Corrections to the hydrogen spectrum
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1 Perturbation theory

Perturbations in quantum mechanics fall into two categories: stationary state, and time-dependent. Within
these special techniques must be applied when the energy levels are degenerate.

1.1 Non-degenerate, stationary state perturbation theory

Suppose we have a Hamiltonian, H = Hy + \V where we may regard the effect of V as small compared to
the unperturbed Hamiltonian Hy.

The simplest case arises if V commutes with the original Hamiltonian, [ﬁo, ‘7] = 0. Then the original

basis may be chosen to give simultaneous eigenvalues so that
14 \E;0>> v ’E,30>>
the stationary state Schrédinger equation gives
o) = (e21+) )

and we are done.
More typically, the perturbation V' will have nonvanishing matrix elements between different original

states, <E7(,?) ‘ 1% ‘E,(LO)> = 0. Then we proceed as follows. Expand both the energies and the energy eigenstates

in a series,
E, = EQ 4+ EW 4+ ED +...
B = ([EO)+a|ED) 02 [B@) + )

where H ’E£0)> . ‘E,SO) >, and substitute into the stationary state Schrodinger equation, H |E) = E | E).
The left side of the equation expands as

AIE) = Mo ([BO)+A|ED)+ 22 [BO) + )
0 2 2} 4120) -

— ]E;0>> A,

ED) + AV ’E§0>>
+A2H, ‘Eff)> A2V ’E,(Ll)> T
while the right expands as

EIE) = EO (|EQ)+x|ED) +22|ES) +--)



FAED ([EO )+ ]E;1>> + X |ED) 4 )

+X2E® (’E,(LO)> +A ‘E,(}>> + A2 ’E,(f)> + - ) 4
- EO ‘Eg0>>

AEW) ‘E;1>> +AED ]E,go>>

+2EQ [E@) + XEY [ED) + 22ED |ED)

Equating order by order,
|E0) = B0 |5
A (o ‘E,§1>> 4V ‘E;‘”» = A (EQ|ED) + ED ’Eﬁ?>>)
X2 (o ‘E,(f)> v ‘Eﬁf)» = 22 (B ‘Eﬁf)> +EW ‘E,<3>> +E® ‘Eg°>>)

The first equation is identically satisfied. For the second, bring an unperturbed bra, <E,(LO) , in from the

left

(20| ) + (507 9 = (0] 0 |0 (50 00 0

We assume the different perturbed kets are orthogonal to one another and to the original kets of the same
energy, so the first term on each side vanishes leaving

EW = <E,g0>\ 1% \E,<§>>

as the first order correction to the energy.
To find the first order correction to the state, we must invert (ﬁo — ET(LO)):

HB|ED) +V[E®) = EO|ED) + EO [ED)
(- 50 ) — |- |5

Before we invert, we project orthogonal to the ‘E,(LO)> state. This loses nothing since the state we seek must

(0)
n

be orthogonal to ’E > anyway — notice on the right that any part of ‘ES)> proportional to ‘ESLO)> will be

anihilated: (ﬁo — Er(lo)) ‘Ey(,,o)> = 0. Let I:’Sj_) be the orthogonal operator, so that 1375(3_) ‘ET(LO)> = 0. Then,
noticing that
£ (30— ) - 0

since Hy — Eﬁo) already anihilates ‘E,(lo)>, we have

(- |) = (-h29]o)
) - v )

We may write the projection operator as



so that

) = 5t ) (e
m=0,m#n &m "~ — o
- 3 e (v er)

m=0,m#n
= (e

- >

m=0,m%#n

(0)
2O _ 5O ‘Em >

This gives the expansion of the first order perturbation in terms of the original basis kets, and the matrix
elements of the perturbation.
To find the second order corrections, we move to

Ao [E@) +V[ED) = EO [E0) 4 EO|ED) + R [20)

Brining in an unperturbed bra as before gives

B = B2 = (B 7 |B)
and we need the first perturbation to proceed. Substituting,
= (B"|V|EY
B = <E’(’?) 4 < k<o> (©) > ‘E’EO)>
k=0kzn Eno — By

00 ©O)| v | g0 )] 17 | (0)
(] |%) (B |V [?)

>

0 0
k=0,k#£n Ev(z )~ El(c )

To find the state, we repeat the procedure,

B (8- EO)|ED) = A (50— 0) [0+ B PO |0
(- 0) ) = 42 (s -) )

Inverting and substituting the first order correction,

= (0]v])

‘E}f)> - go_lE;pr(loﬁ <E7(’1) _V) ngm# EO _ g0 ’E’('?)>
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(0) (0) (0) (0)

)

Notice that we have a product of matrix elements, Zmin <E,(€0)’ 1% ’Eﬁr?)> <E,(,g)’ 1% ’E7(10)>7 effectively multi-
plying two copiesVi, Vinn. Higher orders give corresponding products, weighted by the energy differences.



