Bare essentials of statistical mechanics

The propa quantum mechanical description of an N-particle systemisa
wavefundion tha dependson 3N coordinaes (3 ways of moving, in geneal, for every
paticle) and 4N quantum numbers (3 motiond quantum nunbersand 1 s?in guantum
nurber for every paticle). In amacroscopic solid or liquid there are 107° atoms per cm®;
in agasthere are 10°. Thus theamourt of information required to specify the
wavefundion for such a system is scanddoudy large A fundamental theory of
macroscopic systems cannotbe based on microscopic details. Indead, a new way of
thinkingisrequired. Thisisknown as statistical mechanics.

Statistical mechanicsis usudly based on an independent-particle approximation,
i.e., the system@ particles are assumed to notinteract with each other. Thewavefundion
can then be separated into aprodud of N single particle wavefundions each depending
on 3 coordinates and 4 quantum numbers. Important to the success of statistical
mechanics is the assumption tha the system interacts with its surroundings These
interactionsare so numerouswe can®keep track of them, so we invokea simplification:
theinteractionsserve to cause randomtrangtionsbetween the microscopic states. Thus
if asystemisinitialy prepared with some uniqueset of single patticle quantum nunbers,
in short order (10 s or less), there will beanother set and we can®tell which it will be
This kind of uncertainty is different from quantum uncertainty: it@ dueto our
ovaewhdmingignorance of all of thepossible information.

The measurement of a macroscopic variable, such as temperature or pressure, for
example, is assumed to occur sowly compared with therate of internd trangtions The
result of such ameasurement is therefore atime-average (thusthe meaning of statistical
mechanics) over many internd states (sets of quantum nunbers). If theaveragevalue
doesn®change(much) from macroscopic (i.e., longer than 10* s) moment-to-moment,
thesystem is said to bein statistical equilibrium

When asystem isin statistical equilibriumit can usefully be characterized by a
few macroscopic variables. Temperatureis oneof themog important of these. The
abslute temperature scale (measured in kelving K) isdefined asfollows. (1) T=0K is
thetemperature of a macroscopic system foundpemanently in its groundstate. Such a
system has no excitations it hasits lowest possible energy and is completely isolated
fromtherest of theuniverse. Of course, such a conditionisimpossible to achievein
practice, so ablute zero isaconceptud state notarea one (2) T=! Kisthe
temperature of a macroscopic system foundequaly likely in any of its allowed states. In
other words if one could measure the4N quantum nunbers of the system agan-and-
agan, each possible combinaion would be observed with equd frequency. Again, thisis
really aconcept, not an achievable redlity. (3) At finite temperature the probability of
finding the system in a4N quantum nunber state, S is propottiond to exp(' Eg/kT),
where Esistheenergy assodated with state Sand kg is a fundanental congant of naure
known as Boltzmann®congant, the value of which is8.617x10° eV/K. In thisscale,
pure water freezes at 273K and boilsat 373K (at a pressure of 1 atm). Human body
temperature is about310K and @oomtemperatureQis taken to be 300K (thoughthat
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mightbedightly little uncomfortable). At roomtemperature, kgT = 0.0249¢V = 1/40eV
(amongfriends.

Thetotal energy of a system can bewritten as
Ec=# N.$,

all

where Qittle / Omeansa single particle state congsting of 4 quantum numbers; “, isthe
energy of tha state and N, istheaverage numbe of particlesin that state. Of course, if
thepaticlesare identical fermions N, can only be 0O or 1, whilefor identical boonsN,
can beanythingfromOto al of N. In any case,

N=#N..

all

Assuming the system is made of identical paticles of only onetypeor other, a bit of
mathematics (i.e., maximizing the probability Ps subject to the condraints tha the system
has energy Es and total number of particles N) leads to

1

T B(T)expl /k,T)+1’
where B is evaluaed by requiringthesum of al N, to equd N andthe+signisfor
fermionsand thebsignisfor booons

Fermions

Let@ first examinetheidentical fermioncase. In thelimit tha T approaches 0,
the N lowest energy single particle states will befilled, and all highe energy states will
be empty (tha@the N-particle groundstate). Thehighest energy filled state has an
energy ", designated as the Fermi energy.O A convenient way to express B(T) for

fermionsis B(T) =exp('# /kyT). Thisleadsto
1

Cex(# $4) kT 41
Notetha if ", $"- <0,thenN," 1,asT" O,wheressif ", $"->0,thenN, " 0,asT
0, jug wha we want.

TheFermi energy actudly decreases as T increases, butusudly it is sufficient to
usitsvalueat T=0. Todegermine ". a T = 0, we need to knowwhat the ", are. Itis
often very useful to assume that theN fermionsare contained in a cubical infinite well.

In such awell asingle paticle state is given by 3 motiond quantum numbers (ny, ny, N, =
1,2, 3, E) andonespin quantum nurber (+1/2, for spin-1/2 fermions. If L isthelength
of asideof thewell, thesingle paticle energy is
#°h?
I']XI"Iyl’]Z 2m|_2
each of which istwo-fold degenerate (thetwo spin states have the same energy). We
write the Fermi energy as

2 2 2
(nx +n? +nz),

#°h?
=—Nc.
Foom2 F
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Because N is of order of 10°° or more, ng issimilarly large Thus to agood
approximation N is thetotal number of statesindde an octant (because we only want

3
postive n values) ofasphereofvolume% ndie, N=2" % %#néz% (thefactor of

two being dueto the spin degeneracy). In other words
#2h2 $3'%°
a 2mL2§}_2
But, L? = (the cubical volume)”® so findly
#2283
n * , 1
S 2 (1)

where #isthe number dengty (number/volume) of fermionsin thewell.

