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In this work, a unified closure for the conductive electron heat flux along magnetic field lines is
derived and examined. Both free-streaming and collisional pitch-angle scattering of electrons are
present in the drift kinetic equation which is solved using an expansion in pitch-angle eigenfunctions
共Legendre polynomials兲. The closure takes the form of a generic integral operator involving the
electron temperature variation along a magnetic field line and the electron speed. Derived for
arbitrary collisionality, the heat flux closure may be written in forms resembling previous collisional
and collisionless expressions. Electrons with two to three times the thermal speed are shown to carry
heat for all collisionalities and thermal electrons make an important contribution to the heat flow in
regimes of moderate to low collisionality. As a practical application, the flow of electron heat along
a chaotic magnetic field is calculated in order to highlight the nonlocal nature of the closure which
allows for heat to flow against local temperature gradients. © 2001 American Institute of Physics.
关DOI: 10.1063/1.1349876兴

I. INTRODUCTION

form for the collisionless closure that will be referenced in
this work is set forth by Snyder et al. in their 3⫹1 moment
model,3 where it is assumed that the lowest-order distribution
function is a bi-Maxwellian parameterized by parallel and
perpendicular electron temperatures. If the parallel and perpendicular electron temperatures are assumed to be equal,
this closure may be written as

For many plasmas of interest, electron heat transport
along magnetic field lines is complicated by the fact that
collisional mean free paths are often comparable to or much
longer than gradient scale lengths. In order to model heat
flow effects in these moderately collisional to nearly collisionless plasmas, collisional effects should be included in the
analysis without moving entirely to the collisional limit.
With this in mind, we develop a general analytic closure for
the parallel electron heat flux derived for arbitrary collisionality. This closure takes the form of an integral operator involving the electron temperature variation along a magnetic
field line and the electron speed.
The initial expression for the parallel heat flux in the
collision-dominated regime is due to Braginskii1 who derived the following diffusive flux for an electron/proton
plasma:
q 储 ⫽⫺3.16
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where v the⫽ 冑2T e /m e is the electron thermal speed and L is
the coordinate along the magnetic field.
The collisional and collisionless limits are interpreted as
involving very different physics, namely diffusion in the collisional regime and free-streaming in the collisionless limit.
The closure derived in this work unifies these physical processes allowing for a continuous variation when going from
the collisional to the nearly collisionless regime. A previous
author4,5 has derived a general spectral form for the parallel
heat flow that reduces to the collisional and collisionless results when the appropriate limits are taken. Nevertheless, it
remains difficult to gain insight from the spectral closure in
regimes of moderate collisionality when the Fourier-space
representation of thermodynamic forces is difficult to ascertain. Such is the case when electromagnetic perturbations
with complex Fourier spectra are the cause of electron heat
flow along magnetic field lines. One example of when a realspace, electromagnetic closure may prove useful involves
electron heat flowing along a resistively evolving, chaotic
magnetic field. This represents a dominant process for galaxy
cluster cooling flows6 and in the core of reversed field

共1兲

where n e , T e ,  e , and m e are the electron density, temperature, collision time, and mass, respectively. Since many astrophysical plasmas and present-day, high-temperature magnetic fusion experiments are in a regime where collisions are
infrequent, there have been attempts to calculate the heat flux
in the collisionless limit as well. In particular, Hammett and
Perkins2 propose a collisionless heat flux characterized by
free-streaming of electrons along magnetic field lines. The
a兲
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pinches 共RFP’s兲.7 A second example prevalent in toroidal
confinement devices involves the flattening of electron temperature inside helical magnetic islands due to electron heat
flow along field lines.8
Furthermore, previous work3–5 attempts to generalize the
collisional and collisionless closures using a Bhatnagar–
Gross–Krook 共BGK兲 collision operator.9 In kinetic studies of
heat flow, however, a more relevant collisional mechanism
involves the scattering of an electron’s parallel velocity in
pitch-angle,  ⫽ v 储 / v , where v 储 is the parallel component of
the guiding center motion and v is the speed. Unlike the
BGK operator, the speed-dependent, pitch-angle scattering
共Lorentz兲 operator permits a discussion of the energy weighting of heat-flow-carrying electrons similar to that presented
in work by Krasheninnikov.10 In addition, the Lorentz operator allows for trapped particle effects when variations in 兩 B 兩
along a magnetic field line become important. The generalization of the pitch-angle scattering operator and its effects on
parallel heat flow for an inhomogeneous magnetic field will
be discussed in subsequent work.
In this work, a Chapman–Enskog-type 共CEL兲 approach
is adopted.11–13 The distribution function, f e , is written as a
Maxwellian parameterized by the lowest-order, even fluid
moments, n e and T e , plus an additional kinetic distortion,
F e , 14

