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1 Basic conformal relations

1.1 Structure equations
The Maurer-Cartan equations for the conformal group are

dω
a
b = ω

c
bω

a
c +2∆

ac
dbωcω

d

dω
a = ω

c
ω

a
c +ωω

a

dωa = ω
c
aωc +ωaω

dω = ω
a
ωa

where the geometric interpretation of each set of generators is

ωa
b Lorentz trans f ormation

ωa Translation
ωa Special con f ormal trans f ormation
ω Dilatation

This particular breakdown of the generators is important because each of these four sets of transformations is invariant
under the homothetic group. We discuss this below.

If we set the special conformal transformations to zero, ωa = 0, the remaining subgroup is the inhomogeneous
Weyl group, described by the structure equations.

dω
a
b = ω

c
bω

a
c

dω
a = ω

c
ω

a
c +ωω

a

dω = 0

This has further subgroups. If we set the Weyl vector to zero, ω = 0, so that there are no dilatations, then we have the
Maurer-Cartan equations of the Poincaré group

dω
a
b = ω

c
bω

a
c

dω
a = ω

c
ω

a
c

If, instead of eliminating dilatations, we set the translational gauge vector to zero, ωa = 0, then we have the homoge-
neous Weyl group,

dω
a
b = ω

c
bω

a
c

dω = 0

comprised of Lorentz transformations and dilatations only. Finally, setting both translatiosn and dilatations to zero,
ωa = ω = 0, only the Maurer-Cartan structure equations for the Lorentz group remain:

dω
a
b = ω

c
bω

a
c

1.2 Killing metric
The Killing metric of the conformal group, given by

KΣΛ = λc ∆
ΞΣ c Ξ

∆Λ

2



With a suitable choice of the constant λ this becomes

KΣΛ =


1
2 ∆ac

db 0 0 0
0 0 δ a

b 0
0 δ b

a 0 0
0 0 0 1


While the conformal Killing metric is itself non-degenerate, its restriction to the various subgroups may or may not
induce a natural, non-degenerate metric.

The restrictions of KΣΛ to the inhomogeneous Weyl group and the Poincaré group, respectively, give

KAB =

 1
2 ∆ac

db 0 0
0 0 0
0 0 1


and

KAB =
( 1

2 ∆ac
db 0

0 0

)
where the bold zero, 0, denotes the vanishing n×n translation sector. When gauged, these groups do not have natural
metrics induced from the Killing metric.

The homogeneous Weyl and Lorentz groups fare better, both having non-degenerate Killing metrics

KAB =
( 1

2 ∆ac
db 0

0 1

)
and

KAB =
( 1

2 ∆ac
db

)
respectively.

1.3 Gauge transformations
A Lie group acts on its connection 1-forms according to

ω̃ = gωg−1−dg g−1

Expanding this infinitesimally for the conformal group using the 6-dim representation,

gA
B =

 Λa
b Λa

4 Λa
5

Λ4
b Λ4

4 Λ4
5

Λ5
b Λ5

4 Λ5
5


=

 Λa
b Λa

4 ηacΛ4
c

Λ4
b Λ4

4 0
ηbcΛc

4 0 −Λ4
4


where Λ4

4 generates a dilatation, Λa
b generates a Lorentz transformation, Λa

4 generates a translation and Λ4
a generates

a special conformal transformation. Let Λ̄A
B denote the inverse transformations, and in particular, Λ̄4

4 = 1
Λ4

4
. Then we

have for the Lorentz piece,

ω̃
a
b = Λ

a
Bω

B
CΛ̄

C
b−dΛ

a
C Λ̄

C
b

= Λ
a
cω

c
dΛ̄

d
b +Λ

a
cω

c
4Λ̄

4
b +Λ

a
cω

c
5Λ̄

5
b

+Λ
a
4ω

4
dΛ̄

d
b +Λ

a
4ω

4
4Λ̄

4
b +Λ

a
5ω

5
dΛ̄

d
b +Λ

a
5ω

5
5Λ̄

5
b

−dΛ
a
c Λ̄

c
b−dΛ

a
4 Λ̄

4
b−dΛ

a
5 Λ̄

5
b

= Λ
a
cω

c
dΛ̄

d
b +Λ

a
cω

c
4Λ̄

4
b +Λ

a
cη

ce
ω

4
eηbdΛ̄

d
4

+Λ
a
4ω

4
dΛ̄

d
b +Λ

a
4ω

4
4Λ̄

4
b +η

ac
Λ

4
cω

e
4ηedΛ̄

d
b−η

ac
Λ

4
cω

4
4ηbdΛ̄

d
4

−dΛ
a
c Λ̄

c
b−dΛ

a
4 Λ̄

4
b−η

acdΛ
4
c ηbdΛ̄

d
4

3



For translations,

ω̃
a
4 = Λ

a
Bω

B
CΛ̄

C
4−dΛ

a
C Λ̄

C
4

= Λ
a
cω

c
dΛ̄

d
4 +Λ

a
cω

c
4Λ̄

4
4

+Λ
a
4ω

4
dΛ̄

d
4 +Λ

a
4ω

4
4Λ̄

4
4

+Λ
a
5ω

5
dΛ̄

d
4

−dΛ
a
c Λ̄

c
4−dΛ

a
4 Λ̄

4
4

= Λ
a
cω

c
dΛ̄

d
4 +Λ

a
cω

c
4Λ̄

4
4

+Λ
a
4ω

4
dΛ̄

d
4 +Λ

a
4ω

4
4Λ̄

4
4 +η

ac
Λ

4
cω

e
4ηedΛ̄

d
4

−dΛ
a
c Λ̄

c
4−dΛ

a
4 Λ̄

4
4

For special conformal transformations,

ω̃
4
a = Λ

4
Bω

B
CΛ̄

C
a−dΛ

4
C Λ̄

C
a

= Λ
4
cω

c
dΛ̄

d
a +Λ

4
cω

c
4Λ̄

4
a +Λ

4
cω

c
5Λ̄

5
a

+Λ
4
4ω

4
dΛ̄

d
a +Λ

4
4ω

4
4Λ̄

4
a

+Λ
4
5ω

5
dΛ̄

d
a +Λ

4
5ω

5
5Λ̄

5
a

−dΛ
4
c Λ̄

c
a−dΛ

4
4 Λ̄

4
a

= Λ
4
cω

c
dΛ̄

d
a +Λ

4
cω

c
4Λ̄

4
a +Λ

4
cη

cd
ω

4
dηacΛ̄

c
4

+Λ
4
4ω

4
dΛ̄

d
a +Λ

4
4ω

4
4Λ̄

4
a

−dΛ
4
c Λ̄

c
a−dΛ

4
4 Λ̄

4
a

and dilatations,

ω̃
4
4 = Λ

4
Bω

B
CΛ̄

C
4−dΛ

4
C Λ̄

C
4

= Λ
4
cω

c
dΛ̄

d
4 +Λ

4
cω

c
4Λ̄

4
4

+Λ
4
4ω

4
dΛ̄

d
4 +Λ

4
4ω

4
4Λ̄

4
4

−dΛ
4
c Λ̄

c
4−dΛ

4
4 Λ̄

4
4

Lie-algebra valued tensors transform in the same way except for the inhomogeneous −dΛA
C Λ̄C

B terms.
Now that we have the right transformations, we can simplify the notation by dropping all A = 4 labels, and setting

Λ̄ = 1
Λ

for dilatations. Collecting the results:

ω̃
a
b = Λ

a
cω

c
dΛ̄

d
b +Λ

a
cω

c
Λ̄b +Λ

a
cη

ce
ωeηbdΛ̄

d

+Λ
a
ωdΛ̄

d
b +Λ

a
ωΛ̄b +η

ac
Λcω

e
ηedΛ̄

d
b−η

ac
ΛcωηbdΛ̄

d

−dΛ
a
c Λ̄

c
b−dΛ

a
Λ̄ b−η

acdΛc ηbdΛ̄
d

ω̃
a = Λ

a
cω

c
dΛ̄

d +Λ
a
cω

c
Λ̄+Λ

a
ωdΛ̄

d

+Λ
a
ωΛ̄+η

ac
Λcω

e
ηedΛ̄

d−dΛ
a
c Λ̄

c−dΛ
a

Λ̄

ω̃a = Λcω
c
dΛ̄

d
a +Λcω

c
Λ̄a +Λcη

cd
ωdηacΛ̄

c

+ΛωdΛ̄
d
a +ΛωΛ̄a−dΛc Λ̄

c
a−dΛ Λ̄a

ω̃ = Λcω
c
dΛ̄

d +Λcω
c
Λ̄+ΛωdΛ̄

d

+ΛωΛ̄−dΛ c Λ̄
c−dΛ Λ̄

These relations specialize immediately to subgroups of the conformal group.

1.4 Lorentz-invariant subgroups
The conformal group acts on its own Lie algebra,

G̃A = gGAg−1
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and since we expect, at a minimum, homothetic symmetry of our final gauged space, it is useful to have a breakdown
of the conformal transformations into homothetically invariant subgroups. It is sufficient to consider an infinitesimal
homothetic transformation, given by an arbitrary linear combination of the Lorentz and dilatational generators,

δ =
1
2

wa
bMb

a +λD

It is easy to see from the Lie algebra,

[Ma
b,M

c
d ] = −1

2
(
δ

c
b δ

a
f δ

e
d −ηbdη

ce
δ

a
f −η

ac
ηb f δ

e
d +δ

a
d η

ce
ηb f
)

M f
e

[Ma
b,Pc] =

1
2

(
δ

a
c δ

d
b −ηbcη

ad
)

Pd

[Ma
b,K

c] = −1
2

(δ c
b δ

a
d −ηbdη

ac)Kd[
Pa,Kb

]
= −δ

b
a D−

(
ηacη

bd−δ
d
a δ

b
c

)
Mc

d

[D,Pa] = −δ
b
a Pb

[D,Ka] = δ
a
b Kb

that

[δ ,Ma
b] ∼ Ma

b

[δ ,Pa] ∼ Pa

[δ ,Ka] ∼ Ka

[δ ,D] = 0

Moreover, since

[D,Pa] = −Pa

[D,Ka] = Ka

we may assign conformal weight−1 to the generator, Pa, of translations and weight +1 to the generator, Ka, of special
conformal transformations. Combining this with the behavior under Lorentz transformations, we may summarize the
irreducible homothetic parts:

Ma
b weight 0

(
1
1

)
tensor

Pa weight −1
(

0
1

)
tensor

Ka weight +1
(

1
0

)
tensor

D weight 0 scalar

By combining these in various ways and exponentiating we readily identify all homothetically invariant subgroups
of the conformal group by checking whether the commutators close. First, notice that since[

Pa,Kb
]

=−δ
b
a D+2Mb

a

we cannot have any proper subgroup with both Pa and Ka among the generators, since it must necessarily also include
the D and Ma

b generators. Denoting homothetically invariant subgroups by the subset of generators that generate
them, we have the four single-sets,

{Ma
b} ,{Pa} ∼=

{
Kb
}

,{D}

Since the n-dimensional translation groups generated by {Pa} and
{

Kb
}

are isomorphic, this gives three groups. There
are five closed double-sets,

{Ma
b,Pa} ∼= {Ma

b,K
a} ,{Ma

b,D} ,{Pa,D} ∼= {Ka,D}
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(but not the final pair, ,
{

Pa,Kb
}

!), with isomorphisms reducing these to three independent homothetically invariant
subgroups. There are only two triples:

{Ma
b,Pa,D} ∼= {Ma

b,K
a,D}

and these generate isomorphic (inhomogeneous, homothetic) groups. Finally the improper subgroup generated by all
four sets,

{
Ma

b,Pa,Ka,D
}

. There are therefore seven homothetically invariant proper subgroups of the conformal
group.

We note for future reference that only two of these subgroups contain the homothetic group – the one generated
by
{

Ma
b,D
}

is the homothetic group itself, while the group generated by
{

Ma
b,K

a,D
}

is the inhomogeneous
homothetic group.

Also, notice that neither of these gaugings contain Pa in the subgroup. This means that the translational symmetry
will be broken when we generalize the base manifold geometry. The gauge transformation of the torsion then becomes
tensorial, so setting the torsion to zero is a gauge invariant specification. We may therefore consider torsion-free gauge
theories.

1.5 Bianchi identities
We find the Bianchi identities in Riemannian, Weyl and conformal geometries.

1.5.1 Bianchi identities of conformal geometry

The conformal Cartan equations with vanishing torsion are

dω
a
b = ω

c
bω

a
c +2∆

ac
dbωcω

d +Ω
a
b

dω
a = ω

c
ω

a
c +ωω

a

dωa = ω
c
aωc +ωaω +Ωa

dω = ω
a
ωa +Ω

Taking the exterior derivative of each equation and substituting for the derivatives leads to

0 = d2
ω

a
b

= dω
c
bω

a
c−ω

c
bdω

a
c +2∆

ac
dbdωcω

d−2∆
ac
dbωcdω

d +dΩ
a
b

= Ω
c
bω

a
c−ω

c
bΩ

a
c +2∆

ac
dbΩcω

d +dΩ
a
b

= DΩ
a
b +2∆

ac
dbΩcω

d

0 = d2
ω

a

= dω
c
ω

a
c−ω

cdω
a
c +dωω

a−ωdω
a

= −ω
c
Ω

a
c +Ωω

a

0 = d2
ωa

= dω
c
aωc−ω

c
adωc +dωaω−ωadω +dΩa

= Ω
c
aωc−ω

c
aΩc +Ωaω−ωaΩ+dΩa

= DΩa +Ω
c
aωc−ωaΩ

0 = d2
ω

= dω
a
ωa−ω

adωa +dΩ

= dΩ−ω
a
Ωa

Collecting terms, we have

DΩ
a
b +2∆

ac
dbΩcω

d = 0
ω

c
Ω

a
c−Ωω

a = 0
DΩa +Ω

c
aωc−ωaΩ = 0
dΩ−ω

a
Ωa = 0
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The Bianchi identities for Weyl and Riemannian geometries follow immediately as

DΩ
a
b = 0

ω
c
Ω

a
c−Ωω

a = 0
dΩ = 0

in a Weyl geometry and

DRa
b = 0

ecRa
c = 0

in Riemannian.
In the scale-invariant geometries, i.e., conformal or Weyl, the torsion-free condition leads to an algebraic constraint

relating the dilatational and Lorentz curvatures,

ω
b
Ω

a
b−Ωω

a = 0

Expanding this in components, we have

0 = Ω
a
[bcd]−δ

a
[bΩcd]

=
1
3

(Ωa
bcd +Ω

a
cdb +Ω

a
dbc−δ

a
b Ωcd−δ

a
c Ωdb−δ

a
d Ωbc)

Now contract on the ac components,

0 = Ω
c
bcd +Ω

c
cdb +Ω

c
dbc−Ωbd−nΩdb−Ωbd

so that the antisymmetric part of the trace of the curvature is proportional to the dilatation:

Ω
c
bcd−Ω

c
dcb =−(n−2)Ωbd

The trace of the curvature is symmetric if and only if the dilatation vanishes.

