
Exercises using the wedge product, exterior deriva-
tive and Hodge dual

1. Let ω,η be 1-forms in 3-dimensions. Show that the components of ω ∧ η
are the same three functions as the covariant components of the cross
product of the corresponding vectors.

2. Let τ be a 2-form in 3-dimensions. Find τ ∧ ω and τ ∧ ω ∧ η.

3. Explore the effect of the exterior derivative, d, on 2-forms and on 3-forms.
In particular, find

dω

where
ω =

1
2!
viεijkdxj ∧ dxk

4. Explicitly write the form of the generalized Stokes theorem for 2-forms in
3-dimensions.

5. Suppose

h = h (x, y)
f = f (x, y)

Consider the differential equation

df = hdx+ dy

What condition on the function h is necessary and sufficient to guarantee
that this equation is integrable? Note that this single equation is equiva-
lent to the system of equations

∂f

∂x
= h

∂f

∂y
= 1

6. Let f be a function of 3 variables, (x, y, z). For what values of the constants
a and b is the equation

df = xy2dx+
(
ax2y + byz3

)
dy + y2z2dz

integrable? Using those values, integrate to find the function f .

7. Let

f ∈ Λ0

ω ∈ Λ1

η ∈ Λ2

τ ∈ Λ3
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Find the Hodge dual of each, ∗f, ∗ω, ∗η, ∗τ and the double dual of each,
∗∗f, ∗∗ω, ∗∗η, ∗∗τ . You will need the relations,

eijk =
1
√
g
εijk

eijk =
√
gεijk

and the identity

eijkeijk = 6δijk
lmn

= 6δ[il δ
j
mδ

k]
n

= δi
lδ

j
mδ

k
n + δj

l δ
k
mδ

i
n + δk

l δ
i
mδ

j
n − δ

j
l δ

i
mδ

k
n − δi

lδ
k
mδ

j
n − δk

l δ
j
mδ

i
n

(Note: the constants have been corrected from the class notes. Check the
trace of both sides:

6 = 27 + 3 + 3− 9− 9− 9)
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