f e ⫽ f M e ⫹F e ⫽n e 共 x,t 兲
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where an extended drift ordering is employed and F e is considered small compared to f M e . Similar but more complex
ansatz are used in previous work where either the flow11,12 or
the flow and heat flow13 are incorporated into the parameterization of f M e . There a rigorous moment approach is employed for a more complete closure scheme. Here the emphasis is on deriving a general form for the conductive,
parallel electron heat flow only and the CEL approach is
employed since it makes explicit the fact that parallel gradients in the thermodynamic variables that parameterize the
Maxwellian are the dominant cause of parallel heat flow.
This paper is organized as follows. In Sec. II, the kinetic
equation of interest is formulated by substituting the ansatz
in Eq. 共3兲 into a simplified electron drift kinetic equation
共DKE兲. In Sec. III, the time-independent DKE is solved and
the heat flux closure is constructed and shown to agree qualitatively with previous collisional and collisionless expressions. The quantitative aspects of the closure are investigated
in Sec. IV, where the heat flux for a sinusoidal temperature
perturbation is examined as collisionality varies. In Sec. V,
we present a sample calculation of an effective, cross-field
thermal diffusivity due to electron heat flow along a chaotic
magnetic field and in Sec. VI we summarize the important
results.

II. SIMPLIFIED ELECTRON DRIFT KINETIC EQUATION

In order to make clear the assumptions included in the
heat flux closure derived here we begin by writing the full
electron drift kinetic equation 共DKE兲 as follows:15
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Here vD is the perpendicular component of the guiding center motion,  is the magnetic moment, and the collision operator, C( f e ), represents Coulomb collision events. This
equation describes the evolution of a distribution of electron
guiding center orbits, i.e., gyromotion has been averaged out
of the equation.
We begin by applying an extended drift ordering to Eq.
共4兲, namely, (vD •ⵜ)/(v储 •ⵜ)⬃ ␦ and (vD •E)/(v储 •E)⬃ ␦ .
This implies that the lowest-order guiding center trajectories
coincide exactly with magnetic field lines. Furthermore, for
the higher-order heat flow moment, we make the common
assumption that the flow of electron heat does not lead to
significant charge imbalance along magnetic field lines, i.e.,
eLⵜ 储  /T e ⬃ ␦ , where ⵜ 储  is the electrostatic portion of the
parallel electric field and L is a typical parallel scale length.
Note, however, that this assumption is inappropriate for the
lower-order flow moment. Because quasineutrality enters to
lowest order, a steady-state solution of the electron DKE
without the electric field term has little to say about the flow
of electrons along magnetic field lines. For this reason, no
attempt is made here to calculate the parallel electron flow.
In Refs. 4 and 5, sources of particles and energy are used
in the DKE to explain the existence of gradients and hence
transport along the magnetic field in the time-asymptotic
limit. Here we take the standard approach of attempting to
write closures in terms of thermodynamic forces without
worrying about the sources giving rise to thermodynamic
gradients. This approach is consistent with gradients along
the magnetic field that result from other causes such as the
resistive evolution of a magnetic field in the presence of
cross field gradients. In most cases of interest, it may be
assumed that the resistive time is long compared to the transit and collision times, hence, (  e /B)(  B/  t)⬃ ␦ . Note that
the magnetic field still manifests itself spatially in the freestreaming operator, v储 •ⵜ. Based on these simplifications, the
order ␦ 0 DKE becomes

