
Practice with exterior calculus
1. Work out the form of the Laplacian of a 3-form, for arbitrary n.

2. Define the following differential forms to characterize the electric and mag-
netic fields:

E = Eigijdxj = Ejdxj

B =
1
2
Bieijkdxj ∧ dxk

J = J igijdxj

where Ei, Bi, and J i are the covariant components in a vector basis.
Rewrite Maxwell’s equations,

∇ ·E =
4π
c
ρ

∇ ·B = 0

∇×E +
1
c

∂B
∂t

= 0

∇×B− 1
c

∂E
∂t

=
4π
c

J

in terms of E,B,J and a function, ρ.

3. Write and prove expressions in terms of differential forms which are equiv-
alent to each of the following (from J. D. Jackson, Classical Electrodynam-
ics). Here a,b and c are arbitrary vectors, and ψ is an arbitrary function.
You don’t need to translate between vector and form expressions – just
write the equivalent expression using forms and prove it.

a · (b× c) = b · (c× a) = c · (a× b)
a× (b× c) = (a · c)b− (a · b) c

(a× b) · (c× d) = (a · c) (b · d)− (a · d) (b · c)
5×5ψ = 0

5 · (5× a) = 0
5× (5× a) = 5 (5 · a)−52a

5 · (ψa) = a ·5ψ + ψ (5 · a)
5× (ψa) = 5ψ × a + ψ (5× a)
5 (a · b) = (a ·5)b + (b ·5)a + a× (5× b) + b× (5× a)

5× (a× b) = a (5 · b)− b (5 · a) + (b ·5)a− (a ·5)b
5 · (a× b) = b · (5× a)− a · (5× b)

4. Let

ω = xdx+ ydy + zdz

η =
x

r
dx+

y

r
dy +

z

r
dz
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where r =
√
x2 + y2 + z2. Find the value of the following expressions

using differential forms:

5 · ω
5× ω
5 · η

5× η

Also, show that for any vector a,

(a ·5)η =
1
r

[a− n (a · n)]
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