Example: Suppo® oneelectron pe atomis shared amongall of theatomsin a chunkof
gold. Treatingthese shared electronsas noninteracting fermionsin awell what isthe
assodated Fermi energy?

Solution: Themass densty of gold is 19.3 gm/cc and theatomic massis 197. Thus197
gm of gdd = 6x107 atoms, so #= (19.3/197x6x10° atoms/cc x1 elec/atom = 59
elec/nm®. Using the electron mass for mwefind "= =55 eV.

Example: A neutron star conssts mogly of neutronspacked at nudear dendty. What is
the Fermi energy for neutronsin a neutron star?

Solution: Nudear densty isabout1n/2.5 fm)* = 6x10' n/nm’. Using the neutron mass
formyields "= = 3x10' eV =30 MeV.

Whether the T = 0 valuefor " isuseful degpendson whether thefermion
wavefundions@verlapOsignificantly. To approximate the overlap we use the
Heisenbeag uncertainty relation, " x' p# h/2, to find ameasure of wavefundion spread,

namely, " x; to doso, we replace " p by thethermal averagevalue W We say tha
significant overlap occurs if ”(#x)3 iscloseto 1 orlarger. At hightemperatures "(#x)gis
small. Thelower thetemperature thelarger (#x)gbecom&. Irrespective of wha the
absolute temperature is, * (#x)gdaerminesthesystemé hotnessOor @oldnessOin a
fermionic sense. Thus suppose T = 300K in thefirst example above Tha@room
temperature for youand me. Butat 300K, (#x)3 $180C. Consquently, electronsin
gold at room temperature are @oldO(and (1) isfineto use for "r). Similarly, suppoe T =
106° K for aneutronstar. At tha temperature ” (#x)3 $10°, so neutronsin a neutron star
are fantastically @oldO(even at 100 million K!).

Bosons
For bons

_ 1
T B(T)expl 1k, T)$1
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Theminussignin thedenomnaor makes a hugedifference as T approaches 0. At a
finite temperature all N bosonsgo into the same single particle groundstate, with energy

# &
“o. Atlow temperatures, B(T) " %];+%(8Xp0 *1ksT), sotha No" N. Wecan usethe

same criteria as abovefor wavefundion overlap to see at wha temperatures such (Bose
condensationOmight begin. Significant overlap occurs when ”(#x)3 gesclosetol. Itis
known that about10% of avolume of hdium 4 combines into a supefluid state (no
viscodty) at T=2.17K. For tha temperature we find tha * (#x)3 $1.6, appaently
aufficiently largeto accountfor the observed supefluidity. (Contrast this with water at
300K, where ” (#x)3 $10"; water has very little wavefundionoverlap andis aclassical
fluid, with plenty of viscogty.)

Photons

A containe of phobnsat tempeature T does not have afixed number N.
Photonscan be absorbed (leave) and emitted (enter) by whaever the QuallsOof the
container are madeof. Asaconsquence thenumber of phoonsin acontaine is
condantly changing: N does not condrain wha the probability is of findinga phobnin
state /. Phatonsare boonsbutwith B(T) = 1:

N. = 1
expi 1ksT)$1
ForphobnsasT" O,N," Oaswell. Thecolder thecontaine, thefewer phaonsare
present. Photonsdo notundego Bose condensationN they just disappesr.

More generaly, if ", /kgT << 1, exp(’, /kgT) $1+", Ik T, and N. #k;T/$ >>1.
That is, at finite T low energy phobon states are filled with many phobns butthos states
don®have much energy, so don©contribute much to thetotal energy in the container.
On theother hand,if ", /k,T >>1, N. #0; so high energy phobn states (that do have
energy) are empty. Mog of the containe® energy comes from intermediate energy
states. Thissituaionisdescribed by ablackbodyspectrum, usudly given in terms of
how phoon energy per unit volume per unit frequency varies with phoon frequency:

wy_ D "3

u(*)= #2c exph” 1k T)$1
h" .. =2.8%,T, andis propottiond to T°. Themaximum of thedistribution and the
energy pe unit volumein the containg are determined solely by temperature and are
independent of wha the container ismade of. Despite having a pronouned pesk at
h" e =2.8%,T, theblackbodydistribution still has 5% of the maximum value at an
energy h" =9.3T, so the Qail Oof thedistributionisfairly long and phobns(albeit few)
exist with energies well in excess of k,T.

Themaximum in u occurs at a phoon energy

Example: What isthewavelength of aphaonwith h” =2.8%,T a roomtemperature?

Solution: At roomtemperature ksT = 1/40 eV, so thephobnenegyis0.07eV. This
also hd $ so thewavelength is about 18 um, aboutthe size of a biological cell.
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Example: What isthewavelength of aphaonwith h”, =2.8%T at thetemperature of
the Coamic Microwave Background(CMB)?

Solution: TheCMB isablackbodywith T=2.725K, about1/100roomtemperature.
Consquently, thewavelength is about100x large than in the previousexample, or
about2 mm. (Inddentaly, there are about3x10° CMB phobnsfor every protonin the
universe, but because these phobnscarry o little energy, thetotal mc? for protonsis
about2000times greater than theenergy of the CMB.)

High temperatures.

At hightemperatures, " (#x)3 <<1, which implies tha quantum mechanicsis

unimportant in this regime (no wavefundion overlap). We oberve thisloss of

. .. 1 1

fi essOin th N, beh - N. = = e 1k, T),
Quantum-n intheway N, aves BT expé /kBT)il$ Bexp@ sT)
regardless of whether the particles in the system are boonsor fermions When this

happenswe say we are in the @lassical Oregime.
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