 f 0e
⫹v储 •ⵜf 0e ⫽C 共 f 0e 兲 .
t

共5兲

This equation balances free-streaming along field lines with
collisional and time-dependent effects.
In order to solve Eq. 共5兲, we substitute the ansatz in Eq.
共3兲 for f 0e ,
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where the e subscript is dropped heretofore. An essential
aspect of the ansatz in Eq. 共3兲 is that it assumes small departures from a Maxwellian, i.e., F/ f M Ⰶ1. Note that the ab-
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sence of the electron flow, Ve , in f M implies that the Maxwellian is nearly stationary such that v represents the random
guiding center speed. Equation 共6兲 makes clear the fact that it
is variations in f M that drive the kinetic distortion F and
hence produce a finite heat flow moment. Higher order effects due to the free-streaming operator, v储 •ⵜ, can in principle be incorporated into the heat flux closure by including
the full 共unexpanded兲 Maxwellian on the right-hand side of
Eq. 共6兲. This incorporates the combined effects of perturbed
density and temperature and allows for collisional effects to
vary along magnetic field lines. Note, however, that this approach is approximate since it ignores the corrections due to
finite drift effects that would alter higher-order terms in F.
Later, f M in Eq. 共6兲 will be expanded explicitly according to
the modified drift ordering in order to simplify the velocityspace integration and to permit comparison with previous
heat flux closures.
At this point we discuss the form for the collision operator, C(F), in Eq. 共6兲. Because the scattering of directed momentum due to multiple small-angle Coulomb collisions is
important in studies of heat flow, we introduce the following
form for the collision operator, C(F)⫽(Lei ⫹Lee )F. The
Lorentz scattering operator, L e j , converted from spherical
velocity space to the pitch angle variable,  ⫽
⫾ 冑1⫺ v⬜2 / v 2 , is
Le j ⫽ ⬜e j 共 v 兲



共 1⫺  2 兲 ,



共7兲

where  varies from  ⫽0 for an electron with all of its
energy devoted to gyromotion to  ⫽⫾1 for an electron with
no magnetic moment.
Because we have an interest in investigating the energy
weighting of heat-flow-carrying electrons, we employ the
following rigorous form for the collision frequency representing perpendicular diffusion of a test electron scattering
off a background Maxwellian,
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where ⌽ is the error function and G⫽( v th j / v ) 2 (⌽
⫺( v / v th j )⌽ ⬘ )/2. The reference collision frequency is  e j
3
⫽4  n j0 e 2 e 2j ln ⌳ej /(m2e vthe
). A simplification of the
electron/ion collision frequency is in order so long as
v the / v thi ⬎ 冑m e /m i . In this limit the relevant collision frequency becomes
¯ ⫽ ⬜ei ⫹ ⬜ee ⫽

 ee
2s 3

关 Z eff⫹⌽ 共 s 兲 ⫺G 共 s 兲兴 ,
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where the speed variable s⫽ v / v the and Z eff
⫽ 兺 j n j Z 2j / 兺 j n j Z j , with the sum performed over all ion species. Note that the linear collision operator in Eq. 共7兲 does
not include the momentum restoring corrections that enter at
order V 储 e / v the and V 储 i / v the , where V 储 e and V 储 i are the parallel electron and ion flows.
Equation 共6兲 may now be written in terms of the variables  and v as
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where L ⬘ is the coordinate along the magnetic field. Note
that Eq. 共10兲 is complicated by the fact that it is not separable
in the pitch-angle variable due to free-streaming over gradients in F and f M . Since the eigenfunctions of the Lorentz
scattering operator are Legendre polynomials, we expand the
N
F n (L,t, v ) P n (  ) such that
kinetic distortion as F⫽ 兺 n⫽0
L(F)⫽⫺ 兺  n F n P n , where  n ⫽n(n⫹1). Substituting into
Eq. 共10兲 and applying orthogonality yields a set of N⫹1
equations for the coefficients, F n ,
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and ␦ n,n ⬘ is the Kronecker delta.

III. GENERAL HEAT FLUX

In this section a general heat flux is constructed and
written in forms resembling Eqs. 共1兲 and 共2兲. In the interest
of presenting a simplified solution, we drop the time dependence in Eq. 共11兲. This requires ignoring the n⫽0 equation
since in the time-asymptotic, Lorentz-scattering-only limit,
nothing gives rise to a non-Maxwellian, pitch-angleindependent distribution function. Starting with n⫽1 prevents the problem of having too many equations with too
few unknowns 共the qualitative error in low collisionality regimes that results from this approximation will be addressed
in future work where finite time dependence is retained兲.
Furthermore, orthogonality between the Legendre polynomials means that by starting with P 1 , the expansion trivially
conserves n and T 关 兰 d 3 v F⫽0 and 兰 d 3 v (s 2 ⫺(1/2))F⫽0兴,
as required by the Chapman–Enskog ansatz. Inspection of
Eq. 共11兲 shows that the time-independent system is equivalent to AfÄg, where A is a block tridiagonal differential
operator acting on the solution vector, f, whose elements are
the coefficients of the expansion in Legendre polynomials.
The inhomogeneous vector, g, has as its only nonzero entry
the second term on the right-hand side of Eq. 共11兲, g(1)
⫽g⫽⫺ 具 典 1,0 f M /  L ⬘ .
In order to solve this system, we begin by substituting in
trial solution vectors of the form fi⫽ci exp(兰L⬘dL̄k̄i), where
k̄ i 共 s 兲 ⫽