1.5.2 Bianchi identities in Riemannian geometry

The first Bianchi identity is

0 = ebRa
b

= eb
(

Ca
b +2∆

ac
dbRced

)
= ebCa

b +Rbebea

= ebCa
b

The second curvature Bianchi identity is

DRa
b = 0

Ra
b[cd;e] = 0

Substititing

Ra
bcd = Ca

bcd−δ
a
c Rbd +δ

a
d Rbc +ηbcR

a
d−ηbdR

a
c

for the curvature,

0 = DRa
b

= DCa
b +2∆

ac
dbDRced
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0 = Ra
bcd;e +Ra

bde;c +Ra
bec;d

= Ca
bcd;e−δ

a
c Rbd;e +δ

a
d Rbc;e +ηbcR

a
d;e−ηbdR

a
c;e

+Ca
bde;c−δ

a
d Rbe;c +δ

a
e Rbd;c +ηbdR

a
e;c−ηbeR

a
d;c

+Ca
bec;d−δ

a
e Rbc;d +δ

a
c Rbe;d +ηbeR

a
c;d−ηbcR

a
e;d

and take the trace on ae,

0 = Ca
bcd;a−Rbd;c +Rbc;d +ηbcR

a
d;a−ηbdR

a
c;a

−Rbd;c +nRbd;c +ηbdR
a
a;c−Rbd;c

−nRbc;d +Rbc;d +Rbc;d−ηbcR
a
a;d

= Ca
bcd;a− (n−3)Rbc;d +(n−3)Rbd;c +ηbd

(
Ra

a;c−Ra
c;a
)
−ηbc

(
Ra

a;d−Ra
d;a
)

and contract again on bd,
0 = 2(n−2)

(
Ra

a;c−Ra
c;a
)

so,
Ca

bcd;a = (n−3)(Rbc;d−Rbd;c)

1.5.3 Bianchi identities in Weyl geometry

The torsion-free structure equations are:

dω
a
b = ω

c
bω

a
c +Ra

b

dea = ec
ω

a
c +ωea

dω = Ω

Taking the exterior derivative of each, we have

DRa
b = dRa

b +Rc
bω

a
c−ω

c
bRa

c = 0
ec

Ω
a
c = Ωea

dΩ = 0

In components the second becomes

Ω
a
bcd +Ω

a
cdb +Ω

a
dbc = δ

a
b Ωcd +δ

a
c Ωdb +δ

a
d Ωbc

with trace
Ω

c
bcd−Ω

c
dcb =−(n−2)Ωbd

In contrast to Riemannian geometry, the trace of the curvature tensor has an antisymmetric part.

1.6 Relationship between the Riemann, Weyl, Ricci and Eisenhart and dilatation tensors
We consider these relationships in Riemannian, Weyl, and conformal geometries. We consider only torsion-free
geometries.

1.6.1 Curvature relations in Riemannian geometry

The structure equations are:

dω
a
b = ω

c
bω

a
c +Ra

b

dω
a = ω

c
ω

a
c

8



Riemann, Weyl and Ehrenfest The Weyl curvature is given by

Ca
bcd = Ra

bcd−
1

n−2
(δ a

c Rbd−δ
a
d Rbc−ηbcRa

d +ηbdRa
c)+

1
(n−1)(n−2)

R(δ a
c ηbd−δ

a
d ηbc)

Check the trace,

Cc
bcd = Rc

bcd−
1

n−2
(nRbd−Rbd−Rbd +ηbdR)+

1
(n−1)(n−2)

R(n−1)ηbd

= Rbd−Rbd−
1

n−2
ηbdR+

1
n−2

Rηbd

= 0

The Eisenhart tensor is defined in terms of the Ricci tensor as

Rab =− 1
n−2

(
Rab−

1
2(n−1)

Rηab

)
This is invertible,

Rab = −(n−2)Rab−Rηab

R = −2(n−1)R

Check,

Rab = − 1
n−2

(
Rab−

1
2(n−1)

Rηab

)
= − 1

n−2

(
−(n−2)Rab−Rηab−

1
2(n−1)

(−2(n−1)R)ηab

)
= Rab

The relationship between the curvatures may be rewritten as

Ca
bcd = Ra

bcd

− 1
n−2

δ
a
c

(
Rbd−

1
2(n−1)

Rηbd

)
+

1
n−2

δ
a
d

(
Rbc−

1
2(n−1)

Rηbc

)
+

1
n−2

ηbc

(
Ra

d−
1

2(n−1)
Rδ

a
d

)
− 1

n−2
ηbd

(
Ra

c−
1

2(n−1)
Rδ

a
c

)
− 1

2(n−1)(n−2)
R(δ a

c ηbd−δ
a
d ηbc−ηbcδ

a
d +ηbdδ

a
c )+

1
(n−1)(n−2)

R(δ a
c ηbd−δ

a
d ηbc)

= Ra
bcd +δ

a
c Rbd−δ

a
d Rbc−ηbcR

a
d +ηbdR

a
c

= Ra
bcd +δ

a
c Rbd−δ

a
d Rbc−ηbcR

a
d +ηbdR

a
c

Then in terms of curvature 2-forms,

Ca
b = Ra

b +
1
2

(δ a
c Rbd−δ

a
d Rbc−ηbcR

a
d +ηbdR

a
c)eced

= Ra
b +

1
2

(2δ
a
c δ

e
b −2ηbcη

ae)Redeced

= Ra
b−2∆

ad
cb Rdec

so that finally,
Ra

b = Ca
b +2∆

ac
dbRced

9



Divergence of the Weyl curvature We may use this relationship to write the divergence of the Weyl curvature in
terms of the curl of the Ehrenfest tensor.

Starting from the algebraic Bianchi identity,

0 = Ra
bcd;e +Ra

bde;c +Ra
bec;d

we substitute

Ra
bcd = Ca

bcd−δ
a
c Rbd +δ

a
d Rbc +ηbcR

a
d−ηbdR

a
c

for the curvature to find

0 = Ra
bcd;e +Ra

bde;c +Ra
bec;d

= Ca
bcd;e−δ

a
c Rbd;e +δ

a
d Rbc;e +ηbcR

a
d;e−ηbdR

a
c;e

+Ca
bde;c−δ

a
d Rbe;c +δ

a
e Rbd;c +ηbdR

a
e;c−ηbeR

a
d;c

+Ca
bec;d−δ

a
e Rbc;d +δ

a
c Rbe;d +ηbeR

a
c;d−ηbcR

a
e;d

Taking the trace on ae,

0 = Ca
bcd;a−Rbd;c +Rbc;d +ηbcR

a
d;a−ηbdR

a
c;a

−Rbd;c +nRbd;c +ηbdR
a
a;c−Rbd;c

−nRbc;d +Rbc;d +Rbc;d−ηbcR
a
a;d

= Ca
bcd;a− (n−3)Rbc;d +(n−3)Rbd;c +ηbd

(
Ra

a;c−Ra
c;a
)
−ηbc

(
Ra

a;d−Ra
d;a
)

and contracting again on bd,
0 = 2(n−2)

(
Ra

a;c−Ra
c;a
)

we find
Ca

bcd;a = (n−3)(Rbc;d−Rbd;c)

1.6.2 Curvature relations in Weyl geometry

We find the corresponding results for Weyl geometry.

Riemann, Weyl, Ehrenfest and dilatational curvatures In Weyl geometry, the Bianchi identities show that the
trace of the curvature has an antisymmetric part,

Ω
c
bcd−Ω

c
dcb =−(n−2)Ωbd

so that we no longer have Ω
a
b = Ca

b +2∆ac
dbRced . Instead, let

Ω
a
bac = Rbc−

1
2

(n−2)Ωbc

Ω
ac

ac = η
acRac = R

where Rab = Rba. Then we may still write the traceless part of the curvature as

Ca
bcd = Ω

a
bcd−

1
(n−2)

(δ a
c Ω

e
bed−δ

a
d Ω

e
bec−ηbcΩ

ea
ed +ηbdΩ

ea
ec)

+
1

(n−1)(n−2)
Ω

e f
e f (δ a

c ηbd−δ
a
d ηbc)

= Ω
a
bcd−

1
(n−2)

(δ a
c Rbd−δ

a
d Rbc−ηbcRa

d +ηbdRa
c)

+
1
2

(δ a
c Ωbd−δ

a
d Ωbc−ηbcΩ

a
d +ηbdΩ

a
c)

+
1

(n−1)(n−2)
R(δ a

c ηbd−δ
a
d ηbc)

= Ω
a
bcd +(δ a

c Rbd−δ
a
d Rbc−ηbcR

a
d +ηbdR

a
c)

+
1
2

(δ a
c Ωbd−δ

a
d Ωbc−ηbcΩ

a
d +ηbdΩ

a
c)
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or, using differential forms, we may decompose the full curvature 2-form as

Ω
a
b = Ca

b +2∆
ac
db

(
Rc +

1
2

Ωceω
e
)

ω
d

that is, the usual decomposition in terms of the Weyl and Eisenhart tensors, together with a dilatation term. The
Eisenhart tensor is still defined in terms of the (symmetric) Ricci tensor as

Rab =− 1
n−2

(
Rab−

1
2(n−1)

Rηab

)
and the Ricci scalar is unchanged.

Symmetries of the Weyl curvature We find the symmetries of the Weyl curvature in a Weyl geometry. From

Ca
b = Ω

a
b−2∆

ac
db

(
Rc +

1
2

Ωceω
e
)

ω
d

we have the decomposition of the full curvature,

Ω
a
b = Ca

b +2∆
ad
cb

(
Rd +

1
2

Ωdeω
e
)

ω
c

= Ra
b +∆

ad
cb Ωdω

c

where Ra
b has the usual symmetries of the Riemann tensor. Therefore, we have antisymmetry on both the first and

second pairs of indices. The triple antisymmetry usually follows from the Bianchi identity. Here we have:

Ω
a
bcd = Ra

bcd +∆
ae
cbΩed−∆

ae
dbΩec

Ω
a
[bcd] = Ra

[bcd] +
1
3

(∆ae
cbΩed−∆

ae
dbΩec)+

1
3

(∆ae
dcΩeb−∆

ae
bcΩed)+

1
3

(∆ae
bdΩec−∆

ae
cdΩeb)

=
1
3

(∆ae
cbΩed−∆

ae
dbΩec +∆

ae
dcΩeb−∆

ae
bcΩed +∆

ae
bdΩec−∆

ae
cdΩeb)

=
1
6

(δ a
c δ

e
b Ωed−δ

a
d δ

e
b Ωec +δ

a
d δ

e
c Ωeb−δ

a
b δ

e
c Ωed +δ

a
b δ

e
d Ωec−δ

a
c δ

e
d Ωeb)

−1
6

(ηae
ηbcΩed−η

ae
ηbdΩec +η

ae
ηcdΩeb−η

ae
ηbcΩed +η

ae
ηbdΩec−η

ae
ηcdΩeb)

= −1
3

(δ a
d Ωbc +δ

a
b Ωcd +δ

a
c Ωdb)

Then

Ω
a
[bcd] = −δ

a
[bΩcd]

Writing the curvature in covariant form,

Ω
a
bcd = Ra

bcd +∆
ae
dbΩec−∆

ae
cbΩed

Ω
a
bcd = Ra

bcd +
1
2

δ
a
d Ωbc−

1
2

η
ae

ηbdΩec−
1
2

δ
a
c Ωbd +

1
2

η
ae

ηbcΩed

Ωabcd = Rabcd +
1
2

ηadΩbc−
1
2

ηbdΩac−
1
2

ηacΩbd +
1
2

ηbcΩad

we also have

Ωabcd−Ωcdab = Rabcd−Rcdab +
1
2

ηadΩbc−
1
2

ηbdΩac−
1
2

ηacΩbd +
1
2

ηbcΩad

−1
2

ηcbΩda +
1
2

ηdbΩca +
1
2

ηacΩdb−
1
2

ηdaΩcb

=
1
2

ηadΩbc−
1
2

ηdaΩcb−
1
2

ηbdΩac +
1
2

ηdbΩca−
1
2

ηacΩbd +
1
2

ηacΩdb +
1
2

ηbcΩad−
1
2

ηcbΩda

= ηadΩbc−ηbdΩac−ηacΩbd +ηbcΩad
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Therefore, the new symmetries are:

Ωabcd = −Ωbacd =−Ωabdc

Ω
a
[bcd] = δ

a
[bΩcd]

Ωabcd−Ωcdab = ηadΩbc−ηbdΩac−ηacΩbd +ηbcΩad

Divergence of the Weyl curvature As before, we start with the Bianch identity

DΩ
a
b = dΩ

a
b +Ω

c
bω

a
c−ω

c
bΩ

a
c = 0

where

Ω
a
bcd = Ca

bcd− (δ a
c Rbd−δ

a
d Rbc−ηbcR

a
d +ηbdR

a
c)

−1
2

(δ a
c Ωbd−δ

a
d Ωbc−ηbcΩ

a
d +ηbdΩ

a
c)

Combining these, we have

0 = Ω
a
bcd;e +Ω

a
bde;c +Ω

a
bec;d

= Ca
bcd;e +Ca

bde;c +Ca
bec;d

−
(
δ

a
c Rbd;e−δ

a
d Rbc;e−ηbcR

a
d;e +ηbdR

a
c;e
)
− 1

2
(
δ

a
c Ωbd;e−δ

a
d Ωbc;e−ηbcΩ

a
d;e +ηbdΩ

a
c;e
)

−
(
δ

a
d Rbe;c−δ

a
e Rbd;c−ηbdR

a
e;c +ηbeR

a
d;c
)
− 1

2
(
δ

a
d Ωbe;c−δ

a
e Ωbd;c−ηbdΩ

a
e;c +ηbeΩ

a
d;c
)

−
(
δ

a
e Rbc;d−δ

a
c Rbe;d−ηbeR

a
c;d +ηbcR

a
e;d
)
− 1

2
(
δ

a
e Ωbc;d−δ

a
c Ωbe;d−ηbeΩ

a
c;d +ηbcΩ

a
e;d
)

Now contract ae,

0 = Ca
bcd;a

−
(
Rbd;c−Rbc;d−ηbcR

a
d;a +ηbdR

a
c;a
)
− 1

2
(
Ωbd;c−Ωbc;d−ηbcΩ

a
d;a +ηbdΩ

a
c;a
)

−
(
Rbd;c−nRbd;c−ηbdR

a
a;c +Rbd;c

)
− 1

2
(Ωbd;c−nΩbd;c +Ωbd;c)

−
(
nRbc;d−Rbc;d−Rbc;d +ηbcR

a
a;d
)
− 1

2
(nΩbc;d−Ωbc;d−Ωbc;d)

Simplify,

Ca
bcd;a = (n−3)Rbc;d− (n−3)Rbd;c +ηbcR

a
a;d−ηbcR

a
d;a +ηbdR

a
c;a−ηbdR

a
a;c

+
1
2
(
(n−3)Ωbc;d− (n−3)Ωbd;c +ηbdΩ

a
c;a−ηbcΩ

a
d;a
)

One further trace, on bd, gives

0 = 2(n−2)
(

Ra
c;a−R;c +

1
2

Ω
a
c;a

)
so that Ra

c;a = R;c− 1
2 Ωa

c;a

Ca
bcd;a = (n−3)Rbc;d− (n−3)Rbd;c +ηbcR;d−ηbcR;d +

1
2

ηbcΩ
a
d;a +ηbdR;c−

1
2

ηbdΩ
a
c;a−ηbdR;c

+
1
2
(
(n−3)Ωbc;d− (n−3)Ωbd;c +ηbdΩ

a
c;a−ηbcΩ

a
d;a
)

= (n−3)
(

Rbc;d−Rbd;c +
1
2

Ωbc;d−
1
2

Ωbd;c

)

12



Now cycle and combine:

Ca
bcd;a = (n−3)

