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Conductive electron heat flow along an inhomogeneous magnetic field
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In this work a general closure for the conductive electron heat flux parallel to an inhomogeneous
magnetic field is derived and examined. Free-streaming and collisional effects are present in the drift
kinetic equation which is solved using an expansion of eigenfunctions of the bounce-averaged,
pitch-angle scattering operator. For bounce times short compared to transit and collision times, the
subsequent heat flow closure takes the form of an integral operator acting on electron temperature
variations along magnetic field lines. The general closure agrees qualitatively with previous forms
for the heat flux in homogeneous magnetic geometry and importantly, predicts a substantial
reduction in the heat flow due to the trapping of particles in magnetic wells and the enhanced effect
of collisions near the trapped/passing particle boundary20®3 American Institute of Physics.
[DOI: 10.1063/1.1611883

I. INTRODUCTION heat flux closure that embodies both of these effects.

Recently, a theory for the conduction of electron heatth In);jms pa?er, da' var(ljatl_on t.Of nfetc;]classmﬁl ltr?ns;port
along magnetic field lines that allows for arbitrary collision- eory” 1S employed in a derivation of the paraliel electron

ality has been developédThis paper presents an important heattflow,q” ' V‘:.h'Ch Im"’}[)r/] bg Lthedtto fclose thei.teletcr;[ror& te_m-d
extension of this theory by setting forth a parallel heat fluxPerature equation. in the nterest ot generaity, the desire

closure scheme that allows for more general magnetic geong_losure allows for the following:

etry. This includes the important case of helical magnetiqi) multiple scale lengths parallel to the magnetic field
islands growing in axisymmetric toroidal equilibria of arbi- including short scale magnetic mirroring and long
trary aspect ratio and shaping. Such a closure is relevant to scale electron temperature gradients;

numerical simulations of electron temperature evolution in(ii)  general magnetic geometry allowing for helical mag-

magnetized plasmas where transit and collision times are netic islands embedded in axisymmetric toroidal equi-
long compared to bounce times. Specifically, this closure libria possessing arbitrary aspect ratio and shaping;
provides a quantitative means for calculating parallel electiii) arbitrary ordering of bounce-averaged free-streaming
tron heat transport in the presence of evolving magnetic is- and pitch-angle scattering effects.

lands or in plasmas confined by chaotic magnetic fields. The

latter is of interest not only in magnetized fusion plasmas but  In Sec. Il, a multiple-scale-length expansion along mag-

also in astrophysical plasmas where the reduction due toetic field lines is introduced and a bounce-averaged equa-

charged particle trapping significantly slows electron heation for the distribution function that yields the lowest-order

transport in galaxy cluster cooling flovfs. contribution to the parallel heat flux is derived. In Sec. Ill the
In kinetic studies of mass and heat flow, a dominantpitch-angle dependence of this equation is handled by ex-

collisional mechanism involves the scattering of a particle’spanding in a set of orthogonal basis functions. In Sec. IV we

parallel velocity in pitch-angle/=uv,/v. It is the asymme- solve for the heat flow and in Sec. V we present an example

tries in pitch-angle space that yield finite mass and heat flovef parallel heat flow reduction due to particle trapping and

moments. Intimately connected with the scattering of di-collisions in sinusoidal magnetic wells. The results are sum-

rected momentum is the variation jB| that a charged par- marized in Sec. VI.

ticle sees as it travels along a magnetic field line. These

variations act to accelerate particles parallel to field lineg|, ELECTRON DRIFT KINETIC EQUATION

while to lowest order preserving their energy and magnetic

moment. In strongly inhomogeneous fields, the mirror force

traps a substantial fraction of particles, thereby reducing th&

number that can contribute to parallel heat flow. In addition,gf m e

collisions between trapped and passing electrons further reg; +(Vi+Vp)- Vi+ mo ot m_v(V||+VD)'E N

duces heat flow in collisional and moderately collisional re-

We begin by stating the gyroaveraged or drift kinetic
quatior?

