+"# / kBT , and 

!  

N" # kBT /$"  >> 1.  
That is, at finite T low energy photon states are filled with many photons, but those states 
donÕt have much energy, so donÕt contribute much to the total energy in the container.  
On the other hand, if 

!  

"# / kBT  >> 1, 

!  

N" # 0; so high energy photon states (that do have 
energy) are empty.  Most of the containerÕs energy comes from intermediate energy 
states.  This situation is described by a blackbody spectrum, usually given in terms of 
how photon energy per unit volume per unit frequency varies with photon frequency: 

  

!  

u(" ) =
h

# 2c3

" 3

exp(h" / kBT) $1
.  The maximum in u occurs at a photon energy 

  

!  

h" max = 2.82kBT, and is proportional to T3.  The maximum of the distribution and the 
energy per unit volume in the container are determined solely by temperature and are 
independent of what the container is made of.  Despite having a pronounced peak at 

  

!  

h" max = 2.82kBT, the blackbody distribution still has 5% of the maximum value at an 
energy   

!  

h" = 9.3kBT , so the ÒtailÓ of the distribution is fairly long and photons (albeit few) 
exist with energies well in excess of 

!  

kBT.   
 
Example:  What is the wavelength of a photon with   

!  

h" max = 2.82k
B
T  at room temperature? 

Solution:  At room temperature kBT = 1/40 eV, so the photon energy is 0.07 eV.  This 
also hc/$ so the wavelength is about 18 µm, about the size of a biological cell. 
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Example:  What is the wavelength of a photon with   

!  

h" max = 2.82kBT at the temperature of 
the Cosmic Microwave Background (CMB)?   
Solution:  The CMB is a blackbody with T = 2.725 K, about 1/100 room temperature.  
Consequently, the wavelength is about 100 x larger than in the previous example, or 
about 2 mm.  (Incidentally, there are about 3x109 CMB photons for every proton in the 
universe, but because these photons carry so little energy, the total mc2 for protons is 
about 2000 times greater than the energy of the CMB.) 
 
High temperatures:   
 
 At high temperatures, 

!  

" #x( )3
<<1, which implies that quantum mechanics is 

unimportant in this regime (no wavefunction overlap).  We observe this loss of 

Òquantum-nessÓ in the way N!  behaves: 

!  

N" =
1

B(T)exp(#" / kBT) ±1
$

1
B

exp(%#" / kBT), 

regardless of whether the particles in the system are bosons or fermions. When this 
happens we say we are in the ÒclassicalÓ regime. 