(
Rbc;d−Rbd;c +

1
2

Ωbc;d−
1
2

Ωbd;c

)
Ca

cdb;a = (n−3)
(

Rcd;b−Rcb;d +
1
2

Ωcd;b−
1
2

Ωcb;d

)
−Ca

dbc;a = (n−3)
(
−Rdb;c +Rdc;b−

1
2

Ωdb;c +
1
2

Ωdc;b

)
Sum:

Ca
bcd;a +Ca

cdb;a−Ca
dbc;a = (n−3)

(
Rbc;d−Rbd;c +Rcd;b−Rcb;d−Rdb;c +Rdc;b +

1
2

Ωbc;d−
1
2

Ωbd;c +
1
2

Ωcd;b−
1
2

Ωcb;d−
1
2

Ωdb;c +
1
2

Ωdc;b

)
= (n−3)(2Rcd;b−2Rbd;c +Ωbc;d)

Now use
Ca

bcd +Ca
cdb +Ca

dbc = 0

to write this as

Ca
bcd;a = (n−3)

(
Rbc;d−Rbd;c−

1
2

Ωcd;b

)

1.7 Transformation of the Weyl and Eisenhart tensors under conformal transformation
The structure equations for a Riemannian geometry are

dω
a
b = ω

c
bω

a
c +Ra

b

dea = ec
ω

a
c

Changing the solder form ea by a conformal factor, ea→ eϕ ea changes connection to, say, αa
b, and the second equation

gives
eϕ dea + eϕ dϕea = eϕ eb

α
a
b

This is solved by setting αa
b = ωa

b +2∆ac
dbϕ,ced , where ωa

b is the original spin connection, since then

eϕ dea + eϕ dϕea = eϕ eb
α

a
b

= eϕ eb
(

ω
a
b +2∆

ac
dbϕ,ced

)
= eϕ eb

ω
a
b +2∆

ac
dbϕ,ceϕ ebed

= eϕ eb
ω

a
b + eϕ

ϕ,bebea−η
ac

ηbdϕ,ceϕ ebed

eϕ dea + eϕ dϕea = eϕ eb
ω

a
b + eϕ dϕea

dea = eb
ω

a
b

Then the first equation gives the change in curvature,

R̃a
b = dα

a
b−α

c
bα

a
c

= d
(

ω
a
b +(δ a

d δ
c
b −η

ac
ηdb)ϕ,ced

)
−
(

ω
c
b +(δ c

d δ
e
b −η

ce
ηdb)ϕ,eed

)(
ω

a
c +
(
δ

a
g δ

f
c −η

a f
ηcg
)

ϕ, f eg)
= dω

a
b +dϕ,bea−η

ac
ηdbdϕ,ced +ϕ,bdea−η

ac
ηdbϕ,cded

−ω
c
bω

a
c−ϕ,bec

ω
a
c +η

ce
ηdbϕ,eed

ω
a
c−ω

c
bϕ,cea +ω

c
bη

a f
ηcgϕ, f eg

−ϕ,bec
ϕ,cea +ϕ,bec

η
a f

ηcgϕ, f eg +η
ce

ηdbϕ,eed
ϕ,cea−η

ce
ηdbϕ,eed

η
a f

ηcgϕ, f eg
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Simplify,

R̃a
b = Ra

b +
(
dϕ,b−ϕ,cω

c
b
)

ea +ϕ,b (dea− ec
ω

a
c)

−η
ac

ηbd (dϕ,c−ϕ,eω
e
c)ed−η

ac
ϕ,cηbd

(
ded− ee

ω
d
e

)
+ϕ,beadϕ−η

a f
ηbdϕ, f eddϕ +(ηce

ϕ,cϕ,e)ηbdedea

= Ra
b +(δ a

d δ
c
b −η

ac
ηbd)

(
Dϕ,c−ϕ,cdϕ +

1
2
(
η

f g
ϕ, f ϕ,g

)
ηceee

)
ed

Then using

R̃a
b = C̃a

b +2∆
ac
dbR̃cẽd

= C̃a
b +2∆

ac
dbR̃ceφ ed

= Ca
b +2∆

ac
db

(
Rc +Dϕ,c−ϕ,cdϕ +

1
2
(
η

f g
ϕ, f ϕ,g

)
ηceee

)
ed

we have

C̃a
b = Ca

b

R̃c = e−φ

(
Rc +Dϕ,c−ϕ,cdϕ +

1
2
(
η

f g
ϕ, f ϕ,g

)
ηceee

)

1.8 Symmetries of the Weyl curvature with nonzero dilatation
In scale-invariant geometries, there may exist a nonvanishing dilational curvature. We find the symmetries of the Weyl
curvature when this dilatational curvature is non-zero. From

Ca
b = Ω

a
b−2∆

ac
db

(
Rc +

1
2

Ωceω
e
)

ω
d

we have the decomposition of the full curvature,

Ω
a
b = Ca

b +2∆
ad
cb

(
Rd +

1
2

Ωdeω
e
)

ω
c

= Ra
b +∆

ad
cb Ωdω

c

where Ra
b has the usual symmetries of the Riemann tensor. Therefore, we have antisymmetry on both the first and

second pairs of indices. The triple antisymmetry usually follows from the Bianchi identity. Here we have:

Ω
a
bcd = Ra

bcd +∆
ae
cbΩed−∆

ae
dbΩec

Ω
a
[bcd] = Ra

[bcd] +
1
3

(∆ae
cbΩed−∆

ae
dbΩec)+

1
3

(∆ae
dcΩeb−∆

ae
bcΩed)+

1
3

(∆ae
bdΩec−∆

ae
cdΩeb)

=
1
3

(∆ae
cbΩed−∆

ae
dbΩec +∆

ae
dcΩeb−∆

ae
bcΩed +∆

ae
bdΩec−∆

ae
cdΩeb)

=
1
6

(δ a
c δ

e
b Ωed−δ

a
d δ

e
b Ωec +δ

a
d δ

e
c Ωeb−δ

a
b δ

e
c Ωed +δ

a
b δ

e
d Ωec−δ

a
c δ

e
d Ωeb)

−1
6

(ηae
ηbcΩed−η

ae
ηbdΩec +η

ae
ηcdΩeb−η

ae
ηbcΩed +η

ae
ηbdΩec−η

ae
ηcdΩeb)

= −1
3

(δ a
d Ωbc +δ

a
b Ωcd +δ

a
c Ωdb)

Then

Ω
a
[bcd] = −δ

a
[bΩcd]

Writing the curvature in covariant form,

Ω
a
bcd = Ra

bcd +∆
ae
dbΩec−∆

ae
cbΩed
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Ω
a
bcd = Ra

bcd +
1
2

δ
a
d Ωbc−

1
2

η
ae

ηbdΩec−
1
2

δ
a
c Ωbd +

1
2

η
ae

ηbcΩed

Ωabcd = Rabcd +
1
2

ηadΩbc−
1
2

ηbdΩac−
1
2

ηacΩbd +
1
2

ηbcΩad

we also have

Ωabcd−Ωcdab = Rabcd−Rcdab +
1
2

ηadΩbc−
1
2

ηbdΩac−
1
2

ηacΩbd +
1
2

ηbcΩad

−1
2

ηcbΩda +
1
2

ηdbΩca +
1
2

ηacΩdb−
1
2

ηdaΩcb

=
1
2

ηadΩbc−
1
2

ηdaΩcb−
1
2

ηbdΩac +
1
2

ηdbΩca−
1
2

ηacΩbd +
1
2

ηacΩdb +
1
2

ηbcΩad−
1
2

ηcbΩda

= ηadΩbc−ηbdΩac−ηacΩbd +ηbcΩad

Therefore, the new symmetries are:

Ωabcd = −Ωbacd =−Ωabdc

Ω
a
[bcd] = δ

a
[bΩcd]

Ωabcd−Ωcdab = ηadΩbc−ηbdΩac−ηacΩbd +ηbcΩad

2 Poincaré gauge theory
We begin our set of gauge theories of general relativity with the gauging of the Poincaré group, taking the quotient of
the Pioncaré group by its Lorentz subgroup. The base manifold is interpreted as spacetime and the quotient bundle
gives local Lorentz symmetry.

2.1 The structure equations and Bianchi identities
The Maurer-Cartan structure equations, extended to the Cartan equations with the addition of horizontal curvatures,
are

dω
a
b = ω

c
bω

a
c +Ra

b

dea = ec
ω

a
c +Ta

with Bianchi identities

0 = DRa
b = dRa

b +Rc
bω

a
c +ω

c
bRa

c

0 = ecRa
c +DTa = ecRa

c +dTa +Tc
ω

a
c

or, in components,

Ra
b[cd;e] = 0

Ra
[bcd] +T a

[bc;d] = 0

2.2 The Einstein-Hilbert action
After eliminating the translational gauge transformations, the gauge transformations of the connection reduce to

ω̃
a
b = Λ

a
cω

c
dΛ̄

d
b−dΛ

a
c Λ̄

c
b

ẽa = Λ
a
cec

so the solder form now transforms as a tensor. For the curvatures we have

R̃a
b = Λ

a
cRc

dΛ̄
d
b

T̃a = Λ
a
cTc
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so the torsion and Lorentz components of the Poincaré curvature do not mix. The full set of available tensors is
therefore

{
ηab,eabcd ,ea,Ta,Ra

b

}
. The most general action we can build from these, up to terms linear in the curvature,

is
S =

∫ (
Rabec . . .ed +Λeaebec . . .ed

)
eabc...d

where Λ is constant. Torsion terms can enter only at second order.

2.3 The field equations
Varying the connection, we have

0 = δS

=
∫ (

δRabec . . .ed +(n−2)Rabec . . .δed +nΛeaebec . . .δed
)

eabc...d

=
∫ (

Dδω
abec . . .edee +(n−2)Rabec . . .ed

δee +nΛeaebec . . .ed
δee
)

eabc...de

=
∫ (

(n−2)δω
abDec . . .edee +(n−2)Rabec . . .ed

δee +nΛeaebec . . .ed
δee
)

eabc...de

Since each component of the connection is varied independently we have

0 = (n−2)Deced . . .eeeabcd...e

0 =
(
(n−2)Rabec . . .ed +nΛeaebec . . .ed

)
eabc...de

We consider these in turn.
In the first field equation, we recognize the covariant exterior derivative of the solder form, Dec, as the torsion, so

(for n > 2)

0 = Tced . . .eeeabcd...e

=
1
2

T c
f ge f eged . . .eeeabcd...e

Take the wedge product of this equation with one further arbitrary solder form, eh, then define the convenient volume
form

Φ =
1
n!

ea...bea . . .eb

so that
ea . . .eb =−ea...b

Φ

We may then write

0 = −1
2

T c
f geh f gd...eeabcd...eΦ

Taking the Hodge dual and discarding the overall constant this becomes

0 = T c
f geh f gd...eeabcd...e

= T c
f gδ

h f g
abc

where δ
h f g
abc = δ

[h
a δ

f
b δ

g]
c . Expanding, while relying on the antisymmetry of the f g indices on the torsion,

0 = T c
f gδ

h f g
abc

=
1
3

T c
f g

(
δ

h
a δ

f
b δ

g
c +δ

f
a δ

g
b δ

h
c +δ

g
a δ

h
b δ

f
c

)
=

1
3

(
T c

bcδ
h
a +T c

abδ
h
c +T c

caδ
h
b

)
16



Contract on the hb indices,

0 =
1
3

(T c
ac +T c

ac +nT c
ca)

0 = −1
3

(n−2)T c
ac

so the trace of the torsion must be zero and the full field equation reduces to vanish torsion, T c
ab = 0.

The second field equation is

0 =
(
(n−2)Rabec . . .ed +nΛeaebec . . .ed

)
eabc...de

0 =
(

1
2

(n−2)Rab
f g +nΛδ

a
f δ

b
g

)
e f egec . . .edeabc...de

Taking the wedge product with one further solder form and using the volume form as before leads to

0 =
(

1
2

(n−2)Rab
f g +nΛδ

a
f δ

b
g

)
ehe f egec . . .edeabc...de

0 = −(−1)n−1
(

1
2

(n−2)Rab
f g +nΛδ

a
f δ

b
g

)
eh f gc...deeabc...dΦ

and therefore, taking the dual,

0 =
(

1
2

(n−2)Rab
f g +

1
2

nΛ

(
δ

a
f δ

b
g −δ

a
g δ

b
f

))
δ

h f g
eab

=
1
6

(
(n−2)Rab

f g +nΛ

(
δ

a
f δ

b
g −δ

a
g δ

b
f

))(
δ

h
e δ

f
a δ

g
b +δ

f
e δ

g
a δ

h
b +δ

g
e δ

h
a δ

f
b

)
=

1
6

(
(n−2)

(
Rab

abδ
h
e +Rah

ea +Rhb
be

)
+nΛ

(
n2

δ
h
e −nδ

h
e +δ

h
e −nδ

h
e +δ

h
e −nδ

h
e

))
=

1
6

(
(n−2)

(
Rδ

h
e −2Rh

e

)
+n(n−1)(n−2)Λδ

h
e

)
Lowering the upper index this becomes the Einstein equation with cosmological constant, Λ̃ = 1

2 n(n−1)Λ,

Rab−
1
2

Rηab− Λ̃ηab = 0

2.4 Conformal Ricci flatness in Riemannian geometry
We find the necessary and sufficient conditions for a Riemannian geometry to be conformally related to a Ricci-flat
Riemannian geometry.