ki
2L m f p s 4

共 Z eff⫹⌽ 共 s 兲 ⫺G 共 s 兲兲 ,

共13兲

Downloaded 08 Jan 2004 to 129.123.12.112. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp

1174

Held et al.

Phys. Plasmas, Vol. 8, No. 4, April 2001

and the mean free path, L mfp⫽ v the /  ee . Here the N k̄ i ’s,
which come in positive–negative pairs, have dimensions of
may be thought of as a speedinverse length such that k̄ ⫺1
i
dependent, effective collisional mean free path. The N elements of vector ci are associated with the N coefficients, F n ,
and are for the moment undetermined constants. Upon differentiation with respect to L ⬘ , the trial solution converts the
homogeneous system of N coupled differential equations
(AfÄ0) into a purely algebraic system of the form Ā(k i )ci
⫽0. For small sets of equations the N k i ’s may be determined as the roots of the characteristic polynomial generated
by inverting Ā. In the interest of accuracy, however, for
large sets of equations the roots should be determined via
some other procedure. One method converges on k i iteratively using Newton’s method where k i is adjusted until the
matrix Ā is singular, i.e., one of its eigenvalues is zero. After
determining k i , the associated eigenvector, ci , which corresponds to one vector in the nullspace of Ā, may be easily
determined from the singular value decomposition of Ā. 16
The sum of the N trial solution vectors form the characteristic 共homogeneous兲 solution of the original system of equations.
For the inhomogeneous system, similar trial solutions of
L⬘

L
dL ⬙ g(L ⬙ )exp(⫺兰L⬘⬙dL̄k̄i)

may be inthe form gi⫽d i ci 兰
serted into Eq. 共11兲 and the constants d i may again be determined via linear algebra. The complete solution of the inhomogeneous system becomes
N
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where a ni ⫽d i c in . For the kinetic distortion to remain wellbehaved as L ⬘ →⫾⬁, it must be the case that the coefficients
of the characteristic solution vanish, i.e., b i ⫽0. Likewise, it
is necessary to choose the limits of the field line integration
in accordance with the sign of k̄ i . Taking this into consideration, we transform to the variable, L⫽L ⬙ ⫺L ⬘ , in order to
write the following general solution for F,
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where the integrations over pitch-angle and gyroangle have
been performed. Here we can make the thermodynamic
drives explicit by writing  f M /  L in terms of pressure, p
⫽nT, and T,

fM

⫽fM
ln T 兲 .
共 ln p⫹L (3/2)
1
L
L

共18兲

In order to relate the heat flux closure in Eq. 共17兲 to
previous expressions, a few simplifications are required. In
collisional Chapman–Enskog theory, orthogonality among
Laguerre polynomials dictates that only the gradient in temperature contributes to the conductive heat flow moment defined in Eq. 共16兲. In general, however, the speed dependence
present in the k̄ i ’s means that both p and T contribute to the
heat flux. In the interest of comparing with previous expressions, however, we will only consider the conductive heat
flux that arises from temperature variations along magnetic
field lines, i.e.,  f M /  L in Eq. 共18兲 becomes just
 (ln T)/L. Note that the full Maxwellian, f M , still
f M L (3/2)
1
weights the temperature variations along a field line and
therefore incorporates approximate nonlinearities into the
closure by allowing both density and temperature to vary
simultaneously. As a further simplification of Eq. 共17兲, we
 (ln T)/L take the form of a spatially conlet f M in f M L (3/2)
1
eq
3/2 3
⫺s 2
stant Maxwellian, f eq
, such that our
M ⫽(n /  v the)e
drive term for the heat flux becomes the lowest-order term in
our modified drift-ordered expansion. Based on these assumptions, the heat flux may be written,
n eqv the
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where the second sum is performed over the N/2 positive
k̄ i ’s.
We now define the parallel conductive heat flux as
q 储 ⬅⫺T

