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1 Isotropic, homogeneous 3-spaces

The basic assumption for cosmology, based on considerable experimental evidence, is that there exist homo-
geneous, isotropic spatial hypersurfaces. The metric for spacetime must then take the form

ds* = —dt* +a(t)® hyda'de’

where h;; is any homogeneous, isotropic 3-metric.
In order to be isotropic about a point r = 0, a spatial 3-metric must take the form of a 2-sphere, together
with arbitrary radial part,
di? = f (r)* dr® + r2d6* + 2 sin? 0dp?

and homogeneity then requires the corresponding curvature (or any curvature scalar) to be constant. If
we compute the curvature in an orthonormal frame field, e, then all components of the curvature must be
equal. An orthonormal frame is given by

e’ = fdr
e = rdb
e? = rsinfdyp
The connection and curvature are given by
de! = €A wij
i i _ ok i
R, = dw',—w’Aw’

%

To solve for the spin connection, w';, we have the three equations

de” e’ ANw'y +e? A w',
0 0 0
de” = e Aw’ te¥Auw,
de¥ = e Aw® +e’ Aw¥
Substituting for the basis forms, these become
0 = rdfAw’y+e’Auw',
0 0
drAndf = fdrAw’ +e’ AW,
sinfdr Ade +rcos@dd ANdy = fdr Aw? +rdf A w?,

Matching terms we see that we can solve the second by setting

0 ].

w’, = —df



and the third with

1
w? = sin fde
f
w¥ = cosfdyp
and using the antisymmetry w0¢ =—wh, Wy = —w? , and w', = —w%, we see that all three equations are

satisfied.
Now compute the curvature 2-forms,

i o k i
R, = dw'; — w' AW’y

We have
Rre = dwre — wkg A\ wTk
1
= d <—fd0> —whH AW,
f 1
= 5drAdf — (cosfdyp) A ( sin Od@)
f f
/
= rf?er Ae’
and
R, = dw', - wkw Aw’,
1
= d <_f sin Gd@) - wew Aw'y
! 1 1
= I sinfdr A dy — 7 cos0dO A dy — (—cosBdp) A (—fd0>
! 1 1
= f—QsiHer ANdy — = cosfdf Adp — = cosfdp A db
f f f
!
= rJffs er A e<'0
and finally
Ri, = dwgw — w’i, AW,

= d(—cosfdy) —w', A Wl

= sinfdf Ady — (ch sin 0d<p> A (}d@)

1
= <1 — f2> sin 0df A dy
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so the curvature components are
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Ry = rf3
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0 _
Roop = r2<1f2>



Since we are in an orthonormal frame, these must all be equal. Therefore,
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Let k = fr%—;ozl, noticing that « may be any real number, positive or negative. Then the only homogeneous,
isotropic 3-metrics may be put in the form

dr?

1— kr2

ds? = + 12dH* + % sin” Odp?

Rescaling s and r by an arbitrary factor, the only effect is to change the value of xk by the square of that

factor. This means that we can scale the r coordinate so that kK = £1 or kK = 0, with the zero case giving
flat space. For kK = %1, the curvature scalar is full curvature tensor is proportional to

! 1 1 1
Li-5(1-7) = mO-0-w)

= K

Indeed, the entire curvature tensor may be written in terms of this single constant as
R\, = r (616] - 516

or, lowering an index,

R;‘kl =K (5lihjl - 5lihjk)

Notice that we have spaces of both constant negative curvature and constant positive curvature.
Finally, note that the change of coordinate,

r =siny
for k =1 or
r = sinh x
for k = —1 puts the line element in the more obviously hyperspherical form

ds® = dx? + sin x2d#? + sin x? sin® fd >

or negative curvature form
ds® = dx? + sinh x2d#? + sinh x? sin? §d >



2 Spacetime cosmological curvature

We may now write the metric for a cosmological model as

dr? 2 192 22 2
1—/£r2+r df* + r=sin” 0dp

= —di’*+ a2hijdxidxj

ds® = —dit* +d? (

where k =0,+1, 4,5 =1,2,3, and a = a(t) sets the cosmic distance scale at any given time.
The connection is easily found,

—Toi; =Ts0; =Ts0 = aahy
.
Lije = a"Tijk

where fij % is the connection found above for the maximally symmetric metric, h;;. Therefore,

io=ri = L5

07 Jjo ad
0o _ sy
I aah;;
i T
ik = jk

The curvature can also be written in terms of maximally symmetric parts, and parts depending on a ().
, . . _— -
i = Uiie = Ui — Tuljk + Tyl
= Riy, - F&F?k + FBkF?z
= Rl +a” (04hj — 0ihy)
and replacing R; & With the expression above for the maximally symmetric curvature,
Ry = (k+a®) (6Lhj — 6ihjk)
Next, consider

0 _ 10 0 0 b 0 b
Rop =T 0 — Ui — Tyl + ol

This must be proportional to some rank-3 tensor in the maximally symmetric space, but there is none so we
expect these components to vanish. Indeed, we find