2.4.1 Necessary condition: Exterior derivative of the Eisenhart tensor

We compute the covariant exterior derivative of the Eisenhart tensor when the metric is conformal to a Ricci flat metric.
Suppose we have

dω
a
b = ω

c
bω

a
c +Ra

b

dea = ec
ω

a
c

where the Ricci and Eisenhart tensors of Ra
b vanish, Rab = 0; Ra = 0, and let

ẽa = eϕ ea

The corresponding spin connection is given by

dẽa = ẽc
ω̃

a
c

dϕeϕ ea + eϕ dea = eϕ ec
ω̃

a
c

dϕea + ec
ω

a
c = ec

ω̃
a
c

17



Let
ω̃

a
c = ω

a
c +2∆

ae
dcϕ,eed

Then

ec
ω̃

a
c = ec

(
ω

a
c +2∆

ae
dcϕ,eed

)
= ec

ω
a
c + ec (δ a

d δ
e
c −η

ae
ηdc)ϕ,eed

= ec
ω

a
c +dϕea

as desired.
We wish to compute D̃R̃a,

D̃R̃a = dR̃a− ω̃
c
aR̃c

= dR̃a−
(

ω
c
a +2∆

ce
daϕ,eed

)
R̃c

= DR̃a−2∆
ce
daφ,eedR̃c

= D
(

e−ϕ

(
Dϕ,a−ϕ,adϕ +

1
2
(
η

f g
ϕ, f ϕ,g

)
ηaeee

))
−2∆

ce
daϕ,eed

(
e−ϕ

(
Dϕ,c−ϕ,cdϕ +

1
2
(
η

f g
ϕ, f ϕ,g

)
ηcbeb

))
= −e−ϕ Dϕ

(
Dϕ,a−ϕ,adϕ +

1
2
(
η

f g
ϕ, f ϕ,g

)
ηaeee

)
+e−ϕ

(
DDϕ,a−D(ϕ,adϕ)+

1
2

D
(
η

f g
ϕ, f ϕ,g

)
ηaeee

)
−2∆

ce
daϕ,eed

(
e−φ

(
Dϕ,c−ϕ,cdϕ +

1
2
(
η

f g
ϕ, f ϕ,g

)
ηcbeb

))
Then

eϕ D̃R̃a = −dϕDϕ,a−
1
2
(
η

f g
ϕ, f ϕ,g

)
dϕηaeee

+DDϕ,a−D(ϕ,adϕ)+
1
2

D
(
η

f g
ϕ, f ϕ,g

)
ηaeee

−ϕ,aecDϕ,c +φ,aec
ϕ,cdϕ− 1

2
(
η

f g
ϕ, f ϕ,g

)
ϕ,aec

ηcbeb

+η
ce

ηdaϕ,eedDϕ,c− (ηce
φ,eϕ,c)ηdaeddϕ +

1
2
(
η

f g
ϕ, f ϕ,g

)
ηdaeddϕ

and so

eϕ D̃R̃a = DDϕ,a +η
f g

ϕ, f Dϕ,gηaeee−ϕ,aD(dϕ)+η
ce

ηdaϕ,eedDϕ,c

+
1
2
(
η

f g
ϕ, f ϕ,g

)(
ηdaeddϕ +ηaeeedϕ−2ηdaeddϕ

)
= DDϕ,a +

(
η

f g
ϕ, f Dϕ,g−η

ce
ϕ,eDϕ,c

)(
ηaded

)
= DDϕ,a

Finally, the Ricci identity gives

DDϕ,a = D
(

dϕ,a−ϕbω
b
a

)
= d

(
dϕ,a−ϕbω

b
a

)
+
(

dϕ,c−ϕbω
b
c

)
ω

c
a

= −ϕb

(
dω

b
a−ω

c
aω

b
c

)
= −ϕbRb

a

= −ϕbCb
a

= −ϕbC̃b
a

18



Thus,

eϕ D̃R̃a +ϕbC̃b
a = 0

D̃R̃a−
(
e−ϕ
)
,b C̃b

a = 0

This condition must hold in any geometry related to a Ricci flat geometry by a conformal transformation.
However, notice that our original choice of ϕ was fully arbitrary. Therefore, this equation holds regardless of ϕ .

We can choose eϕ to be any gauge factor, and an equation of this form holds. What this means is that there is one gauge
in which ϕ = 0; this is the Ricci-flat gauge. In general, when this equation is satisfied, the Ricci and Eisenhart tensors
are constructed from derivatives of ϕ . The curl of the Eisenhart tensor doesn’t vanish, but ends up being (e−ϕ),b C̃b

a.

2.4.2 Sufficient condition: Integrability for conformal Ricci flatness

We have shown that if a spacetime is conformal to a Ricci flat spacetime, then we necessarily have

D̃R̃a−
(
e−ϕ
)
,b C̃b

a = 0

We now seek a sufficient conditon.
Start with a spacetime with curvatures Ca

b,Rc, and perform a conformal transformation. The new curvatures are
given by

C̃a
b = Ca

b

R̃c = e−ϕ

(
Rc +Dϕ,c−ϕ,cdϕ +

1
2
(
η

f g
ϕ, f ϕ,g

)
ηceee

)
and the new spacetime will be Ricci flat if and only if R̃c = 0. We therefore require the existence of a scalar ϕ

satisfying

0 = Rc +Dϕ,c−ϕ,cdϕ +
1
2
(
η

f g
ϕ, f ϕ,g

)
ηceee

= Rc +dϕ,c−ϕ,aω
a
c−ϕ,cdϕ +

1
2
(
η

f g
ϕ, f ϕ,g

)
ηceee

Write this as

dϕ,c = ϕ,aω
a
c +ϕ,cdϕ− 1

2
(
η

f g
ϕ, f ϕ,g

)
ηceee−Rc

Then the integrability condition is given by the Poincaré lemma, d2ϕ,c = 0. We therefore require

0 = d
(

ϕ,aω
a
c +ϕ,cdϕ− 1

2
(
η

f g
ϕ, f ϕ,g

)
ηceee−Rc

)
= dϕ,aω

a
c +ϕ,adω

a
c +dϕ,cdϕ−

(
η

f g
ϕ, f dϕ,g

)
ηceee− 1

2
(
η

f g
ϕ, f ϕ,g

)
ηcedee−dRc

Now substitute for dϕ,c,

0 =
(

ϕ,bω
b
a +ϕ,adϕ− 1

2
(
η

f g
ϕ, f ϕ,g

)
ηaeee−Ra

)
ω

a
c +ϕ,adω

a
c

+
(

ϕ,aω
a
c +ϕ,cdϕ− 1

2
(
η

f g
ϕ, f ϕ,g

)
ηceee−Rc

)
dϕ

−
(

η
f g

ϕ, f

(
ϕ,aω

a
g +ϕ,gdϕ− 1

2

(
η

hk
ϕ,hϕ,k

)
ηgded−Rg

))
ηceee

−1
2
(
η

f g
ϕ, f ϕ,g

)
ηcedee−dRc
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Simplify,

0 = ϕ,a

(
dω

a
c−ω

b
cω

a
b

)
+ϕ,adϕω

a
c−Rcdϕ− (dRc−ω

a
cRa)

+ϕ,aω
a
cdϕ−

(
ϕ, f ϕ,aω

a f )
ηceee +η

f g
ϕ, f Rgηceee

−1
2
(
η

f g
ϕ, f ϕ,g

)
(ηceeedϕ +2dϕηceee−dϕηceee +ηac (dea− ee

ω
a
e))

and so

0 = ϕ,a

(
dω

a
c−ω

b
cω

a
b

)
−
(

dRc−ω
a
cRa +Rb

(
δ

b
c δ

d
a −η

bd
ηca

)
ϕ,dea

)
= ϕ,aRa

c−
(

dRc−
(

ω
b
c +2∆

bd
ca ϕ,dea

)
Rb

)
= ϕ,aRa

c−
(

dRc− ω̃
b
cRb

)
= ϕ,aRa

c− D̃Rc

Try to separate out the ϕ-dependence,

0 = ϕ,aRa
c−DRc +2∆

bd
ca ϕ,deaRb

Expand the curvature,
Ra

b = Ca
b +2∆

ac
dbRced

so that

0 = ϕ,aCa
c +ϕ,a2∆

ae
dcReed−DRc +2∆

bd
ca ϕ,deaRb

= ϕ,aCa
c−DRc +2∆

bd
ca ϕ,d (Rbea + eaRb)

= ϕ,aCa
c−DRc

Therefore, a sufficient condition for the space to be conformally Ricci flat is the existence of a scalar field such that

ϕ,aCa
c−DRc = 0

This is the usual form of the condition. Unfortunately, the condition still depends on the scalar field.
This condition is therefore necessary and sufficient.
How do we use this condition to solve for the geometry? Here’s the program: Having this condition tells us that

there exists a gauge in which the Ricci tensor vanishes. Choose that gauge and solve for the metric. Now, gauge again
by an arbitrary conformal factor. This gives the conformal equivalence class of metrics which solve the problem. Each
choice of gauge will satisify ϕ,aCa

c −DRc = 0 with its appropriate conformal factor, Weyl curvature and Eisenhart
tensor.

The usefulness of the condition is that it is the conformal equivalent of the Einstein equation. It is not particularly
useful for solving for the metric – the whole point is that we can still use the Einstein equation for that, but then
have the freedom to choose a gauge. But knowing that ϕ,aCa

c −DRc = 0 is the conformal Einstein equation lets us
interpret that expression when it occurs in other gravity theories. Any gravity theory that leads to this condition is on
experimentally sound footing – all data that support general relativity support such a theory as well, and the freedom
to choose a local scale makes it epistemologically more sound.

3 Weyl (homothetic) gauge theory
We ask corresponding questions in a Weyl geometry. The overall symmetry is that of the Poincaré group together with
dilatations. We take the quotient of the inhomogeneous Weyl group by the homogeneous Weyl group to get an n-dim
base manifold with local homothetic (Lorentz plus dilatations) symmetry.
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The structure equations are now

dω
a
b = ω

c
bω

a
c +Ω

a
b

dea = ec
ω

a
c +ωea

dω = Ω

and setting ω = Waea, the connection may be written in the form

ω
a
c = α

a
c−2∆

ad
bcWdeb

where αa
c is the usual spin connection for ea, since then

dea = ec
ω

a
c +ωea

= ec
α

a
c−2∆

ad
bcWdeceb +ωea

= ec
α

a
c−Wcecea +ωea

= ec
α

a
c

Notice that under conformal transformation, the connection changes by

ẽa = eϕ ea

ω̃ = ω +dϕ

ω̃
a
b = ω

a
b

Notice that the spin connection is unchanged (this happens because dilatations and Lorentz transformations commute)
and therefore the curvature is unchanged:

Ω̃
a
b = Ω

a
b

C̃a
b = Ca

b

R̃a = Ra

As a result, it does not make sense to ask for a conformally related metric with vanishing Ricci tensor – the Ricci tensor
is conformally invariant. We now consider the homothetic equivalent of the vanishing of the Ricci tensor, namely,

Ω
a
bac = 0

We now show that this is the necessary and sufficient condition for the existence of a gauge in which the Riemannian
part of the curvature has vanishing Ricci tensor.

3.1 Conformal Ricci flatness
We now consider the necessary and sufficient conditions under which the Ehrenfest tensor, Ra, vanishes in a Weyl
geometry. Since the vanishing of the Ehrenfest tensor is equivalent to vanishing Ricci tensor, this condition solves the
vacuum Einstein equation.

We have seen that the Lorentz curvature is given by

Ω
a
b = Ra

b−2∆
ac
db

(
DWc +Wcω− 1

2
ηce
(
η

f gWfWg
)

ee
)

ed

Suppose the trace of this curvature vanishes,
Ω

a
bac = 0

Then, writing Ω
a
b in components,

Ω
a
bcd = Ra

bcd−2∆
ae
db

(
We;c +WeWc−

1
2

ηce
(
η

f gWfWg
))

eced
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we must have

0 = Ω
c
bcd

= Rbd +(n−2)Wb;d +η
ce

ηbdWe;c

+(n−2)WbWd +η
ce

ηbdWeWc

−ηbd (n−1)
(
η

f gWfWg
)

The trace gives

0 = R+2(n−1)η
bdWb;d

−(n−1)(n−2)
(
η

f gWfWg
)

η
bdWb;d =

1
2(n−1)

(
−R+(n−1)(n−2)

(
η

f gWfWg
))

Substituting,

0 = Rbd−
1

2(n−1)
ηbdR

+(n−2)Wb;d +(n−2)WbWd−
1
2

(n−2)ηbd
(
η

f gWfWg
)

or,

Rbd = − 1
n−2

(
Rbd−

1
2(n−1)

ηbdR
)

= Wb;d +WbWd−
1
2

ηbd
(
η

f gWfWg
)

This has symmetric and antisymmetric parts,

Rbd = W(b;d) +WbWd−
1
2

ηbd
(
η

f gWfWg
)

0 = W[b;d]

The antisymmetric part is just half the dilatation. Therefore, Ωc
bcd = 0 if and only if

Rbd = Wb;d +WbWd−
1
2

ηbd
(
η

f gWfWg
)

Ωbd = 0

Solution for the Weyl vector We treat this as a differential equation for the Weyl vector. Contract with ed to write
it as a 1-form equation,

0 = DWb +Wbω− 1
2

ηbdW 2ed−Rb

dWb = Wcα
c
b−Wbω +

1
2

ηbdW 2ed +Rb

The integrability condition is then

0 = d2Wb

= dWcα
c
b +Wcdα

c
b−dWbω−Wbdω +ηbdW cdWced +

1
2

ηbdW 2ded +dRb

= dRb +
(

Weα
e
c−Wcω +

1
2

ηcdW 2ed +Rc

)
α

c
b +Wcdα

c
b

−
(

Wcα
c
b−Wbω +

1
2

ηbdW 2ed +Rb

)
ω−Wbdω

+ηbdW c
(

Weα
e
c−Wcω +

1
2

ηcdW 2ed +Rc

)
ed +

1
2

ηbdW 2ded
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Now collect terms,

0 = dRb−α
c
bRc−Rbω +Wcdα

c
b−Weα

c
bα

e
c +ηbdW cRced

+
1
2

ηbdW 2ded− 1
2

ηcbW 2ed
α

c
d−

1
2

ηbdW 2ed
ω−ηbdW 2

ωed +
1
2

ηbdW 2Weeeed

−Wbdω

and therefore,

0 = D(α)Rb−WbΩ+WcRc
b−Rbω +ηbdW cRced

Now write

−Rbω +ηbdW cRced = We (−δ
e
d δ

c
b +ηbdη

ec)Rced

= −2We∆
ec
dbRced

so we have

0 = D(α)Rb−WbΩ+Wc

(
Rc

b−2∆
ce
dbReed

)
= D(α)Rb−WbΩ+WcCc

b

together with
Ω = 0

Since the dilatation vanishes, the Weyl vector is a gradient, so there exists a function ϕ such that

0 = D(α)Rb−WbΩ+WcCc
b

= D(α)Rb +ϕ,cCc
b

Of course, this is the condition in the underlying Riemannian geometry for conformal Ricci flatness.
Conversely, suppose the underlying Riemannian geometry is conformally related to a Ricci flat geometry. Then

the condition above holds and we can run the calculation backwards to show that the integrability condition hold. This,
in turn, means that we can solve

0 = DWb +Wbω− 1
2

ηbdW 2ed−Rb

Such a solution gives
Ω

c
bcd = 0

Therefore, the Riemannian geometry underlying a Weyl geometry is conformal to a Ricci flat geometry if and only
if Ωc

bcd = 0.

3.2 An action for General Relativity
Usually, scale invariant actions for gravity theories are taken to be quadratic in the curvature. There is a simple reason
for this: while the curvatures, Ω

a
b, Ra, and Ω are conformally invariant, it is not obvious how to build a scale invariant

action because the volume element has conformal dimension +4. Thus, although the functional

S1 =
∫

Ω
abecedeabcd

will lead to the field equation we desire, the integrand has conformal weight +2. The usual solution is to write an
action quadratic in the curvature, such as

S2 =
∫

Ω
a
b
∗
Ω

b
aeabcd

This leads field equations that contain second derivatives of the connection, and are therefore of third order for the
metric. Such higher derivatives are often found to lead to negative norm states – ghosts – in the quantum theory.
However, the situation is not actually as bad as that, for if we use the quadratic action the field equation,

D∗Ωa
b = 0
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may be related to the integrability condition for the conformal Einstein equation. But there is a still better solution.
An often overlooked fact of scale-invariant geometry is that dimensionful “constants” may have nontrivial evolu-

tion. To see this, note that the homothetically covariant derivative of a tensor with dimensions of (length)n is given
by

DaT b...c = ∂aT b...c +T e...c
Γ

b
ea + . . .+T b...e

Γ
c
ea +nWaT b...c

and tensors are labeled by both Lorentz type,
(

p
q

)
, and by conformal weight, n. We may therefore have tensors, κ ,

of Lorentz type
(

0
0

)
, but conformal weight n, and these will have covariant derivative

Daκ = ∂aκ +nWaκ

even though in a Riemannian spacetime κ would be scalar or even constant. The physical meaning of this is clear.
Suppose κ represents the length of a meter stick. Then, if we use global units with Wa = 0, that length is unchanging,

∂aκ0 = 0

and the length is constant. But suppose we choose a local length standard given by a set of springs. The length of
those springs, ls, relative the the meter stick, changes from place to place and time to time. If the meter stick were our
standard, then the length of the spring at spacetime position

(
t,xi
)

is a function,

ls
(
t,xi)= ls0eϕ

However, if we take the length of the springs as our length standard, it is the length of the meter stick which changes,
κ = κ0

ls
= κ

(
t,xi
)
: it is the dimensionless ratio,

κ

ls0
=

κ0

ls
= e−ϕ

which is the measured quantity. With the springs as standards, the Weyl vector is given by Wa = ∂aϕ . We still regard
κ as constant because it satisfies the condition

Daκ = ∂aκ +Waκ

= ∂aκ +∂aϕκ

= ∂aκ−κ∂a ln(κ/ls0)

= ∂aκ− ∂a (κ/ls0)
(κ/ls0)

κ

= 0

Notice that the existence of global constants of this type, that is, one or more quantities satisfying Dκ = 0, we must
satisfy the integrability condition

0 = d2
κ

= dωκ−ωdκ

= dωκ−ωωκ

= dωκ

If the constant κ is not to vanish, then the dilatation must be zero, Ω = dω = 0. A weaker condition is possible: we
can demand the existence of a congruence of curves along which κ remains constant. In simple applications, these
curves turn out to be the classical paths of motion. See Gauging Newton’s law.