gimes. We present a general form for the parallel electron =C(f). (1)
Herev is the speed coordinate, andvy are the parallel and

dElectronic mail: eheld@cc.usu.edu perpendicular components of the guiding center motion, and
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u is the magnetic moment. The collision operatGif ), n° /3 mo2\ T°
represents binary, collisional scattering events. fu= fﬁn{ 1+ 54— (5 - ﬁ) ﬁ} €)
For a general parallel heat flux closure, we seek an or-
dering scheme that is valid for general magnetic geometry. limplies thatF° and f}, satisfy
the interest of identifying the dominant parallel free- 0 0
streaming and collisional physics, we require thatV vie Vv VLF (19
~C(f)>vp-V, and order the remaining terms in EG)  Here fii=(n®Y =¥ 3)exp(-v?/v3) and the electron ther-
with vp- V. The result of ignoring drift, time-dependent and mal speedp,=2T*¥m. The form given forf?/l assumes
acceleration effects is the deceptively simple, lowest ordethat the equilibrium Maxwellian is nearly stationary such
kinetic equation, that the variablev represents the random guiding center
v,-Vi=C(f) 2 speed and the macroscopic flows satiéfy ,~A2. For sim-
0 . - o .
plicity the M subscript will be dropped from the Maxwellian
This equation captures the dominant physics of parallel elegaortion of the distribution function.
tron dynamics in plasmas confined by slowly evolving, spa-  To orderA°® we obtain
tially inhomogeneouswith regards to the parallel directipn
magnetic fielgs. s reg i ’ vj- Mi(F+19) =0, (11)
In order to solve Eq(2), we introduce a multiple scale \which has the solution
length expansion along the magnetic field by defining

0 0
n T
V-V, F°=—(L(1’2)—E—L(1/Z)—e fea+go(L,v), (12)
A~ VH VL<1' (3) 0 neq 1 Teq g
v

_ _ . whereL{"?=1 and L{*?=3/2—v?/v3 are Laguerre poly-
This ordering takes into account the longer scale length, omials. Note that the integration constaglt, does not de-
associated with parallel electron temperature gradients angung onl, the distance along a field line within a single
the short mirroring scale length, set by the variations in magnetic mirror. In Chapman—Enskog theory we require that

|B|. In terms of a helical magnetic island in a large aspecthe density and temperature moments8fvanish; hence
ratio tokamak,| =qR and L=qR/q'w refer to the parallel

scale lengths associated with the equilibrium and island, re- nozf d3vL(1’2)g° (13
spectively; henceA~I1/L~q’w<1. Hereq andq’ are the e 0 '

safety factor and its radial derivative amd is the island

width. In terms of time scales, this ordering represents thé”lnd

ratio of the transit time across one period|B) to the time o 2T (W/2)0

needed to circumnavigate the magnetic island. For general- Te=— 3 peq | dvLi 79" (14
ity, we will order C(f)~v,-V_, hence the kinetic equation

of interest becomes Thatng andTg are independent df shows that the ordering

scheme produces the intuitive result that the rapid bounce

(V- Vi+v- V) £=C(f), (4) motion smooths out the lowest order perturbed density and
which hasv,- V;>v,-V ~C(f). temperature over the scale length,

In order to solve Eq.(4), we posit the following To orderA* we obtain,
Chapman—Enskog-type angatzfor the distribution func- V- V(F14 ) v, Y (FO+ £9) = C(FO+ £9). (15)

tion:
a2 In accordance with neoclassical theory, we solve this equa-
f:fM-HZ:n( ) e—(mu2/2T)+F, (5) tion by _eliminating the electron bqunce motion '_[ir_nescale
27T present in the operatov,- V. Assuming a single minimum
and maximum inB|, we use the following averaging opera-

where the density, temperature, and kinetic distortionare ) X .
tors for trapped and passing particles, respectively:

expanded as

o b dI
n=nef4+2i Alni(l,L), (6) 3§—|bm’ (16)
o and
T=T4 >, A'T(I,L), 7) ol
_ —ImaxV
F=>, AF(I,L,v). (8)

These operators annihilate thig V, operator by integrating
ver closed, periodic orbits for trapped particles and open
rbits for passing particles. Application of this annihilator
yields