R?kl = adhjl,k — adhij — adhmlf‘% + adhmlfﬂ
= aa (hjl,lc - hmlf?}C — Ry T — hyr g + hmlf‘?}g + hjmf‘Zf)
+himIE — himI
aa (hjik — hjra)
0

where the derivatives of h;; in the penultimate step are with respect to the maximally symmetric connection.
Since h;; is the metric compatible with this connection, the derivatives vanish.
The final components are

0 _ 10 0 0 b 0 b
Riop = Thio—T0;—Tuljo+ Tyl

_ 710 0 b
= Tio—Tul

(ad + d2) h]‘l - (l('lhmlgé;n

= adhjl



Collecting terms, we have
R?Ol = aahjl
= (k+a) (6Lhj — 6ihyk)

and terms related to these by symmetry.
The Ricci tensor follows immediately,

_ i
Roy = R()i()
1 ..
. _ _— g0
= agh RjOi

1 ..
= —;h”aahﬁ

3a

and

Ri; = R?Oj + R,
adhij + (HZ + a2) (577::}11] -0

= (ad+ 2k +2a%) hy;

;nhmj)

and the Ricci scalar is

1 ..
R = QOOROO + ?hURij

= %4—%(@&4—25—&-2&2)

66
= a+a2<ﬁ+a)

Finally, we have the components of the Einstein tensor,

1
Goo = Roo—igooR
3a  3ad 3 .9
= —;‘F;—FE(K—FG)
3 .
= ﬁ(fc+a2)
and
1
Gij = Rijfigin

= (ad+2k+20%) hy; — %cﬂhij <65 + % (k+ a2)>

= (ad+ 2k +2a* — 3ai — 3 (k + a°)) hyj
= - (2aa + K+ CL2) hij
3 The stress-energy tensor

We consider the stress-energy tensor of a perfect, isotropic fluid,

7% = (p+p) uu’ + pg**



Here the pressure must be the same in all directions. The 4-velocity u® = (1,0,0,0) is tangent to the
co-moving geodesics, u“;bub = 0.
The conservation equation now gives

0 = Tab;b
= (,O +p),b utu’ + (p —l—p) (ua;bub + uaub;b) +p;bgab
a d a, b ab ap
= u'o(p+p)+(ptp)uu’y + 9% 55
Since p and p only depend on ¢, this reduces to
L 0
0 = u(p+p) +(p+p)uu’y+ gooai;

= P+ﬁ+(ﬂ+ﬁ)ub;b —P
where, setting h = det h;;, the divergence of u® is given by
1
b b
u., = Oy (V—gu
;b /jg ( )

= %&, (ha3ub)

= %80 (asuo)
3a
a
Therefore,

dp

0 = E—’—( +p)ub;b

= p+(p+p) (%:)

To complete the condition, we require an equation of state relating p and p. There are two relevant cases.
At the present era, with the universe filled with chunks of massive stuff, the pressure is negligible and we
may set p = 0. Then integrating,

pa3 = const.

which simply says that in a volume a (t) there is a constant amount of mass. For simplicity, define the
constant to be m, so we have

m = pa’
TOO = p
m
o ad(t)

The second relevant equation of state is that of radiation. This applies in the early universe when radiation
fields were substantial and particle energies were so high that the energy and momentum are approximately

equal, E = 1/p? +m? = |p|. In this case

p:§p

and integration leads to

pa4 = const.
In this case (even though p is clearly no longer a mass density), we still call the constant m, and we have
m

00 _
T = p



The Einstein equation
We may now write the Einstein equation, including a possible cosmological constant, A,

Gab + Agab = ﬂTab

where 8 = 8Z¢. Then for the 00 component,
Goo +Agoo = PBToo
3 .9 Bm
a72 (K/ +a ) — A ?

while the spatial components give a second equation,

Gij + Agij
— (20/01 + K + ('12 — Aa2) h” =

These two equations are not independent, but are related by the Bianchi identity. To see this, multiply
the 00 equation by a? and differentiate with respect to time,
om

2y a2 P
3(&—!—&) Aa "

6ai — 20aq = M
a a

Substituting the original equation for BTm and simplifying,

6ai — 2Aad = —g (3 (k+a*) — Aa?)

3
66 —2Aa = —=(k+4a®)+Aa
a
and therefore, multiplying by g,
204 — Aa®> + k+ a2 =0

reproducing the spatial equation.
We have therefore reduced this cosmological model to the conservation law together with a single equation,

called the Friedmann equation,
3a(/£—|—c'z2) —Aa® —pm =0

Curvature singularity

The metric appears to be degenerate if a = 0 or if a diverges. If we look at the scalar curvature,

6a 6

we see that the first of these, a = 0, is also a curvature singularity. The field equations,

20+ k+a?—Aa®> = 0
3 .9 Bm
ﬁ(lﬂ?‘i’a)*/\*? = 0



allow us to rewrite x 4+ G2 and the acceleration in terms of a,

k+a® =

so the scalar curvature becomes,
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which diverges if and only if a = 0.
It is not hard to show that other curvature invariants also diverge at a = 0, and nowhere else.