Now, if we insert a constant of the appropriate conformal weight into the functional S1, we have a suitable action,

S =
∫

κΩ
abecedeabcd
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We require κ to have units of (length)−2 in order for the integrand to be of weight zero. If we use the gravitational
constant,

[G] =
m3

kg · sec2

together with the speed of light and Planck’s constant,[
G}
c3

]
=

m3

kg · sec2 ·
sec3

m3 ·
kg ·m2

sec

= m2

then we may set

κ =
c3

G}
Dirac, in his large numbers paper, takes this action a step further by adding a kinetic term for κ . By allowing

solutions with slowly changing κ , he accounts for the relative sizes of certain fundamental quantities. This approach
may be taken in any dimension, n, with

S =
∫

κ
(n−2)/2

Ω
abec · · ·edeabc···d +Kinetic term

Notice that the form of the action depends on the dimension of the space.

4 Auxiliary conformal gauging
The auxiliary conformal gauging has the structure equations

dω
a
b = ω

c
bω

a
c +2∆

ad
cb ωdω

c +Ω
a
b (1)

dω
a = ω

b
ω

a
b +ωω

a +Ω
a (2)

dωa = ω
b
a ωb +ωaω +Ωa (3)

dω = ω
a
ωa +Ω (4)

where the horizontal directions are spanned by the gauge fields of translations, ωa. The quotient is
{

Ma
b,Pa,Ka,D

}
/
{

Ma
b,K

a,D
}

,
resulting in an n-dimensional manifold which we identify with spacetime. The solder forms, ωa, span the base mani-
fold, and all forms and curvatures are horizontal, for example,

Ω
a
b =

1
2

Ω
a
bcdω

c
ω

d

Each of the connection 1-forms is a function of n coordinates, xα , and is a linear combination of dxα ,

ω
A = ω

A
α

(
xβ

)
dxα

4.1 Bianchi identities
In the next sub-Section, we show that it is consistent to set the torsion, Ωa, to zero. We have found the Bianchi
identities for any torsion-free conformal gauging to be

DΩ
a
b +2∆

ac
dbΩcω

d = 0
ω

c
Ω

a
c−Ωω

a = 0
DΩa +Ω

c
aωc−ωaΩ = 0
dΩ−ω

a
Ωa = 0

Because the torsion vanishes, the second of these is algebraic:

0 = δ
a
b Ωcd +δ

a
c Ωdb +δ

a
d Ωbc−Ω

a
bcd−Ω

a
cdb−Ω

a
dbc

25



The trace on ac,

0 = Ωbd +nΩdb +Ωbd−Ω
c
bcd−Ω

c
dbc

= −(n−2)Ωbd−Ω
c
bcd +Ω

c
dcb

so that
Ω

c
bcd−Ω

c
dcb =−(n−2)Ωbd

then shows that, just as in the Weyl case, there is an antisymmetric part to the trace of the curvature, which is propor-
tional to the dilatation.

The first Bianchi expands to give

0 = DΩ
a
b +2∆

a f
eb Ω f ω

e

=
1
2

(
Ω

a
bcd;e +2∆

a f
eb Ω f cd

)
ω

c
ω

d
ω

e

Take the trace on ac,

0 = Ω
c
bcd;e +Ω

c
bde;c +Ω

c
bec;d

+2∆
c f
ebΩ f cd +2∆

c f
cbΩ f de +2∆

c f
dbΩ f ec

= Ω
c
bcd;e +Ω

c
bde;c +Ω

c
bec;d

+(n−3)Ωbde +ηdbη
c f

Ω f ce−ηebη
c f

Ω f cd

Take an additional trace, on bd,

0 = Ω
cd

cd;e +Ω
cd

ec;d−Ω
cd

ed;c

+2(n−2)Ω
d
de

so we have the trace of the co-torsion,

Ω
d
de =

1
2(n−2)

(
Ω

cd
ed;c−Ω

cd
ec;d−Ω

cd
cd;e

)
=

1
2(n−2)

(
Ω

dc
de;c +Ω

dc
de;c−Ω

cd
cd;e

)
=

1
2(n−2)

(
2Ω

dc
de;c−Ω

dc
dc;e

)
Substitute back to find

0 = Ω
c
bcd;e +Ω

c
bde;c +Ω

c
bec;d

+(n−3)Ωbde +
1

2(n−2)
ηdb
(
2Ω

ac
ae;c−Ω

ac
ac;e
)
− 1

2(n−2)
ηeb
(
2Ω

ac
ad;c−Ω

ac
ac;d
)

and we may solve for the entire co-torsion,

Ωbde = − 1
n−3

(
Ω

c
bcd;e +Ω

c
bde;c−Ω

c
bce;d

)
− 1

2(n−2)(n−3)
ηdb
(
2Ω

ac
ae;c−Ω

ac
ac;e
)
+

1
2(n−2)(n−3)

ηeb
(
2Ω

ac
ad;c−Ω

ac
ac;d
)

Skipping the third, the final identity is

dΩ−ω
a
Ωa = 0

Expanding,

Ω[ab;c]−Ω[cab] = 0

or

Ωab;c +Ωbc;a +Ωca;b−Ωcab−Ωabc−Ωbca = 0

When combined with the result from the first identity, this relates the Lorentz curvature and the derivative of the
dilatation.
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4.2 Inconsistency of the linear action
4.2.1 An invariant action

To write an action for the auxiliary conformal gauging, we first find the available tensors. Setting the translational
gauge transformations to zero, Λa

4 = 0, the gauge transformations of the connection forms become

ω̃
a
b = Λ

a
cω

c
dΛ̄

d
b +Λ

a
cω

c
Λ̄b

+η
ac

Λcω
e
ηedΛ̄

d
b−dΛ

a
c Λ̄

c
b

ω̃
a = Λ

a
cω

c
Λ̄

ω̃a = Λcω
c
dΛ̄

d
a +Λcω

c
Λ̄a

+ΛωdΛ̄
d
a +ΛωΛ̄a−dΛc Λ̄

c
a−dΛ Λ̄a

ω̃ = ω +Λcω
c
Λ̄−dΛ Λ̄

so the solder form, ωa, becomes a tensor. Notice that a special conformal transformation, Λa, can be chosen such that
the Weyl vector vanishes, ω̃ = 0. The curvatures gauge in the same way except for the derivative terms,

Ω̃
a
b = Λ

a
cΩ

c
dΛ̄

d
b +Λ

a
cΩ

c
Λ̄b

+η
ac

ΛcΩ
e
ηedΛ̄

d
b

Ω̃
a = Λ

a
cΩ

c
Λ̄

Ω̃a = ΛcΩ
c
dΛ̄

d
a +ΛcΩ

c
Λ̄a

+ΛΩdΛ̄
d
a +ΛΩΛ̄a

Ω̃ = Ω+ΛcΩ
c
Λ̄

Only one of the irreducible curvature components is a tensor – the Lorentz curvature, special conformal curvature and
dilatational curvature mix with one another. This makes it difficult to write an invariant action. However, the situation
is considerably improved if we set the torsion to zero,

Ω
a = 0

This is a gauge invariant constraint because the torsion, at least, is a tensor. The constraint is also consistent with our
expectation that ωa is the spacetime solder form, so that to recover general relativity we will want vanishing torsion.

Dropping all torsion terms, the curvatures transform as

Ω̃
a
b = Λ

a
cΩ

c
dΛ̄

d
b

Ω̃
a = Λ

a
cΩ

c
Λ̄ = 0

Ω̃a = ΛcΩ
c
dΛ̄

d
a +ΛΩdΛ̄

d
a +ΛΩΛ̄a

Ω̃ = Ω

so now the Lorentz and dilatational curvatures transform as independent tensors, both of conformal weight zero.
For the action, the simplest choice is similar to that for Weyl geometry, by introducing a dimensionful “constant”

or field,
S =

∫
κ

2
(

Ω
ab +Λeaeb

)
ec · · ·edeabc···d +Dκ

∗Dκ +m2
κ
∗
κ

Look at the kinetic term

Dκ
∗Dκ +m2

κ
∗
κ =

1
(n−1)!

DaκDbκgbcecd···eeaed · · ·ee +
1
n!

m2
κ

2ecd···eeced · · ·ee

=
1

(n−1)!
DaκDbκgbcecd···eead···e

Φ+
1
n!

m2
κ

2ecd···eecd···e
Φ

= −
(

gabDaκDbκ +m2
κ

2
)

Φ
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Since the conformal weight of Φ is n, and both m2 and gab have conformal weight−2, we require κ to have conformal
weight − n−2

2 , and the covariant derivative is given by

Daκ = ∂aκ−
(

n−2
2

)
Waκ

Notice that we must also have
Dam = ∂am−mWa = 0

if the mass is to be considered constant.
The cosmological constant Λ, written as we have with a factor of κ2, has conformal weight −2.
It quickly becomes clear that we must modify the linear action, because the varying the special conformal gauge

field leads to a contradiction,

δS = δ

∫
κ

2
Ω

abec · · ·edeabc···d

=
∫

κ
2
(
−2η

bh
∆

ae
f hδωee f

)
ec · · ·edeabc···d

Then

0 = 2η
bh

∆
ae
f hege f ec · · ·edeabc···d

0 = 2η
bh

∆
ae
f h

(
δ

g
a δ

f
b −δ

g
b δ

f
a

)
=

(
δ

a
f δ

e
h −η

ae
η f h
)(

η
bh

δ
g
a δ

f
b −η

bh
δ

g
b δ

f
a

)
= η

ge−nη
ge−nη

ge +η
ge

= −2(n−1)η
ge

and since we have n > 2 and κ 6= 0, this is incorrect. We must therefore modify the action by adding one or more
additional terms.

We may try to fix this problem by adding additional terms. Since the torsion vanishes, the only possibilities at
quadratic order are the square of the dilatation or the square of the Lorentz curvature.

The simplest term to add is one quadratic in the dilatation, Ω
∗
Ω. Then we have

S =
∫

κ
2
(

Ω
ab +Λeaeb

)
ec · · ·edeabc···d +κ

2
βΩ
∗
Ω+Dκ

∗Dκ +m2
κ
∗
κ

The conformal weight of β is given by expanding the dilatation term,

βΩ
∗
Ω = βΩabΩcdgcegd f ee f g···heaebeg · · ·eh

The solder forms give a weight of n, the inverse metrics −4, the factor κ2 a weight of −n+2, and the components of
the dilatation −4. Therefore, the conformal weight of β must be −6.

However, when we vary the special conformal gauge field, we again find a contradiction. We have

δS =
∫

κ
2
δΩ

abec · · ·edeabc···d +2κ
2
βδΩ

∗
Ω

=
∫

κ
2
(
−2η

be
∆

ac
deδωced

)
e f · · ·egeab f ···g +2κ

2
β (−ec

δωc)∗Ω

=
∫

2δωcκ
2
(
−η

be
∆

ac
deede f · · ·egeab f ···g +βec∗

Ω

)
and therefore,

0 = −η
be

∆
ac
deede f · · ·egeab f ···g +

1
(n−2)!

βec
Ωabη

ad
η

beede f ···ge f · · ·eg

0 = −η
be

∆
ac
deehede f · · ·egeab f ···g +

1
(n−2)!

βΩabη
ad

η
beede f ···gehece f · · ·eg
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0 = −η
be

∆
ac
deehd f ···geab f ···g +

1
(n−2)!

βΩabη
ad

η
beede f ···gehc f ···g

0 = (n−2)!ηbe
∆

ac
de

(
δ

h
a δ

d
b −δ

d
a δ

h
b

)
−βΩabη

ad
η

be
(

δ
h
d δ

c
e −δ

c
d δ

h
e

)
=

1
2

(n−2)!
(

η
ch−nη

ch−nη
hc +η

ch
)
−β

(
Ω

hc−Ω
ch
)

= −(n−1)!ηch−2βΩ
hc

so that this generalization does not solve the problem: the antisymmetric part forces the dilatation to vanish, while the
symmetric part is inconsistent.

Exercise: Find the remaining variational field equations from this action

Answer: See Appendix A Returning to the central problem, we consider a fully quadratic action.

4.3 Quadratic action theory
Consider the quadratic action:

S =
∫

αΩ
a
b
∗
Ω

b
a +βΩ

∗
Ω

We find the resulting field equations.

