Exercises using the wedge product, exterior deriva-
tive and Hodge dual

1.

Let w,n be 1-forms in 3-dimensions. Show that the components of w A7
are the same three functions as the covariant components of the cross
product of the corresponding vectors.

Let T be a 2-form in 3-dimensions. Find 7 Aw and 7 Aw A n.

Explore the effect of the exterior derivative, d, on 2-forms and on 3-forms.
In particular, find
dw

where

1 . _
w= Evleijkdxj A dz*

. Explicitly write the form of the generalized Stokes theorem for 2-forms in

3-dimensions.
Suppose
h = h(zy)
f= 1=y
Consider the differential equation
df = hdzx + dy

What condition on the function h is necessary and sufficient to guarantee
that this equation is integrable? Note that this single equation is equiva-
lent to the system of equations

af  _
— = h
af

dy !

Let f be a function of 3 variables, (x,y, z). For what values of the constants
a and b is the equation

df = zy’dz+ (any + byz?’) dy + y?2dz

integrable? Using those values, integrate to find the function f.

Let
f € Ao
w € A1
n € A
T € A3



Find the Hodge dual of each, * f, *w, *n, *1 and the double dual of each,
L w, 0, * 7. You will need the relations,

elik igijk
V9
eijk = /9Sijk
and the identity
e = 607,
— 66/'57,6!
= 6/6),08 + 6] 0%,5% + 07 8,,80 — 671,08 — 6/0%, 8] — 676),01,

(Note: the constants have been corrected from the class notes. Check the
trace of both sides:

6 = 274+3+3-9-9-09)