from any finite electron flow moment. This implies that we
are only interested in the flow of heat due to the random
parallel velocities in the moving frame of the electron fluid.
Note that the presence of v 储 ⫽ v  in Eq. 共16兲 implies that
only P 1 in the Legendre polynomial expansion contributes
directly to the parallel heat flow based on orthogonality. Substituting Eq. 共15兲 into the above definition of the heat flux
results in a double integral over L and s,
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electrons (2⬍s⬍4) are responsible for carrying the heat
flow in the collisional regime, the k̄ i ’s may be simplified to
k̄ i ⬇k i /(s 4 L mfp), where Z eff⫽1. Performing the integrations
over L and s yields
q 储 ⫽⫺

50
3 冑

n eqv theL mfp

T
L

n T e T
.
⬇⫺11
me
L

兺
k̄ ⬎0
i

兩 a 1i 兩
ki

eq eq

FIG. 1. Positive k i ’s resulting from an expansion of the kinetic distortion, F,
in a basis of 512 Legendre polynomials. Approximate k i ’s may be generated
using the following parameterizations: k 1 – 200⫽6.76i 2.004 and k 201– 256
⫽2.82⫻105 (1.0⫺tan关 0.02838(201⫺i) 兴 ).

Figures 1 and 2 show the positive k i and a 1,i for N⫽512.
Approximate values for the roots and coefficients may be
obtained using the parameterizations given in the figure captions.
At this point we wish to touch base with the qualitative
aspects of the collisional and collisionless expressions in
Eqs. 共1兲 and 共2兲. We begin by defining the collisional limit as
the regime in which the heat flux in Eq. 共19兲 converges in a
distance L over which  T/  L may be considered constant.
Furthermore, since it will be shown later that higher-energy

共21兲

This is Eq. 共1兲 with a different numerical coefficient. The
reason for the overshoot of about a factor of three may be
explained as follows. The collisional analysis of Braginskii
accounts for the full operator by using a moment approach
that includes corrections due to momentum and heat flux
restoring terms and finite flow, heat flow, and energyweighted heat flow effects. In simpler terms, the error may
partially be attributed to the fact that the Lorentz scattering
operator ignores momentum loss of heat-flow-carrying electrons to the background plasma. In addition, energy loss and
diffusion effects which push heat-flow-carrying electrons
back into the background Maxwellian increase the effective
collision frequency and reduce the heat flow by an estimated
factor of 2–3. This is analogous to the reduction in electrical
conductivity when going from the Lorentz to the Spitzer
model.17
In order to write a form that is reminiscent of Eq. 共2兲 we
perform an integration by parts of Eq. 共19兲 with respect to L
which yields
q 储共 L ⬘ 兲⫽

n eqv the
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This form of the closure resembles the collisionless flux of
Eq. 共2兲 with the additional term,  K/  (ln L), which contains
the collisional information of a distribution of electrons as
they scatter in pitch angle off a Maxwellian background
plasma. It is important to point out that the expressions in
Eqs. 共19兲 and 共22兲 yield the exact same result for arbitrary
collisionality, thus either the temperature or its parallel gradient may appear in the integral operator. Figure 3 shows the
falloff of the kernel (1/L)  K/  (ln L) vs L compared with the
kernel of the collisionless expression, 2/L. The sharp falloff
of (1/L)  K/  (ln L) for L⬎10 is caused by collisions.

IV. HEAT FLOW FOR SINUSOIDAL TEMPERATURE
PERTURBATION

In order to investigate the quantitative aspects of the
closure stated in Eqs. 共19兲 and 共22兲, we examine the magnitude and nature of the heat flow for a sinusoidally varying
temperature profile,
FIG. 2. Positive a 1,i ’s resulting from an expansion of the kinetic distortion,
F, in a basis of 512 Legendre polynomials. Approximate a 1,i ’s may be
generated using the following parameterizations: a 1,1– 194⫽1.233i ⫺1.003,
a 1,195– 245⫽9.50⫻10⫺3 (1.0⫺tan关 0.033(204⫺i) 兴 ), and a 1,246– 256⫽⫺1.86
⫻10⫺2 tan关 0.0305(205⫺i) 兴 .