2 Fine structure

Corrections to the hydrogen spectrum on the order of o? =~ (ﬁ)2 are called fine structure, where the

— €

constant o = h—i is called the fine structure constant. These include:
1. Spin-Orbit coupling
2. Relativistic kinetic correction

There are also two corrections at this order to the [ = 0 state energy:
1. Darwinian
2. Lamb shift

We explore the first two in detail.

2.1 Spin-Orbit coupling

In the rest frame of the electron, the proton orbits, producing a magnetic field at the position of the electron.
Boosting the electric field from the rest frame of the proton to the instantaneous frame of the electron,

B, = 7(BL+BxE)
18 x E

~ -vxE
c

where, since this correction is already small, we neglect the correction due to . The electric field is given
by the gradient of the potential,

1

E = —-VV(r)
e
r dV

er dr

Therefore,

’ 1 r dV
B = - VX ——
L cv er dr

11
dVL

meer dr

The electron has a magnetic moment, p = =S, which we take to be oriented relative to this field, so we
expect an interaction with the magnetic field of

HLS = 7M‘B
1 14V
= ———-——L-S
m2c? r dr

A fuller treatment including the Thomas precession is presented in Jackson. It shows that because the
frame of the electron is accelerating this result requires an additional factor of %, so the actual spin-orbit

Hamiltonian operator is
- 1 1dV . g

Hrg=-— -2
LS = omzez v dr

Now consider our hydrogen states,

1 1
E,l,ml,s = 2,m5> = |E,l> ® |l,ml> (24 '2,m5>



We can make these same states into eigenstates of Hpg as well by adding the angular momenta:
1 )
|l7ml>® iams = |]am>

with j taking values [ + % and [ — % (there are 2 x (20 4 1) states on the left and with j = [ +  there are
(l + ) +1 =242 We also requlre j=101-3 to give the remaining 2 (l — 7) +1=2I states) Since

J= L—|—S we may write the L - Soperator as
£ Q& s f2 o
L.§ = 5(J ~12- %)

This does not change the states, because each of 32, f;2, S? commutes with J,. We may therefore label our
states by
|E7.jal757 ajz>

instead of |E,l,my, s,ms) and they remain eigenstates of both Hy and Hpg
The correction to the energy is now immediate,

AE = (E.jls,.j.|His|E 41,5, j:)
1 1dv1 2
= (E,j 1 '7777@2 SZ)E'Z '
< 7]? 7577.]Z|2m202rdr2 | ’j’ 7877.]Z>
1 R 3 1dV
= TG+ =0+ D) =) (E s g =B s,
57202 <J(J+ )—1(1+1) 4>< \Js ’5”Jz‘rdr| I ls Sy, 5z)

The angular momentum factor takes values

1 R , 1
gz g W) Jor J=l+3
1 R?

(I+1) for j:l—1

S 2m2? 2 2

while the remaining expectation is computed using the radial wave functions,

1dV

1dV
E Z ‘z — T E7 ’7l7 77.2 = mn,
(B gl dal m - 1By i s, gz = (Bl -

|Rn’l>

Since the gradient, —ﬂ is on the order of -5 and 7 is on the order of the Bohr radius, ag, the magnitude

of the spin-orbit couphng correctlon is approxunately

1 R?e
AE ~ e T ad
1 h%c? e
T (.5Mev)? 2 a}
1 (200Mev - fm)* leV
T 5 (Mev)? 2 (5 x 10-11m)?
4 x 10* x 10730m?
T T 5 x10-11m)?
4 x 10726
Y wmxi02°

~ 1.6x107°%eV



2.2 Relativistic kinetic correction

The kinetic energy of the electron is given by

KE = /p2c+m2c* —mc?

2
2 p
mc( 1+7’TL262_1>

Expanding the square root, (1 + x)% =1+ %x + % (% (—%)) x?

2
1 p2 1 p2
2
me <1 2 m2c? 8(m202 ool

2 2\2
xkp = P10
2m 8 m3c?

KE

The ratio of the second term to the first is

1 p? p? 5
- ~— ~ 10eV - ~ 10
4m2c2  2m 2mc? Y IMev
To evaluate this contribution, write it as
2
BRI YO o R S
8 m2c? 2mc? 2m
1 2
= - -V
2mc? ( )
The energy correction is therefore
1 e\
AE = _chg <E7]al757a.]z|(H_T> |E,],Z,S,,jz>
1

1 1
= _2m02 <E2 - 2E€2 <Rn7l| ; |Rn,l> + 64 <Rn,l| T72 |Rnl>>

3 Hyperfine structure

Hyperfine structure takes into account the coupling of the magnetic moment of the proton to the magnetic
field produced by the motion of the electron. This is reduced by a factor of :Z; ~ Tlgﬁ from the fine
structure effect. Hyperfine structure also includes the interaction of the two dipole fields created by the
magnetic moments of the electron and proton, and in more complex atoms, the quadrupole moments of the

charges.