. . . e
Herev represents suitable guiding center coordinates WhIC%
will be chosen later and®® and T¢® are spatially uniform.
Writing f3 as the combined equilibrium and lowest order
perturbed Maxwellian, alv- VU(FO+f9)]=[C(F°+f9)], (18
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whereo=1 and 0 for passing and trapped particles, respec-

0
tively, and[ ] implies a bounce-averaged quantity. Note that L I/ Ll
- i ihi - 7

bounce-averaging also annihilates theV, for trapped elec d A
trons since they travel both parallel and antiparallel to gradi-N / . aa
ents inFY in completing their periodic orbits. In the next two 5k v N
sections, the collision operator is specified and 8®) is ~ / - -0.4—_
solved. A / e

— /7 ==

’ _L_/Jk >
I1l. COLLISION OPERATOR AND EIGENFUNCTION \
EXPANSION y : -1-0.8

0
A dominant collisional mechanism in studies of plasma -1 -0.5 0

heat flow is the scattering of directed momentum due to mul- E.,

tiple small-angle Coulomb collisions. With this in mind, we
introduce the following form for the linearized collision FiG. 1. Bounce averaged functions used in generating the eigenfunctions for

operator: B=By(1+¢€)/(1+ € cos 2ml/ly) with e=0.20 andé,= —0.58.
C(FO+ %) =C¢i(F%)+Ceo(F?), (19
where the Lorentz scattering operator, converted from b 2 D
spherical velocity space to the pitch-angle-type variale, vgi_ji(_l 3 <U'B°>>£: _Uga_f'
=+ /1—uB,/E, is given by oL o9&\ & |\ vB 23 aL
v, d[1-Ev,By) 9 |El=&, (24
Ce,i + Ce,e: V_H _(—g H BO) . (20) t
vEdEl & v 7€ for the passing electron distributionFP. Here ¢,

Here E=mu?/2 is the electron kinetic energy amy} is the == V1—(Bo/B) and

minimum magnetic field that an electron sees as it travels Imax g /

along a field line. The variablé varies from 0 for a particle vBo\ f_lmax (v1Bo/uB)

with v, =0 to =1 for a particle with no magnetic moment. vB | J‘I_mlax dl ' (25
The collision frequencyy may approximately be written as max

v )) for passing particles, for example. Note that E24}) is com-

v

Uth

— _ Pee
V=V et VLee_Z(v/

Zegt+ P
vth)3 ef

-G

plicated by the fact that it is not separable in the pitch-angle
variable due the free-streaming term. This is in contrast to
the analogous equation of equilibrium neoclassical transport
whereZey=3;n; Z/%;n;Z is summed over all ion specie®,  theory>*
is the error function anG= (v /v)?(®— (v/vy)P')/2, is a A common approach to solving EgR3) and(24) is to
function first introduced by ChandrasekRAaNote that al- ignore collisions except near the trapped/passing boundary
thoughG is singular aw/vy,=0, it will not compromise the where they dominate for times short compared to the colli-
behavior of the desired heat flow expression since it willsion time. The collision operator may then be simplified and
appear in the form, eXp-(vew3/20*)|GL|]. The reference integrated directly in the boundary layer and the solution
collision frequency is matcheg to that of the outer region where collisions are
ignored? Such an approach is not appropriate, however, for
vej=4mn;oe’e] I Aej/ (M) (22) t?me scales longer tﬁgn the collision r'iirr)nepwhere the effect of
Note we have assumed that the momentum restoring ternife Lorentz operator is felt over all of pitch-angle space.
often added toC.; are small. Recall that the ordering Such is the case when deriving a heat flux closure for elec-
V/vym~A2? has already been assumed; thus our pitch-angl&ons confined by a slowly evolving magnetic field. In the
scattering operator conserves momentum only to ordegpirit of retaining as much of the physics of the Lorentz
V/vy,. Note also that the addition of a model energy diffu- Operator as possible, we solve E¢®3) and(24) by seeking
sion term would improve the accuracy of the simplified, solutions of the following eigenvalue equatith:
pitch-angle collision operator used in this work. Such im-