T 共 L 兲 ⫽T eq⫺T̃ sin

冉 冊

2L
.
LT

共23兲

Here L T represents the temperature gradient scale length.
This temperature profile is a crude approximation to the tem-
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FIG. 3. The kernel (1/L)  K/  (ln L) in Eq. 共22兲 falls off faster than the
kernel 2/L from the collisionless expression in Eq. 共2兲. Note the sharp falloff
in (1/L)  K/  (ln L) for L⬎10 due to collisions.

perature variations seen along a field line inside a helical
magnetic island. Substituting the temperature profile into Eq.
共22兲 and integrating over L yields
q̄ 储 共 L ⬘ 兲 ⫽

⫽

冉
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16 2
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FIG. 4. Convergence of the heat flux q̄ 储 in Eq. 共24兲 for a sinusoidal temperature perturbation in the nearly collisionless limit (L mfp /L T Ⰷ1) as eigenfunctions are added to the expansion. For L mfp /L T ⫽105 , convergence requires N⫽512. Convergence in the collisional limit (L mfp /L T Ⰶ1) occurs
with N as few as 2.

butions for L/L mfp⬍0.1 共see Fig. 3兲. In the collisionless
limit, Eq. 共24兲 differs quantitatively from Eq. 共2兲 due to the
fact that time dependence was ignored prior to the solution
of the set of equations generated by the expansion in pitchangle eigenfunctions. Retaining time dependence along with
the n⫽0 coefficient equation brings the nearly collisionless
heat flux presented here into quantitative agreement with the
collisionless results given in Refs. 3 and 11.

共24兲

where the dimensionless number of interest is L mfp /L T
which appears in the expression L T k̄ i ⫽(L T /L mfp) 关 k i /2s 4 兴
⫻(Z eff⫹⌽(s)⫺G(s)). In the analysis that follows we set
Z eff⫽1 and evaluate Eq. 共24兲 at L ⬘ ⫽0.
We first investigate the convergence of the heat flux in
Eq. 共24兲 as eigenfunctions are added to the expansion. Figure
4 shows rapid convergence of q̄ 储 in the collisional limit
(L mfp /L T Ⰶ1), where collisions easily destroy the details of
pitch-angle space. In the collisionless limit (L mfp /L T Ⰷ1),
512 eigenfunctions are required to converge at L mfp /L T
⫽105 . As expected, the fine-grained details of velocity space
are not readily destroyed in nearly collisionless plasmas.
For the remainder of this section, we will compare q̄ 储 in
Eq. 共24兲 with N⫽512 with the results predicted by Eqs. 共1兲
and 共2兲. Figure 5 shows that in the collisional regime, the
general flux derived in this work displays the correct qualitative behavior with q̄ 储 increasing linearly with
L mfp /L T .Note, however, that we overshoot the Braginskii
flux for reasons that were discussed in the previous section.
In the nearly collisionless limit, Eqs. 共24兲 and 共2兲 disagree by
about a factor of 冑2. Despite a more rapid falloff with
L/L mfp , the heat flux in Eq. 共24兲 has slightly larger contri-

FIG. 5. In the collisional limit, heat flux in Eq. 共24兲 yields correct qualitative
behavior with q̄ 储 increasing linearly with L mfp /L T .The overshoot of the flux
in Eq. 共1兲 stems from the simple form for the collision operator used in
deriving Eq. 共24兲. In the nearly collisionless limit, Eqs. 共24兲 and 共2兲 disagree
by about a factor of 冑2.
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FIG. 6. Plot shows energy weighting of heat-flow-carrying electrons 关integrand in Eq. 共24兲兴. In the collisional regime (L mfp /L T ⫽10⫺4 ), higher energy electrons are responsible, s⬃2 – 3.5. For moderate to low collisionalities (L mfp /L T ⫽100 ,104 ), thermal electrons are able to participate as the s ⫺3
scaling in the collision frequency becomes less dominant.