4.3.1 Varying the Weyl vector

Varying the action with respect to the Weyl vector,

0 = δω S

= δω

∫
αΩ

a
b
∗
Ω

b
a +βΩ

∗
Ω

=
∫

2βδω Ω
∗
Ω

since the Lorentz curvature is independent of ω . The structure equation for dilatations now gives

Ω = dω−ω
a
ωa

δω Ω = d(δω)

Therefore, integrating by parts,

0 =
∫

V
2βd(δω) ∗Ω

=
∫

V
2β (d((δω) ∗Ω)+δω d∗Ω)

= 2β

∫
δV

(δω) ∗Ω+
∫

V
2βδω d∗Ω

=
∫

V
2βδω d∗Ω

since the variation vanishes on the boundary, δV . Since the variation is arbitrary, the field equation is

βd ∗Ω = 0
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4.3.2 Varying the spin connection

Next, varying the spin connection, we have a similar calculation,

0 = δωa
b
S

= δωa
b

∫
αΩ

b
a
∗
Ω

a
b +βΩ

∗
Ω

= 2α

∫
δωa

b
Ω

b
a
∗
Ω

a
b

since the dilatation is independent of ωa
b. From the Lorentz structure equation

Ω
a
b = dω

a
b−ω

c
bω

a
c−2∆

ac
dbωcω

d

δωcΩ
b
a = dδω

b
a−δω

c
aω

b
c−ω

c
aδω

b
c

= Dδω
b
a

where D is the covariant exterior derivative. Substituting and integrating by parts,

0 = 2α

∫
δ

ωb
a
Ω

b
a
∗
Ω

a
b

=
∫

V
2βDδω

b
a
∗
Ω

a
b

=
∫

V
2βD

(
δω

b
a
∗
Ω

a
b

)
+2βδω

b
a D∗Ωa

b

=
∫

V
2βd

(
δω

b
a
∗
Ω

a
b

)
+2βδω

b
a D∗Ωa

b

=
∫

δV
2βδω

b
a
∗
Ω

a
b +2β

∫
V

δω
b
a D∗Ωa

b

= 2β

∫
V

δω
b
a D∗Ωa

b

Notice that D
(
δωb

a
∗Ωa

b
)

= d
(
δωb

a
∗Ωa

b
)

since the expression in parentheses is a scalar. The variation vanishes on
the boundary and is arbitrary inside the volume of interest, V , so the field equation is

αD ∗Ωa
b = 0

4.3.3 Varying the special conformal transformations

The variation with respect to the special conformal gauge vector is simpler. We have

0 = δωc S

= δωc

∫
αΩ

b
a
∗
Ω

a
b +βΩ

∗
Ω

= 2
∫

αδωcΩ
b
a
∗
Ω

a
b +βδωcΩ

∗
Ω

From the expressions for the curvature, the variations are:

Ω
a
b = dω

a
b−ω

c
bω

a
c−2∆

ac
dbωcω

d

δωcΩ
b
a = −2∆

bc
daδωcω

d

Ω = dω−ω
a
ωa

δωcΩ = −ω
a
δωa

so substituting,

0 = 2
∫

αδωcΩ
b
a
∗
Ω

a
b +βδωcΩ

∗
Ω

= 2
∫

α

(
−2∆

bc
daδωcω

d
)
∗
Ω

a
b +β (−ω

a
δωa) ∗Ω

= −2
∫

δωc

(
2α∆

bc
daω

d ∗
Ω

a
b−βω

c ∗
Ω

)
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Using the antisymmetry of the Lorentz curvature, the final field equation is

2αω
d ∗

Ω
c
d−βω

c ∗
Ω = 0

4.3.4 Varying the solder form

The final variation, with respect to the solder form, ωa, is complicated by the dependence of the volume element on
the solder form. To make these terms explicit, we expand the dual form in the action,

S =
∫

αΩ
b
a
∗
Ω

a
b +βΩ

∗
Ω

=
1
8

∫ (
αΩ

b
aαβ

Ω
a
bλτ

+βΩαβ Ωλτ

)
gλρ gτσ

√
−gερσ µν dxα dxβ dxµ dxν

Now, variation of the solder form leads to

0 = δ
ωk S

=
1
4

∫ (
αδ

ωk Ω
b
aαβ

Ω
a
bλτ

+βδ
ωk Ωαβ Ωλτ

)
gλρ gτσ

√
−gερσ µν dxα dxβ dxµ dxν

+
1
8

∫ (
αΩ

b
aαβ

Ω
a
bλτ

+βΩαβ Ωλτ

)(
2δ

ωk gλρ gτσ − 1
2

gλρ gτσ gθϕ δ
ωk gθϕ

)√
−gερσ µν dxα dxβ dxµ dxν

Next, we need the curvature and metric variations:

1
2

δΩ
a
bαβ

dxα dxβ = δ

(
ω

a
bβ ,α −ω

c
bα ω

a
cβ
−2∆

ac
dbωcα ω

d
β

)
dxα dxβ

= −2∆
ac
dbωcα δω

d
β

dxα dxβ

δΩ
a
bαβ

= 2∆
ac
dbωcβ δω

d
α −2∆

ac
dbωcα δω

d
β

1
2

δΩαβ dxα dxβ = δ
(
ωβ ,α −ω

a
α ωaβ

)
dxα dxβ

1
2

δΩαβ dxα dxβ = −δω
a

α ωaβ dxα dxβ

δΩαβ = δω
a

β
ωaα −δω

a
α ωaβ

and (this will be clearer if we denote the solder form by ω a
β

= e a
β

from here on):

δgαβ = δ

(
gαρ gβσ gρσ

)
= 2δgαρ gβσ gρσ +gαρ gβσ

δgρσ

= 2δgαβ +gαρ gβσ
δgρσ

δgαβ = −gαρ gβσ
δgρσ

= −gαρ gβσ
δ

(
ηabe a

ρ e b
σ

)
= −gαρ gβσ

ηab

(
δe a

ρ e b
σ + e a

ρ δe b
σ

)
= −gαρ

(
η

cde β
c e σ

d

)
ηabδe a

ρ e b
σ −

(
η

cde α
c e ρ

d

)
gβσ

ηabe a
ρ δe b

σ

= −gαρ

(
η

cde β
c

)
ηadδe a

ρ − e α
c gβσ

δe c
σ

= −gαρ e β
a δe a

ρ − e α
c gβσ

δe c
σ

= −
(

gασ e β
c + e α

c gβσ

)
δe c

σ

The variation becomes

0 =
1
4

∫ (
αδ

ωk Ω
b
aαβ

Ω
a
bλτ

+βδ
ωk Ωαβ Ωλτ

)
gλρ gτσ

√
−gερσ µν dxα dxβ dxµ dxν
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+
1
8

∫ (
αΩ

b
aαβ

Ω
a
bλτ

+βΩαβ Ωλτ

)(
2δ

ωk gλρ gτσ − 1
2

gλρ gτσ gθϕ δ
ωk gθϕ

)√
−gερσ µν dxα dxβ dxµ dxν

=
1
4

∫ (
α

(
4∆

bc
daωcβ δω

d
α

)
Ω

a
bλτ

+2βδω
a

β
ωaα Ωλτ

)
gλρ gτσ

√
−gερσ µν dxα dxβ dxµ dxν

−1
8

∫ (
αΩ

b
aαβ

Ω
a
bλτ

+βΩαβ Ωλτ

)(
2δ

λ
θ δ

ρ

ϕ gτσ − 1
2

gλρ gτσ gθϕ

)((
gξ θ e ϕ

c + e θ
c gϕξ

)
δe c

ξ

)√
−gερσ µν dxα dxβ dxµ dxν

=
1
4

∫ (
α

(
4∆

bd
ca ωdβ δ

ξ

α

)
Ω

a
bλτ

+2βδ
ξ

β
ωcα Ωλτ

)
gλρ gτσ

√
−gερσ µν dxα dxβ dxµ dxν

δω
c

ξ

−1
8

∫ (
αΩ

b
aαβ

Ω
a
bλτ

+βΩαβ Ωλτ

)(
2δ

λ
θ δ

ρ

ϕ gτσ − 1
2

gλρ gτσ gθϕ

)(
gξ θ e ϕ

c + e θ
c gϕξ

)√
−gερσ µν dxα dxβ dxµ dxν

δe c
ξ

Then the field equation is

0 =
1
4

(
α

(
4∆

bd
ca ωdβ δ

ξ

α

)
Ω

a
bλτ

+2βδ
ξ

β
ωcα Ωλτ

)
gλρ gτσ

ερσ µν dxα dxβ dxµ dxν

−1
8

(
αΩ

b
aαβ

Ω
a
bλτ

+βΩαβ Ωλτ

)(
2δ

λ
θ δ

ρ

ϕ gτσ − 1
2

gλρ gτσ gθϕ

)(
gξ θ e ϕ

c + e θ
c gϕξ

)
ερσ µν dxα dxβ dxµ dxν

Taking the dual,

0 =
1
4

(
α

(
4∆

bd
ca ωdβ δ

ξ

α

)
Ω

a
bλτ

+2βδ
ξ

β
ωcα Ωλτ

)
gλρ gτσ

δ
αβ

ρσ

−1
8

(
αΩ

b
aαβ

Ω
a
bλτ

+βΩαβ Ωλτ

)(
2δ

λ
θ δ

ρ

ϕ gτσ − 1
2

gλρ gτσ gθϕ

)(
gξ θ e ϕ

c + e θ
c gϕξ

)
δ

αβ

ρσ

0 = 4α∆
bd
ca ωdβ Ω

a ξ β

b +2βωcα Ω
αξ

−2α

(
Ω

b
aρσ Ω

b ξ σ
a e ρ

c −
1
4

Ω
b
aρσ Ω

a ρσ

b e ξ
c

)
−2β

(
Ωρσ Ω

ξ σ e ρ
c −

1
4

Ωρσ Ω
ρσ e ξ

c

)
Finally, we rewrite the final equation in the orthonormal basis by multiplying by the solder form, e e

ξ
and replacing

coordinate (Greek) contractions with orthonormal (Latin) contractions:

0 = 2α∆
bd
ca ωd f Ω

a e f
b +βωcaΩ

ae

−α

(
Ω

b
ac f Ω

b e f
a − 1

4
Ω

b
a f gΩ

a f g
b δ

e
c

)
−β

(
ΩcdΩ

ed− 1
4

ΩabΩ
ab

δ
e
c

)
Now lower the e index, and use ∆bd

ca Ω
a f
be = Ω

d f
ce ,

0 = 2αωd f Ω
d f
ce +βωcaΩ

a
e

−α

(
Ω

b
ac f Ω

b f
ae − 1

4
ηceΩ

b
a f gΩ

a f g
b

)
−β

(
ΩcdΩ

d
e −

1
4

ηceΩabΩ
ab
)

4.3.5 Summary of the field equations

Collecting the results, the conformal field equations are:

αD ∗Ωa
b = 0

βd ∗Ω = 0
2αω

d ∗
Ω

c
d−βω

c ∗
Ω = 0

2αωd f Ω
d f
ce +βωcaΩ

a
e = αΘce +βTce
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where

Θab = Ω
d
caeΩ

c e
db −

1
4

Ω
d
ce f Ω

c e f
d ηab

Tab = ΩacΩ
c

b −
1
4

ηabΩcdΩ
cd

This time, all four equations form a sensible set. In particular, the equation from the variation of the special conformal
gauge field may now be consistently solved to eliminate that field.

The two fields, Θab and Tab have the form we typically expect for the energy-momentum tensor of a Yang-Mills
field. Here, however, they depend on the curvature and dilatation, and may not have such a straightforward physical
meaning.

4.4 The auxiliary field
Consider the field equation from the variation of the special conformal variation. Because the co-torsion, Ωa, does not
appear in the action, this equation is algebraic in the curvatures. This means that we can use algebraic techniques to
solve for the curvatures, rather than having to integrate.

We begin by choosing a special conformal gauge. Recall that the gauge transformation for the Weyl vector is given
by

ω̃ = ω +Λcω
c
Λ̄−dΛ Λ̄

and we may choose the arbitrary gauge, Λc, so that ω +ΛcωcΛ̄ = 0. Then the Weyl vector is pure (conformal) gauge,

ω̃ = −dΛ Λ̄

= −dϕ

For the remainder of the calculation we choose this gauge, while leaving the conformal factor undetermined. In this
gauge, let ωa = Wabωb.

Now consider the special conformal field equation. To write this in components first expand the duals:

0 = 2αω
d ∗

Ω
c
d−βω

c ∗
Ω

=
1

(n−2)!

(
2αΩ

c e f
d ee f g...h−βδ

c
d Ω

e f ee f g...h

)
ω

d
ω

g . . .ωh

Now wedge this with one additional solder form and take the dual:

0 =
1

(n−2)!

(
2αΩ

c e f
d ee f gh−βδ

c
d Ω

e f ee f g...h

)
ω

b
ω

d
ω

g . . .ωh

0 =
1

(n−2)!

(
2αΩ

c e f
d −βδ

c
d Ω

e f
)

ee f g...hebdg...h

=
(

2αΩ
c e f

d −βδ
c
d Ω

e f
)

δ
bd
e f

= 2αΩ
c bd

d −βΩ
bc

Lowering the bc indices and rearranging gives,

2αΩ
a
bac = −βΩbc

However, the Bianchi identity for the solder form for torsion-free conformal geometry also relates these two
curvatures,

ω
c
Ω

a
c−Ωω

a = 0

which, as we have shown, gives

Ω
a
bad−Ω

a
dab = −(n−2)Ωbd
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Now compare the antisymmetric part of the field equation to the Bianchi identity:

α (Ωc
acb−Ω

c
bca) = −βΩab

Ω
c
acb−Ω

c
bca = −(n−2)Ωab

The difference between the first, and α times the second gives

0 = (β − (n−2)α)Ωab

so that generically (i.e., unless β = (n−2)α), the dilatational curvature must vanish. Rather than tracking two cases,
we set β = (n−2)α in the field equation. Then, whether the dilatational curvature vanishes or not, we must have

Ω
c
acb =−1

2
(n−2)Ωab

and we simply remember that except for a special choice of α,β in the original action, the dilatation vanishes. We
will see below that the dilatation vanishes in the special case as well.

Now define

Ra
b = dω

a
b−ω

c
bω

a
c

ωa = Wabω
b

where ωc
b is the Weyl spin connection, satisfying

dω
a = ω

b
ω

a
b +ωω

a

We may now express the special conformal gauge field in terms of the trace, Rc
bcd , of Ra

b. Notice that Ra
bcd is the

curvature of a Weyl connection, so that its trace satisfies

Rc
bcd−Rc

dcb =−(n−2)Ωbd

Let Rab be the symmetric part of the trace of Ra
bcd , so that

Rc
bcd +Rc

dcb = 2Rbd

Then adding,

Rc
bcd = Rbd−

1
2

(n−2)Ωbd

Substituting these definitions into the structure equation for the Lorentz curvature:

Ω
a
b = Ra

b−2∆
ad
cb ωdω

c

Ω
a
bcd = Ra

bcd +2∆
ae
cbWed−2∆

ae
dbWec

= Ra
bcd +δ

a
c Wbd−η

ae
ηcbWed−δ

a
d Wbc +ηdbη

aeWec

we impose the field equation:

−1
2

(n−2)Ωbd = Ω
c
bcd

= Rbd−
1
2

(n−2)Ωbd +nWbd−Wbd−Wbd +ηbdη
ecWec

= Rbd−
1
2

(n−2)Ωbd +(n−2)Wbd +ηdb (ηceWce)

so that
0 = Rbd +(n−2)Wbd +ηdb (ηceWce)
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Take one further contraction, and solve for the trace of Wab,

0 = R+(n−2)η
abWab +nη

ceWce

η
abWab = − 1

2(n−1)
R

substituting, we have

0 = Rab +(n−2)Wab−
1

2(n−1)
Rηab

Solving for Wab,

Wab = − 1
n−2

(
Rab−

1
2(n−1)

Rηab

)
= Rab

so that the special conformal gauge field is given by the Eisenhart tensor of the Weyl connection. This solves com-
pletely for the special conformal field, Wab, in terms of the spin connection and its derivatives. We may therefore
remove the special conformal gauge field from the rest of the problem.

4.5 The remaining field equations
Summarizing the results of the preceeding section, we have the remaining field equations, where the Weyl 1-form and
auxiliary field satisfy

dω = 0
ωa = Rabω

b = Rab

Rab = − 1
n−2

(
Rab−

1
2(n−1)

Rηab

)
Ra

b = dω
a
b−ω

c
bω

a
c

We also have the structure equations, which may now be simplified by eliminating the special conformal gauge field.
Starting with the dilatation equation, we have

Ω = dω−ω
a
ωa

= d2
ϕ−ω

a
ω

bRab

= 0

since the Eisenhart tensor is symmetric. This shows that, regardless of the value of the constants α and β in the
original action, the dilatation vanishes.