Uth

2
provement is desirable in the collisional limit where more iﬁ<v_80> 9Cr + n<£>cn:0. (26)
accurate knowledge of the speed dependende isfneeded 9& & vB [ d¢ v1Bo
to make experimental predlctlons. The weight function, (véB/v Bg)=(J/v?)=(Vv-Vy
In terms of the variablé, Eq. (18) becomes X V &lv?), ensures orthogonality among the eigenfunctions
91— [v,By\ oF! Cy, with respect to the Jacobiad, for the chosen guiding
3_§T< B >&_§:0' —&<&<¢, (23 center variablesp,& and the gyroangley. The bounce-
averaged quantities in E@26) are shown in Fig. 1 foB
for the trapped electron distributioR!, and =By(1+€)/(1+ecos(2q/ly)) with €e=0.20 andé,= —0.58.
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4 075 —

. . . FIG. 3. Eigenfunctions foB=By(1+ €)/(1+ € cos(2m/ly)) with €=0.40
FIG. 2. Eigenfunctions foB=By(1+ €)/(1+ € cos(2ql/ly)) with €=0.20 and &= —0.76.

and ¢,=—0.58.

andT moments of the kinetic distortior;, an essential as-
pect of Chapman-Enskog theofgee the discussion sur-
rounding Eqs(13) and(14)].

We now expand=P in Eq. (24) in a finite set of pitch-
angle eigenfunctionsFP=3)_ F.(v,L)C,(&), and write
aC, cé vBo| 7t F=[F.,F5,...,Fn] as a column vector of coefficients. In-

“1-&\ B | 27) serting the expanded form f&® in Eq. (24), multiplying by

g€ (1-¢&%)
. C, and integrating over the variablgyields the following
wherec is a constant. The oddness &€,/9¢ abouté=0 system of equations:

implies thatC, is even in trapped space. We infer from this

that the odd basis functions needed to repreB&mjo to zero Erla oF_ e ot (30)
at £&==*¢,. Furthermore, it can be shown that the ratio v JdL v oL’

&l{v,Bo/vB) diverges agé¢|—0; hence it is necessary that

the constantc=0 in Eq. (27) If. dCn/d¢ s 1o remain is the identity matrix,A contains the ratios of the free-

bounded. The necessary result is th&t,/0é=0 for — & . lina b he diff enf X

<g£<¢,. In reality, this result does not hold nege + ¢ streaming coupling between the different eigenfunctions to
t X —ov the nth eigenvalue, an¢ is the projection of the Maxwell-

where the bounce average operation breaks down. Previous_ . : .
ian drives onto the eigenfunctions.

authors have shown that a proper boundary layer theory pro- Equation(30) is solved in the next section in order to

wﬁlets)ec?rrrwiiggnii ?gizrsvi?é_‘: é \r/1HceV|t)hle J:fns;a?mgiz?j?t?;nscalculate an approximate parallel heat flux for transit and
9 ' y collisional times long compared to the bounce time.

applied toC,, at é=* &, are

For trapped electrons,,=0 and the eigenvalue equa-
tion may be integrated directly to yield boundary conditions
for the C,, at é= = &, namely,

where the speed dependende is stated explicitly. Here

C,=0, for n odd (28) IV. GENERALIZED HEAT FLUX
and In this section a general heat flux is constructed and
P written in forms resembling that of Ref. 1. The solution of
"—0, forn even. (29)  the setof equations in E¢B0) is straightforward. The eigen-
24 vectors and associated eigenvalues of the matrixre first

Note that these are the same boundary conditions applied §termined. DenotingV as the matrix containing the eigen-
the origin when generating the odd and even Legendre poly/€Ctors ofA as columns, we can expand the vector of expan-
nomials which may be generated from the infinite-aspectSion coefficients as followsz=Wh. Inserting this form for
ratio limit of Eq. (26). F into Eq.(30) and multiplying through byv~* diagonalizes