In order to investigate the energy weighting of heatflow-carrying electrons, we have plotted the integrand of Eq.
共24兲 vs s in Fig. 6. It is assumed in this discussion that
although including effects such as energy loss and diffusion
in the collision operator may produce different quantitative
results in regimes where collisions are important, the qualitative features of the weighting will remain the same. In the
collisional limit (L mfp /L T ⫽10⫺4 ) we see that electrons with
s⬃2 – 3.5 are dominant. It is interesting to note that the
weighting of the heat flux in the collisional regime saturates
with s⬃2 – 4 since for a nearly Maxwellian plasma the
scarce number of tail electrons plays off against the s 3 scaling of the heat flow moment and the s ⫺3 scaling in the collision frequency. For moderate to low collisionality
(L mfp /L T ⬃100 – 104 ), thermal electrons play a more important role as the s ⫺3 scaling in the collision frequency is less
of a dominant factor in deciding which electrons can carry
heat. Note that for all collisionalities there exists an important contribution to the heat flux from electrons with s
⬃2 – 3. This result is consistent with the observation of
Krasheninnikov that electrons with energies, E
⬃4T eq – 7T eq, are responsible for heat flow in collisional to
moderately collisional regimes.10
In order to emphasize the nonlocal nature of the closure
written in Eqs. 共19兲 and 共22兲, we superpose two temperature
perturbations with different gradient scale lengths, namely,

冋 冉 冊 冉 冊册

T 共 L 兲 ⫽T eq⫺T̃ sin

2L
2L
⫹sin
LT
10L T

.

共25兲

Figure 7 shows little change in the heat flow in the collisional case since electrons that were struggling to carry heat
over the scale length, L T , hardly recognize the additional
scale length, 10L T . In regimes of moderate to low collisionality, however, the superposition of two gradient scale
lengths approximately doubles the heat flow past L⫽0. It is

1177

FIG. 7. An additional temperature perturbation of scale length L T2
⫽10L T1 that is in phase with the original perturbation of Eq. 共23兲 at L⫽0
approximately doubles heat flow past L⫽0 for moderate to low collisionalities. Only a slight increase is seen in the collisional regime.

important to emphasize that this doubling results from the
fact that the temperature perturbations were chosen to be in
phase at L⫽0. A  phase shift of the second perturbation
relative to the first would lead to an approximate cancellation
of the heat flow in the collisionless limit with only a slight
reduction in the collisional limit.
Before leaving this section, we wish to emphasize the
point that the parallel heat flux closure in Eqs. 共19兲 and 共22兲
allows for a continuous evolution in the physical nature of
electron heat flow along magnetic field lines. In the collisional limit (L mfp /L T ⬍10⫺2 ), a local, diffusive process
characterized by the random walk of suprathermal electrons
dominates. In the collisionless limit (L mfp /L T ⬎102 ), a nonlocal, free-streaming process characterized by the rapid motion of thermal and suprathermal electrons along field lines
dominates. Although the limiting expressions and their interpretations are helpful guides to thinking about parallel transport, one should not assume that they represent the physics
of conductive electron heat flow. In regimes of moderate
collisionality, rather than interpreting the heat flow as partially diffusive and partially free-streaming, a better description attributes the heat flow to the random motion of a distribution of electrons as they travel along magnetic field lines
and scatter in pitch-angle. Due to finite variations in electron
temperature, these random parallel motions do not cancel
and therefore yield a finite flow of heat. Such an interpretation holds for all collisionalities.
V. HEAT FLOW ALONG A CHAOTIC FIELD

The subject of anomalous heat transport due to magnetic
field line chaos has been of considerable interest as a means
of explaining electron heat transport in magnetic fusion devices such as the reversed field pinch 共RFP兲.7 Although
many previous authors infer an effective thermal diffusivity
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FIG. 8. Poincare surface of section showing field line chaos resulting from
saturated tearing instabilities produced during a three-dimensional, zeropressure RFP simulation. The chaotic field is superimposed on contours of
constant electron temperature which were chosen to coincide with surfaces
of constant, poloidal axisymmetric flux labeled by the variable  . Note that
the field line chaos is confined primarily to the core where temperature is
nearly flat.

FIG. 9. Averaged effective cross-field electron heat diffusivity, 具   典 , increases with on axis temperature, T e ⫽5.0,100.0, and 500.0 eV. The 具   典 ’s
were determined by averaging the radial component of the parallel heat flux
calculated at 16 locations on a constant- surface.