The structure equation for the special conformal transformations simply shows that the “new” curvature, Ωa, is
determined from the Riemann curvature as the covariant exterior derivative of the Eisenhart tensor,

Ωa = dωa−ω
c
aωc−ωaω

= DRa

Finally, the Lorentz equation simplifies,

Ω
a
b = dω

a
b−ω

c
bω

a
c−2∆

ad
cb ωdω

c

= Ra
b−2∆

ad
cb Rdω

c

= Ca
b +2∆

ad
cb

(
Rd +

1
2

Ωdeω
e
)

ω
c−2∆

ad
cb Rdω

c

= Ca
b +

1
2

2∆
ad
cb Ωdeω

e
ω

c

= Ca
b

Collecting these results we have the following:
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Connection The connection is that of a trivial Weyl geometry

dω
a = ω

b
ω

a
b +ωω

a

dω = 0

Field equations The field equations, including results from the algebraic equations, are

Ca
bcd;a = 0

2RabCacbd = Θcd

where Ca
bcd is the Weyl curvature tensor of Ra

b = dω
a
b−ωc

bωa
c .

Bianchi identities We have the Bianchi identities:

Ca
[bcd] = 0

0 = Ca
bde; f +Ca

be f ;d +Ca
be f ;d

+2∆
ac
eb
(
Rcd; f −Rc f ;d

)
+2∆

ac
f b (Rce;d−Rcd;e)+2∆

ac
db
(
Rc f ;e−Rce; f

)
DDRa = 0

with the consequent trace relations,

Ca
bde;a = (n−3)(Rbd;e−Rbe;d)

4.5.1 A little digression

It is possible that the third Bianchi identity is related to the remaining algebraic field equation. This third relation,
which follows from the special conformal transformations, expands to give

0 = DDRa

= D
(

dRa−ω
b
aRb−Raω

)
= d

(
dRa−ω

b
aRb−Raω

)
−ω

c
a

(
dRc−ω

b
cRb−Rcω

)
+
(

dRa−ω
b
aRb−Raω

)
ω

= −dω
b
aRb +ω

b
adRb−dRaω−Radω−ω

c
adRc +ω

c
aω

b
cRb +ω

c
aRcω

+dRaω−ω
b
aRbω−Raωω

= −
(

dω
b
a−ω

c
aω

b
c

)
Rb

= −Rb
aRb

Expanding the curvature in terms of the Weyl curvature and the Eisenhart tensor, this becomes,

0 = Rb
aRb

= Cb
aRb +2∆

bc
daRcω

dRb

= Cb
aRb +Raω

dRd−ηdaη
bcRcω

dRb

= Cb
aRb

In components

0 = CabcdR
a
e +CabdeR

a
c +CabecR

a
d

The traces vanish identically, so this identity is distinct from the condition required by the remaining algebraic field
equation:

RacCabcd =
1
2

Tbd
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4.5.2 Combine the Lorentz field equation and the Bianchi identity

The structure equations are those of a trivial Weyl geometry, while the curvature field equation

Ca
bcd;a = (n−3)(Rbc;d−Rbd;c) = 0

provides the integrability condition for the Ricci tensor to be built purely from a conformal factor. Therefore, solutions
to these equations include the conformal equivalence class of Ricci flat spacetimes. However, we have two constraints
on the allowed curvatures:

Cb
aRb = 0

RacCabcd =
1
2

Tbd

While they are built purely from the conformal factor and its derivatives, the Ricci tensor and the Eisenhart tensor are,
in general, nonvanishing. Therefore, these remaining constraints are nontrivial: the class of spacetimes satisfying the
restrictions is a probably a proper subset of the class of Ricci flat spacetimes.

4.6 Structures and new features
There are no new features in the auxiliary conformal gauging. The Weyl vector is pure gauge, and the special conformal
gauge field, ωa, has been eliminated – hence the name auxiliary. The Killing metric of the conformal group, restricted
to the base manifold, vanishes entirely, and we must introduce the original metric of the representation space, ηab, by
hand.

Numerous other treatments of this gauging, with a variety of choices for the action, are found in the literature. A
review of these is given in the accompanying papers (Wheeler; Wehner and Wheeler).

5 Biconformal gauging
We now consider same condition in the biconformal gauging.

dω
a
b = ω

c
bω

a
c +2∆

ad
cb ωdω

c +Ω
a
b

dω
a = ω

b
ω

a
b +ωω

a +Ω
a

dωa = ω
b
a ωb +ωaω +Ωa

dω = ω
a
ωa +Ω

We take the quotient
{

Ma
b,Pa,Ka,D

}
/
{

Ma
b,D
}

, resulting in a 2n-dimensional manifold. We expect n of these di-
mensions to correspond to spacetime, with the remaining n to remaining to be interpreted. The horizontal directions
are spanned by the gauge fields of translations, ωa, and special conformal transformations, ωa, (often, in this context,
called co-translations). Horizontal curvatures are now expanded in all 2n gauge forms, for example,

Ω
a
b =

1
2

Ω
a
bcdω

c
ω

d +Ω
ac
bdωcω

d +
1
2

Ω
acd
b ωcωd

Each of the connection 1-forms is a function of 2n coordinates,
(
xα ,yβ

)
, and is a linear combination of

(
dxα ,dyβ

)
,

ω
a
b = ω

a
bα

(
xβ ,yσ

)
dxα +ω

aα
b

(
xβ ,yσ

)
dyα

5.1 New structures
In sharp constrast to the previous gauge theories, the biconformal gauging leads to new structures:

1. Uniform linear action in any dimension

2. Symplectic structure
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3. Natural metric

4. SL(2,R) and complex structure

These structures, which follow entirely from the properties of the conformal group, lead to further results. Most im-
portantly, the presence of a symplectic form tells us how to interpret the extra dimensions. Unlike higher dimensional
gravity theories which require compactification or other dimensional reduction to make physical comparisons, the
biconformal gauging gives a type of phase space. Physical questions may be addressed directly in this phase space,
or on any suitable configuration subspace, without compactification. New, geometric insights into both Hamiltonian
mechanics and quantum mechanics are revealed when they are formulated on these biconformal spaces.

Two further results which we explore in more detail in the next sub-Section are:

1. The linear action leads to general relativity on an n-dimensional submanifold.

2. By combining the metric and symplectic structures, we can derive the existence of time in initially Euclidean
models.

5.1.1 Uniform linear action

We find the most general action linear in the biconformal curvatures.
The gauge transformations of the connection forms are simpler in the biconformal gauging because we no longer

have either translational or special conformal transformations. Therefore, Λa = Λa = 0, and the connection transforms
as

ω̃
a
b = Λ

a
cω

c
dΛ̄

d
b−dΛ

a
c Λ̄

c
b

ω̃
a = Λ

a
cω

c
Λ̄

ω̃a = ΛωdΛ̄
d
a

ω̃ = ω−dΛ Λ̄

Notice that the basis forms, (ωa,ωb) transform as tensors under the remaining Lorentz and dilatational symmetries.
Each of the curvatures now transforms as a separate tensor:

Ω̃
a
b = Λ

a
cΩ

c
dΛ̄

d
b

Ω̃
a = Λ

a
cΩ

c
Λ̄

Ω̃a = ΛΩdΛ̄
d
a

Ω̃ = Ω

It is therefore consistent to set the torsion to zero,

Ω
a = 0 (5)

This is consistent with our usual expectation for spacetime, and also guarantees the existence of a momentum subman-
ifold of biconformal space.

Second, we assume the minimum condition consistent with the existence of a spacetime submanifold. This min-
imum condition will be discussed below. We show that under these conditions the low-energy field equations reduce
to the conformal Einstein equation. The proof is lengthy and will only be summarized here. Details will be found in
another set of notes, [?].

As with the Poincaré and Weyl gauge theories, and unlike the auxiliary conformal gauge theory, it is possible to
use an action linear in the biconformal curvatures. The most general curvature-linear action in n-dimensions is

S =
∫

ε
be··· f

ac···d (αΩ
a
b +βδ

a
b Ω+ γω

a
ωb)ω

c · · ·ωd
ωe · · ·ω f

There can be no linear torsion or co-torsion (Ωa) terms.
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Exercise: Show that the resulting field equations, with vanishing torsion, are:

0 = β

(
Ω

d
db−Ω

d
bd

)
0 = Ω

ba
a

0 = 2α∆
c f
ebδ

ab
dg Ω

d
ac

0 = αΩ
a
bac +βΩbc

0 = 2(αΩ
ec
cd +βΩ

e
d)δ

ad
eb +Λ

a
b

0 = αΩ
bac
a +βΩ

bc

0 = 2(αΩ
ce
dc +βΩ

e
d)δ

ad
eb +Λ

a
b

Answer: See Notes: Solution to the biconformal field equations

5.1.2 Symplectic structure

The structure equations of the conformal group show that almost all biconformal spaces have a symplectic form. The
dilatation equation is

dω = ω
a
ωa +Ω

In all known solutions to the field equations, the dilatation takes the form

Ω =−κω
a
ωa

so that the structure equation becomes
dω = (1−κ)ω

a
ωa

The 2-form ωaωa is necessarily non-degenerate, and the equality shows that it is also exact. Therefore, ωaωa is a
closed, non-degenerate 2-form. This is the requirement for it to be symplectic.

The presence of a symplectic form tells us that the 2n-dimensional base manifold should be understood as a phase
space (in classical or quantum mechanical applications) or a co-tangent bundle when we build a gravity theory. This
turns out to work extremely well. For classical mechanics or quantum mechanics, we take the action functional to be
proportional to the integral of the Weyl vector,

S =
∫

ω

Then the dilatational gauge freedom provides the usual ability to change the Lagrangian by a total derivative. With the
Newtonian assumption of universal time, ω becomes

ω = H
(
xi, p j, t

)
dt− pidxi

and we immediately get Hamilton’s equations as the extrema. Along these extrema, no physical size change is ever
observable.

5.1.3 Natural metric

As we have seen, the Killing metric of the conformal group is

KΣΛ =


1
2 ∆ac

db 0 0 0
0 0 δ a

b 0
0 δ b

a 0 0
0 0 0 1


When KΣΛ is restricted to the base manifold it now remains non-degenerate:

KΣΛ =
(

0 δ a
b

δ b
a 0

)
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We therefore have the inner products 〈
ω

a,ωb
〉

= 0

〈ωa,ωb〉 = δ
a
b

〈ωa,ωb〉 = 0

This is in sharp contrast to all of the other gauge theories of general relativity that we have examined. In the other
gauge theories, the induced Killing metric vanishes entirely. It is only by keeping both translation sectors of the
conformal group (i.e., translations of the origin and translations of the point at infinity) on the base manifold that the
Killing metric is nontrivial.

5.1.4 SL(2,R) and complex structure

If we introduce of two copies of the metric, ηab, of the original n-dimensional space as an additional structure on the
base manifold, we get a conformal equivalence class of matrices,

GAB =
(

e2ϕ ηab
e−2ϕ ηab

)
since the original metric depends on the conformal factor. If we combine this, and its inverse, with the induced Killing
metric and the symplectic form,

KAB =
(

δ a
b

δ a
b

)
ΩAB =

(
−δ a

b
δ a

b

)
we readily build the mixed tensors

KA
B = GACKCB

(
δ a

b
δ a

b

)
=

(
e−2ϕ ηab

e2ϕ ηab

)
Ω

A
B = GACKCB

=
(

−e−2ϕ ηab

e2ϕ ηab

)
These commute to give

Q = [K,Ω] = 2
(

δ a
b
−δ b

a

)
and we easily see that K,Ω,Q generate SL(2,R). Finally, notice that

Ω
A

CΩ
C

B =−δ
A
B

This gives biconformal spaces complex structure. The complex structure should allow us to establish an isomorphism
between the biconformal space and twistor space. However, without the conformal gauging, we do not readily see the
symplectic and metric structures.

It is well known that twistor space admits both Lorentzian and Euclidean submanifolds. However, using the
symplectic form and Killing metric to form orthogonal configuration and momentum submanifolds, the relationship
between this different signature submanifolds becomes unique.
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5.2 Summary of biconformal solution
Solving the field equations and structure equations is lengthy (see Notes). After certain gauge and coordinate choices,
the connection takes the final form

ω
a
b = α

a
b −2∆

ac
dbWced (6)

ω
a = ea(x) (7)

ωa = a(fa+ba) (8)

ω = Wcec =−yβ dxβ (9)

where αa
b is the usual Lorentzian spin connection compatible with the solder form, ea,

dea = eb
α

a
b

and

a = (1−κ)−1 (10)

κ = − 1
(n−1)

(
1+

γn2

(α (n−1)−β )

)
(11)

fa = e β
a (x) dyβ (12)

ba = Ra− e ν
a yµ Γ

µ

ν − yaycec +
1
2

ηac

(
η

ghygyh

)
ec (13)

It is important to notice that all dependence on yα is explicit: the only undetermined field is the solder form, ea(x),
and this depends only on xα . The full 2n-dimensional geometry is determined by the solution on an n-dimensional
subspace.

Notice that the strange looking Γ
µ

ν = Γ
µ

να dxα term in ba may be written α-covariantly as

Dν yµ =
∂

∂xν
yµ − yα Γ

α
µν =−yα Γ

α
µν

Dyµ = dx yµ − yα Γ
α
µ =−yα Γ

α
µ

with the understanding that the µ index of Dyµ labels n different functions, but does not transform as a vector. There
is a sense in which yµ does transform as a vector? The submanifolds spanned by yµ are flat Riemannian geometries.
If we assume the corresponding manifolds are Rn, then the coordinate yα doubles as a vector. Then this term is fully
covariant.

We also have

Rab ≡−
1

(n−2)

(
Rab−

1
2(n−1)

Rηab

)
(14)

The curvatures are then

Ω
a
b =

1
2

Ω
a
bcdeced−2κ∆

ac
dbωced (15)

= Ra
b−2∆

ac
dbRced−2aκ∆

ac
dbfced (16)

= Ca
b−2aκ∆

ac
dbfced (17)

Ω
a = 0 (18)

Ωa = D(x,α)Ra +WbCb
a (19)

= dRa−α
b
a Rb +WbCb

a (20)

Ω = −κea
ωa =−aκeafa =−aκdxβ dyβ (21)

Finally, the structure equations take the form

dω
a
b = ω

c
bω

a
c +2∆

ad
cb ωdec +Ca

b (22)
dea = eb

ω
a
b +ωea (23)

dωa = ω
b
a ωb +ωaω +D(x,α)Ra +WbCb

a (24)
dω = ea

ωa (25)
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where
Ca

b = Ra
b−2∆

ac
dbRced

is the Weyl curvature.
The derivation of this solution and its interpretation as General Relativity may be found in the accompanying

papers.

5.3 General relativity on biconformal spaces
With the solution of the torsion-free field equations, we have reduced the structure equations to:

dω
a
b = ω

c
bω

a
c +2∆

ad
cb ωdec +Ca

b

dea = eb
ω

a
b +ωea

dωa = ω
b
a ωb +ωaω +D(x,α)Ra +WbCb

a

dω = ea
ωa

In order to find this solution, we make use of the involution of the solder form evident in the second equation. Using
this to set the solder form to zero, and using the form of the soluiton, we have a submanifold described by the simple
equation

dωa = 0

This equation was used to introduce the yα coordinates.
A second, complementary submanifold may be found by requiring involution of ωa. If this occurs then we can

consistently set
ωa = 0

which reduces the structure equations of the submanifold to

dω
a
b = ω

c
bω

a
c +Ca

b

dea = eb
ω

a
b +ωea

0 = D(x,α)Ra +WbCb
a

dω = 0

The final two equations are the familiar conditions for the metric to be conformal to a Ricci flat metric. The first,
second and final equations also imply this condition, since the first requires the curvature of the spin connection to
give the Weyl curvature instead of the Riemann curvature. This happens only if the Ricci tensor is purely conformal.