Properties of the Friedmann equation

Consider the Firedmann equation,
3ak + 3aa® — Aa® — Bm =0

Even without integrating this, we can analyze the possible histories it describes. Dividing by 87a?3, we write
it in terms of the Hubble parameter,

Bk 302 Lomo
8ma?  8ma? 8w a3
3 3H? 1

87ra2KJ+ KLy 1Y p 0

Solve for the curvature constant term,

3 sH, 1,
877(12% o 8T pm 8

and think of each term as a density,

1
P = o
_ 3H?
pe = 8
where p¢ is called the critical density. Then
3
gr@" = TP tpmtoa

If the current density of matter, including the effective matter density of the cosmological constant, p,, + pa
exceeds the critical density, then the right side is positive and we must have x = 1. The universe is then
closed and we expect it to recollapse.

On the other hand, if p,, + pa is less than the critical density, x must be negative and the spatial
hypersurfaces are open.



As the universe expands, two of the terms become smaller,

S gzt = 0
lim p,, = 0
a— 00
so in the late-time limit
.2 1
=% = -A
a 3
a(t) = age
A
T— —
3

The expansion becomes exponential with a rate governed by the cosmological constant. This is faster than
the rate without cosmological constant. For example, with flat spacelike hypersurfaces, x = 0, and no
cosmological constant, we have

362 . m
8ra?2 a
. 8mm
a g
3a
8mm
Vada = — (t—to)
¥ —a)? = &TTm (t —to)
2 2/3
a = (aﬁ”’ + % (t— t0)>

Asymptotically, this gives a simple power law,

1/3
o= (Sﬂ'm) / t2/3
3

Since k is, in fact, close to zero, while at the present time p,, is much larger than p,, the rate of expansion is
close to this power law. But as the universe continues to expand and p,, becomes negligible, the cosmological
constant will lead to an exponential expansion, causing the expansion to speed up.
Properties of the Friedmann equation
We now examine the Friedmann equation,

3a(/$+a2) —Ad® - Bm=0

Solving for a,

. \/Aa3+5m—3/<aa
Q=4 2L TP T ORG
3a

The rate of change of a is therefore divergent at @ = 0, and when a diverges.
We need to consider 4 cases, depending on the signs of A and k. We may always take a > 0.



Case 1: Positive spatial curvature and positive cosmological constant
When k =1 and A > 0,

1
a==+4/-Aa®+ pm _ 1
3 3a
Consider the turning points,
Aa® —3ak+pm = 0
This cubic equation has extrema when
Ad*> -1 = 0
1
a = +——

VA

This only exists when the cosmological constant is nonzero and m and A are large enough to keep the
argument of the radical positive. In this case, as a increases from zero, & decreases from infinity to a finite
positive value, then increases again, becoming asymptotically linear in a,

. A
a— 1\ sa

3

This corresponds to a universe that expands from a big bang, slows its expansion as long as gravity dominates,
then expands faster and faster in response to the cosmological constant at an exponential rate:

0= AeV3t
When the cosmological constant is too small to keep the argument positive, the universe expands from a
big bang, slows to a stop, then recontracts to a big crunch.
Case 2: Positive spatial curvature and negative cosmological constant
When k£ =1 and A <0,

the universe expands from a big bang, but always reaches a point where ¢ = 0 and the contraction stops.
The universe then recontracts to a big crunch after a finite time. It is easy to check that when a = 0, the
acceleration is negative,

L

i = Qa(ACLQ—(Ii+d2))
1
= 5o (=IAJe® 1)
< 0

so that if @ is positive and slows to zero it will go negative and the universe will collapse. If @ starts out
negative, it will stay negative to the singularity.

Case 3: Negative spatial curvature and positive cosmological constant

When k£ = —1 and the cosmological constant is positive, we have
. pm 1
=41/ — + 1+ -Ada?
¢ 3a T30

there argument of the radical is always positive, and a # 0. Therefore, if @ > 0, the universe expands rapidly
from a big bang, slowing until the cosmological constant leads to a late-time exponential, a — exp (, / %A) t.

If the universe begins with & < 0 it continues contracting, following the time-reverse of the @ > 0 case.

10



Case 4: Negative spatial curvature and negative cosmological constant

When k = —1 and the cosmological constant is positive, we have
) om 1
a=%4/=—+1—2|A|a?
3a 3 A

so that for small a the universe expands from a big bang. As it expands the matter contribution becomes
less important and the cosmological constant drives a to zero. When this happens, the acceleration is given
by

. i 2 .9
a = 5 (Aa (Ii—f—a ))
= 5 (=1Ale* + 1)
Since we have 3 1
_ pm _ 2
0= 30 +1 3|A\a

we can write this as

and the acceleration must change sign and recollapse.
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