thermal diffusivity, 具   典 , we first determine the parallel heat
flowing across the constant- surfaces as follows:
based on the chaotic trajectories of thermal electrons,18,19
here the flow of electron heat along a chaotic magnetic field
is directly calculated using Eq. 共22兲 and then translated into
an effective thermal diffusivity. The goal here, however, is
not to give a quantitative estimate of the cross-field thermal
diffusivity since that requires additional physics such as electron trapping in 兩 B兩 wells and finite drift effects. Instead, we
wish to emphasize the role played by the electron temperature profile and advocate the use of the general heat flux
derived in this work as a means for attacking this problem. A
quantitative analysis will be the subject of subsequent work.
For RFP’s, a spectrum of tearing instabilities results in
magnetic field line diffusivity that is responsible for electron
temperature flattening inside of the reversal surface where
the toroidal component of the magnetic field changes sign.
Figure 8 shows a Poincare plot with chaotic field lines penetrating the poloidal plane. The magnetic field used to make
this plot was the result of a three-dimensional, zero-pressure
RFP simulation that was evolved to a nonlinearly saturated
state using the magnetohydrodynamic code NIMROD.20 Superimposed on the plot are contours of constant electron temperature that were chosen to correspond with surfaces of
constant poloidal flux defined by the equilibrium and evolving axisymmetric field components. These surfaces of constant poloidal flux are labeled by the variable  . Inside the
reversal surface where field line chaos dominates, we assume
that the temperature profile is nearly flat. Outside the reversal
surface, the temperature profile steepens. Note that because
the temperature profile was not evolved but simply chosen to
yield features similar to those seen in experiments, the results quoted below are strictly qualitative.
In order to define an averaged, effective radial (ⵜ )

q储 •ⵜ ⫽⫺n eq  ⵜT e •ⵜ .

共26兲

Here the subscript 储 refers to the total magnetic field 共axisymmetric plus chaotic兲. The averaged thermal diffusivity
may then be written

具   共  兲 典 ⫽⫺

1
N

N

q储 i •ⵜ

兺
i⫽1 n eq共  T

e /   兲 i 共 ⵜ 兲

2

.

共27兲

Figure 9 shows 具   典 for N⫽16 plotted vs  for on-axis
electron temperatures, T e ⫽5.0,100.0, and 500.0 eV. As expected 具   典 increases with decreasing collisionality as more
mobile electrons become more efficient carriers of heat along
chaotic field lines.
A more interesting result is shown in Fig. 10 which
shows the 16   ’s used to construct the 具   典 ’s in Fig. 9 on a
constant- surface for T e ⫽500.0 eV. Here electron heat occasionally flows against the local temperature gradient as
evidenced by the finite number of negative   ’s representing
heat flowing radially inward. A collisional closure could only
predict outward heat flow according to the local parallel gradient, thus missing the details of the temperature profile over
longer scale lengths. On the other hand, a collisionless closure applied to present-day RFP’s would overcompensate for
the nonlocality by ignoring the natural truncation of the heat
flux integral provided for by collisions. For these reasons, we
advocate the use of the general heat flux closure in Eqs. 共19兲
or 共22兲 as a tool for studying electron heat transport in the
presence of chaotic magnetic fields in the limit that 兩 B兩 variations and drift effects may be ignored.
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was observed previously for collisional to moderately collisional regimes. An additional bit of information provided by
Eq. 共28兲 is that thermal electrons are also responsible for
carrying heat in nearly collisionless plasmas.
Finally, the usefulness of the general closure derived
here was exhibited for the problem of electron heat transport
in the presence of chaotic magnetic fields. The qualitative
calculation revealed the need for a general heat flux capable
of predicting the flow of electron heat against local temperature gradients. A quantitative calculation including complications due to drift effects and 兩 B兩 variations will be the
subject of subsequent work.
ACKNOWLEDGMENTS

FIG. 10. Individual   ’s used to calculate 具   典 in Fig. 9 for T e ⫽500.0 eV.
Cases of parallel heat flowing against local temperature gradients correspond to   ⬍0.

VI. CONCLUSIONS

The parallel electron heat flux closure derived in this
work takes the form of a generic integral operator involving
electron temperature along a magnetic field line and the electron speed. Previously the collisional and collisionless heat
fluxes have been interpreted as involving very different
physics, namely, diffusion in the collisional limit and freestreaming in the collisionless limit. These processes represent limits of the unified physical behavior described in the
following closure:
q 储 ⫽⫺
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where K(L) is defined in Eq. 共20兲. It is important to reiterate
that either the temperature or its parallel gradient may be
used in the integral operator. Previous integral forms for the
heat flux have only been written in terms of temperature.
In addition, the use of a speed-dependent, pitch-angle
scattering operator permits a discussion of the energy
weighting of heat-flow-carrying electrons. For all collisionalities, electrons with two to three times the thermal speed
take part in carrying the conductive heat flow. This result
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