As examples, Fig. 2 shows eigenfunctions pertaining tc;he_system._The result is a set of first-order ordinary differ-
sinusoidal variations of the formB=By(1+€)/(1 ential equation§ODES9 for the elements oh, namely,
+ e cos(2m/ly) with €=0.20 and &=-0.58 and Fig. 3 v oh; v of
shows them fole=0.40 andé,= —0.76. The eigenfunctions Yisor Thi=—=gi-r, (32)
were generated using a shooting method that matched the
boundary conditions at & by guessing the eigenvalue and Whereg; is theith element oV ~'G andy; is the eigenvalue
integrating in from the exterior boundarigss + 1. The self- ~ associated with thith column ofW. In analogy with Ref. 1,
adjoint eigenvalue problem for thédependence in passing we define effective inverse collision lengths of the fokmn
space and the requirement thdt=0 provide for vanishing =vl(yjv).
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The domain inL is chosen to be{«,%). The require- In order to write a final form fon that is reminiscent of
ment of boundedness ate demands that the homogeneousthe form in Ref. 1, we interchange the order of the velocity
solution to Eq.(31) be set to zero. The particular solution for space and field line integrations and define the kernel

the passing part of the distribution function is,

nlgl J' dL
k>0

+ 2 gf La—ie—ki@—“)], (32
% 9

,;(L,L,)

FP(L")=— 2 Co(&)| X

k<0 i

where thek; come in positive/negative pairs and the limits of wherea, =

integration arelL’ to o for k;>0 and—< to L' for k;<0.

The Landau damping and collisional effects present in the
k;’s serve to truncate these integrals. The integral nature of

K(L',L) as

K(L'.L>=Ui3h f (dPv)o(LE?)2%¢
t

N/2

xS c,S ae k-1, (39)
n odd =1
|W1igiE/7i|! such that
Q\\—Wz—f dL[T(—L)—T(+L)JK(L",L). (39)

FP results because we have allowed for arbitrary collisional-
ity and necessarilf" is a function of the Maxwellian drives HereK(L’,L) contains the collisional and trapping informa-

all along a magnetic field line. The form fdf? may be

tion of a distribution of electrons as they scatter in pitch

simplified since the effective inverse collision Iengths al’iseangle off a background Maxwellian plasma_ The similar form

in positive and negative pairst?i.
yields the simple form,
N N/2

FF’(L')=n§l cn<§)i§1

Wi 'U dL[f(—L)

_f(L)]e*IIiI(L*L’)_ (33

In the case of a homogeneous magnetic field, Ref. 1 use

the following definition of the parallel heat flow:
2

5
qL")=—Te| d3L{¥ F= Teqf d% (——E)va
Uih
(34)

Analogously, we define an averaggdmoment in the inho-
mogeneous case as

aL’)= Tequm dIJd3 ( m——)ung/f dl.

(35

Orthogonality among the even and odg implies thatq,
may be written simply as

N/2

q(L")= TE‘*f <d3v>vL‘3’2>§E C 2

n.@Jk‘

xf dL[f(—L)—f(L)]e k-1, (36)
LI
The Maxwellian drive in the heat flow integral is
p(L) T(L)
f(L)=| L e L8 | (37

Integration by parts of this general expression for the parallel heat flow with pre-

vious collisionless expressioris*was emphasized in Ref. 1.

It was also shown there that E@®9) reduces to the familiar
form, g,~ «, i T, in the collisional limit** It is important to
note, however, that here the parallel conductivity, is re-
duced by particle trapping and collisions near the trapped/
passing boundary. Furthermore, the nearly collisionless limit
gf Eqg. (39 contains important corrections due to particle
trapping that were absent in previous collisionless expres-
sions for the parallel heat flow. These effects are highlighted
in the next section.

V. SAMPLE CALCULATION

In this section, we return to the case of sinusoidal mag-
netic wells and explore the resultant parallel heat flow for
sinusoidal temperature perturbations of scale lendth,
>|g, namely,

2L
T(L)=TeH%T sm( ) (40

Lt

Recall that the eigenfunctions for the case BEBy(1
+€)/(1+ ecos(2rl/ly)) with e=0.2 ande=0.4 were pre-
sented in Figs. 2 and 3. The orderirgs~L ,>1,, whereL,,

is the characteristic collision length, permit a study of the
parallel heat flow response as collisionality is varied. Specifi-
cally, we will choose representative scale lengths for a heli-
cal magnetic island in an axisymmetric tokamak. If the
length of magnetic wells is 1 m, then we requite~L

>1 m for the expression in E¢39) to be valid. For 1 keV

As in Ref. 1, the pressure drive will be ignored here. Inplasmad.,~100 m; hence we ldt; vary from 10 m, which

traditional neoclassical transport theory, fhérive vanishes

is representative of temperature gradient scale lengths inside

due to the orthogonality of Laguerre polynomials. Here themagnetic islands, td.;— o, which is relevant near the X

additionalv dependence in thie’s spoils this orthogonality.

We note further, that in a more complete Chapman—Enskog

and O-points of a magnetic island.
In this demonstration, it is necessary to pick the number

theory that rewrites the drives using the lowest-order mo-of basis functions in the pitch-angle basis function expansion

ment equations, the pressure drive is absent.

in order to preserve the ordering<v,-V,. The reason for
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10" I I I I T 1 y-axis) in heat flow between the inhomogeneous cases and
’__,.-—--"" __ homogeneous case as collisionality is varied. IAt/L+

,‘_,--"' == 0.9 <10, the reduction approaches the trapped particle fraction

10k Ry’ namely, 35% fore=0.2 and 50% fore=0.4. The enhanced
.,’,' 108 collisionality between trapped and passing electrons is

,.~" ’ Jdos shown in the regimé& ,/L+<<1.0, where the larger reduction

,../" , ' in the case ok=0.4 as compared te=0.2 is evident.
10k - - = 2 —
= LAy 4N o6 T
I S~ “ VI. CONCLUSIONS
S s < ’
4 =TT 0.5 . .. .
o V4 , AN In this paper, a variation of neoclassical transport theory
',-" , N g“:ijg:g dos was used to derive the parallel electron heat flow closure in
s — =04 Eq. (39). This closure allows for multiple scale lengths par-
. - ﬁg“’ijgf‘ Ho3 allel to the magnetic field including short scale magnetic
10°f ” mirroring and long scale electron temperature gradients. For
- L L L L L 0.2 times long compared to the bounce time, it is possible to
10 10 10 10 10 10 10 . . .

L,/L, preserve the maximal ordering between free-streaming and

bounce-averaged pitch-angle scattering effects via an expan-
FIG. 4. Parallel heat flow responggfor homogeneous and inhomogeneous sjon in pitch-angle eigenfunctions. This maximal ordering
“?f\ at”df f“ha”‘éed rt?dlucmtmqlul fotf_ T(k';)TLTeq’Lthﬂ”(Z#r';"-T) Zho"l’j tht‘? leads to an integral form for the parallel heat flow that de-
e L g s Snbeced (%0 pends on temperatre variatons al along a magneic feld
normalized ton®% , /2 !lne. The sam_pl_e heat flow calculation in Sec. I\/ showed that
in nearly collisionless plasmas the heat flow is reduced by
the trapped electron fraction. Furthermore, in collisional to
moderately collisional plasmas, the heat flow is reduced both
this is that the eigenvalues of the basis functions enter int@y trapped electrons and by the enhanced collisionality be-
the ordering in the following mannex,,<L,/l,. Care must tween trapped and passing electrésse Fig. 4 The results
be taken to choose enough basis functions in regimes ajf this demonstration attest to the fact that the closure
moderate to low collisionality to resolve the pitch-angle de-scheme outlined in this work provides a quantitative means
pendence of the distribution function, but not too many thaftfor calculating parallel electron heat flow along inhomoge-
the ordering which permits a bounce-average, namely, neous magnetic fields in simulations of high-performance to-
<L, /ly, is invalidated. For the results presented below, tworoidal fusion experiments.
basis functions were used to resolve the pitch-angle depen-
dence of the kinetic distortion fdr, /L;=<0.1 and four were ACKNOWLEDGMENTS
used forL,/L;=1.0 )
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