The induced metric on these submanifolds vanishes, since the Killing metric gives〈
ω

a,ωb
〉

= 0

〈ωa,ωb〉 = δ
a
b

〈ωa,ωb〉 = 0

This suggests that we look for metric submanifolds.

5.4 The existence of time
We have proved that the symplectic form, the metric, and the demand for orthogonal momentum and configuration
submanifolds, imply the existence of time in 4-dimensions. The result also holds for n odd. When n is even and greater
than 4, Euclidean models still require the existence of time in the gauge theory.

If we turn the result around a little, we find that the conformal gauge theory of a Euclidean space of any dimension
always leads to an orthogonal pair of momentum/configuration submanifolds with induced Lorentz metric.

Starting from the solution above, the result is not difficult to show. The direct proof, found in http://arxiv.org/pdf/0811.0112v1,
is more difficult.
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5.4.1 Canonical, orthogonal submanifolds

The restriction of the conformal Killing metric to the base manifold of the biconformal gauging is non-degenerate,
but anti-diagonal. We seek a new set of canonically conjugate basis forms such that there is an unambiguous induced
metric on the configuration space. The only way to guarantee that this induced metric is independent of momentum is
to require the configuration and momentum submanifolds to be orthogonal to one another. Since the Killing metric is
non-degenerate, this implies that the momentum submanifold will also have an induced metric.

It is straightforward to show that any canonically conjugate, orthogonal pair of submanifolds may be spanned by
forms (χa,ψb) related to the original basis by

χ
a = ω

b +
1
2

hbc
ωc

ηa =
1
2

ωa−habω
b

ω
a =

1
2

(
χ

a−hab
ηb

)
ωa = ηa +habχ

b

where hab is symmetric and nondegenerate and hab is its inverse. The inner products of the new basis forms are then
orthogonal 〈

χ
a,χ

b
〉

= hab

〈χa,ψb〉 = 0
〈ψa,ψb〉 = −hab

with ±hab the new metric. They are also canonical since

dω = χ
a
ψa

5.4.2 New coordinates

We can learn something about the induced metric by choosing corresponding coordinates. From the solution for the
basis

ω
a = ea(x)

ωa = a(fa+ba)

and the Killing metric, we find the line element

ds2 = 2δ
b
a ω

a
ωb

= 2a
(
e a

µ dxµ
)
(e ν

a dyν +baν dxν)

= 2a
(
dxµ dyµ +bµν dxµ dxν

)
Coordinates on the orthogonal submanifolds will make the metric block diagonal (The submanifold condition depends
on the existence of a pair of involutions, which do turn out to exist and can be derived directly. This calculation is very
lengthy, and will not be presented here).

Define a coordinate zµ such that
dzµ = dyµ +bµν dxν

Then in terms of zµ , the line element is

ds2 = 2adxµ dzµ

Clearly, xµ and zµ are null directions. Setting

drµ = hµν dxν +
1
2

dzµ

dsµ = hµν dxν − 1
2

dzµ
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we have

hµν drµ drν = hµν

(
hµα dxα +

1
2

dzµ

)(
hνβ dxβ +

1
2

dzν

)
= hνβ dxν dxβ +dxν dzν +

1
4

hµν dzµ dzν

hµν dsµ dsν = hµν

(
hµα dxα − 1

2
dzµ

)(
hνβ dxβ − 1

2
dzν

)
= hνβ dxν dxβ −dxµ dzµ +

1
4

hµν dzµ dzν

and therefore,

ds2 = 2adxµ dzµ

= a
(
hµν drµ drν −hµν dsµ dsν

)
Therefore, rα and sα make the metric block diagonal,

gMN =
1
a

(
hµν

−hµν

)
Any coordinate transformation of the form

(
r̃α (r) , s̃β (s)

)
preserves this block diagonal form.

5.4.3 Integrability of the new coordinates

There are two integrability relations we must address in order for the rα and sα coordinates to exist. First, we require
integrability of the coordinate transformation,

dzµ = dyµ +bµν dxν

or equivalently, involution of

e µ
a dzµ = e µ

a dyµ + e µ
a bµν dxν

= fa +ba

=
1
a

ωa

The special conformal structure equation,

dωa = ω
b
a ωb +ωaω +D(x,α)Ra +WbCb

a

together with the form of the solution, show that ωa is involute if and only if(
D(x,α)Ra +WbCb

a

)∣∣∣
ωa=0

= 0

If this condition holds, then the structure equations reduce to

dω
a
b = ω

c
bω

a
c +Ca

b

dea = eb
ω

a
b +ωea(

D(x,α)Ra +WbCb
a

)∣∣∣
ωa=0

= 0

dω = 0

This describes a trivial Weyl geometry with Ricci tensor of purely conformal type, so in order to define the configura-
tion space the metric must be conformal to a solution of the Einstein equation.
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Now consider the second integrability condition. We need both

drµ = hµν dxν +
1
2

dzµ

= hµν dxµ +
1
2
(
dyµ +bµα dxα

)
= hµν dxµ +

1
2

dyµ +
1
2

bµα dxα

dsµ = hµν dxν − 1
2

dyµ −
1
2

bµα dxα

integrable. We can achieve this algebraically by setting

hµν = σbµν

with σ constant, since this reduces the differentials to

drµ =
1
2

dyµ +
(

σ +
1
2

)
bµα dxα

dsµ = −1
2

dyµ +
(

σ − 1
2

)
bµα dxα

and we have already seen that bµα dxα is closed.

5.4.4 The signature of the induced metric

Now consider the form of ba:

ba = Ra− e ν
a yµ Γ

µ

ν − yaycec +
1
2

ηac

(
η

ghygyh

)
ec

It is sufficient to consider the flat case. Then we may set the curvature and connection to zero, leaving

hµν = σbµν

=
σ

2
(
−2yµ yν +ηµν

(
η

ρσ yρ yσ

))
Set σ = 2.

We have shown (see http://arxiv.org/pdf/0811.0112v1) that:

1. The metric always takes this form.

2. The signature of the induced metric is consistent across the entire phase space only if the original metric, ηµν ,
is Euclidean or of signature zero.

Consider the Euclidean case. We begin with a Euclidean metric, ηµν = diag(1,1, . . . ,1), and construct its conformal
group. We then gauge that group biconformally. The resulting symplectic space has canonical, orthogonal submani-
folds with induced metric

hµν = 2yµ yν −ηµν

(
η

ρσ yρ yσ

)
Consider the copy of the configuration space at yα . Perform a rotation so that

yα = ρ (1,0, . . . ,0)

Then the metric is

hµν = −2yµ yν +ηµν

(
η

ρσ yρ yσ

)
= −2ρ

2


1

0
0

0

+ρ
2


1

1
. . .

1
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= ρ
2


−1

1
. . .

1


which is Lorentzian. This means that the conformal gauge theory of Euclidean spaces is described by a Lorentzian
phase space. It is possible to map back and forth between the original Euclidean space and the Lorentzian configuration
space. Any physical theory that we can construct in the Lorentzian space has a corresponding, equivalent formulation
in Euclidean space. In this sense, we may view the existence of time as a consequence of the conformal gauge theory,
rather than an intrinsic property of the original space.

It is probably most correct in these models to regard the 2n-dimensional biconformal space as “the world”. This
is consistent with both classical and quantum mechanics, which take their most elegant forms in phase space. Indeed,
phase space is necessary for the description of quantum mechanics - without both position and momentum, we have
no uncertainty principle.

A Variation of the modified linear action
Exercise: Find the variational field equations from the action

S =
∫

κ
2
(

Ω
ab +Λeaeb

)
ec · · ·edeabc···d +κ

2
βΩ
∗
Ω+Dκ

∗Dκ +m2
κ
∗
κ

Answer: The special conformal gauge field is varied above.
Varying the spin connection, leads to:

δS =
∫

κ
n−2

2 Dδω
abec · · ·edeabc···d

=
∫

D
(

κ
n−2

2 δω
abec · · ·edeabc···d

)
+δω

abDκ
n−2

2 ec · · ·edeabc···d

+(n−2)
∫

δω
ab

κ
n−2

2 Dec · · ·edeabc···d

=
∫

d
(

κ
n−2

2 δω
abec · · ·edeabc···d

)
+δω

abDκ
n−2

2 ec · · ·edeabc···d

+(n−2)
∫

δω
ab

κ
n−2

2 Dec · · ·edeabc···d

=
∫

δω
abDκ

n−2
2 ec · · ·edeabc···d +(n−2)

∫
δω

ab
κ

n−2
2 Decee · · ·edeabce···d

Since the torsion, Ω
a = Dea must vanish in order for the action to be invariant, we drop the second term, resulting in

the field equation

0 =
n−2

2
κ

n−4
2 Dκec · · ·edeabc···d

0 = Dκec · · ·edeabc···d

Wedging with e f and taking the dual,

0 = Dgκe f egec · · ·edeabc···d

0 = Dgκe f gc···deabc···d

= −(n−2)!Dgκ

(
δ

f
a δ

g
b −δ

f
b δ

g
a

)
= −(n−2)!

(
δ

f
a Dbκ−δ

f
b Daκ

)
The trace on f a then gives

0 = −(n−2)(n−1)Dbκ
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and κ is constant.
Notice that the integrability condition has changed slightly. We now have

0 = d2
κ

= dωκ−ωdκ

= (ωa
ωa +Ω)κ−ωωκ

= (ωa
ωa +Ω)κ

so the dilatation must be

Ω = −ω
a
ωa

1
2

Ωabeaeb =
1
2

(ωba−ωab)eaeb

Ωab = ωba−ωab

Solder form variation With the action given by

S =
∫

κ
2
(

Ω
abec · · ·edeabc···d +Λeaebec · · ·edeabc···d

)
+
∫

κ
2
βΩ
∗
Ω− 1

n!

(
gabDaκDbκ +m2

κ
2
)

ec···dec · · ·ed

it is easiest to vary some terms differently than others. for the first two terms:

δS1 = δ

∫
κ

2
(

Ω
ab +Λeaeb

)
ec · · ·edeabc···d

=
∫

κ
2
(

δΩ
abec · · ·edeabc···d +(n−2)Ω

ab
δec · · ·edeabc···d +nΛδeaebec · · ·edeabc···d

)
=

∫
κ

2
(
−2η

bh
∆

ae
f hωeδe f ec · · ·edeabc···d +(n−2)Ω

ab
δec · · ·edeabc···d +nΛδeaebec · · ·edeabc···d

)
=

∫
δe f

κ
2
(

2η
bh

∆
ae
f hωeec · · ·edeabc···d +(n−2)Ω

abec · · ·edeab f c···d +nΛebec · · ·ede f bc···d

)
For the remaining terms, we have

Ωαβ = ∂α ωβ −∂β ωα − e b
α ωbβ + e b

β
ωbα

δΩαβ = −δe b
α ωbβ +δe b

β
ωbα

S2 =
∫

κ
2
βΩαβ Ωµν gµρ gνσ

√
−gερσλ ···τ dxα dxβ dxλ · · ·dxτ − 1

n!

(
gαβ Dα κDβ κ +m2

κ
2
)√
−gελ ···τ dxµ · · ·dxν

where gαβ = ηabe a
α e b

β
, and therefore

δgζ χ = −gζ µ gχν
δgµν

= −gζ µ gχν

(
ηabδe a

µ e b
ν +ηabe a

µ δe b
ν

)
= −

(
ηabgζ ξ gχφ e b

φ +ηabgζ θ gχξ e a
θ

)
δe a

ξ

Varying,

δS2 =
∫

2κ
2
βΩαβ δΩµν gµρ gνσ

√
−gερσλ ···τ dxα dxβ dxλ · · ·dxτ

+
∫

2κ
2
βΩαβ Ωµν δgµρ gνσ

√
−gερσλ ···τ dxα dxβ dxλ · · ·dxτ +κ

2
βΩαβ Ω

ρσ
δ
√
−gερσλ ···τ dxα dxβ dxλ · · ·dxτ

+
1
n!

∫
δe a

ξ

(
ηabgαξ gβφ e b

φ +ηabgαθ gβξ e a
θ

)
Dα κDβ κ

√
−gελ ···τ dxµ · · ·dxν

−1
2

1
n!

∫ (
gαβ Dα κDβ κ +m2

κ
2
)

gζ χ

(
ηabgζ ξ gχφ e b

φ +ηabgζ θ gχξ e a
θ

)
δe a

ξ

√
−gελ ···τ dxµ · · ·dxν
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Substituting the variations,

δS2 =
∫

2δe a
ξ

κ
2
βΩαβ

(
−δ

ξ

µ ωaν +δ
ξ

ν ωaµ

)
gµρ gνσ

√
−gερσλ ···τ dxα dxβ dxλ · · ·dxτ

−
∫

2δe a
ξ

κ
2
β

(
ηabΩαβ Ω

ξ σ gρφ e b
φ +ηabΩαβ Ω

θσ gρξ e b
θ

)√
−gερσλ ···τ dxα dxβ dxλ · · ·dxτ

+
1
2

∫
δe a

ξ
κ

2
βΩαβ Ω

ρσ

(
ηabgξ φ e b

φ +ηabgθξ e b
θ

)√
−gερσλ ···τ dxα dxβ dxλ · · ·dxτ

+
1
n!

∫
δe a

ξ

(
ηabgαξ gβφ e b

φ +ηabgαθ gβξ e a
θ

)
Dα κDβ κ

√
−gελ ···τ dxµ · · ·dxν

−1
2

1
n!

∫ (
gαβ Dα κDβ κ +m2

κ
2
)

gζ χ

(
ηabgζ ξ gχφ e b

φ +ηabgζ θ gχξ e a
θ

)
δe a

ξ

√
−gελ ···τ dxµ · · ·dxν

Convert to orthonormal,

δS2 =
∫

4δe a
ξ

κ
2
βΩcdδ

ξ

i ωagη
gh

η
i jeh je··· f ecedee · · ·e f

−
∫

2δe a
ξ

κ
2
βΩcdΩ

bi
(

δ
g
a δ

ξ

b +ηabη
gξ

)
egie··· f ecedee · · ·e f

+
∫

δe a
ξ

κ
2
βΩcdΩ

gh
δ

ξ
a eghe··· f ecedee · · ·e f

+
1
n!

∫
δe a

ξ
2η

cξ DcκDaκee··· f ee · · ·e f

−1
2

1
n!

∫ (
η

cdDcκDdκ +m2
κ

2
)

2δ
ξ
a δe a

ξ
ee··· f ee · · ·e f

Now define Φ = 1
n! ea···bea · · ·eb so that ea · · ·eb = ea···bΦ, and recombine with the first term

0 =
∫

eξ

k δe a
ξ

κ
2ek
(

2η
bh

∆
f e
ahωeec · · ·ede f bc···d +(n−2)Ω

f bec · · ·edeab f c···d +nΛebec · · ·edeabc···d

)
+
∫

4δe a
ξ

κ
2
βΩcdeξ

i ωagη
gh

η
i jeh je··· f ecde··· f

Φ

−
∫

2δe a
ξ

κ
2
βΩcdΩ

bi
(

δ
g
a eξ

b +ηabη
gkeξ

k

)
egie··· f ecde··· f

Φ

+
∫

δe a
ξ

κ
2
βΩcdΩ

gheξ
a eghe··· f ecde··· f

Φ

−
∫

δe a
ξ

2η
cdeξ

d DcκDaκΦ

+
1
2

∫ (
η

cdDcκDdκ +m2
κ

2
)

2eξ
a δe a

ξ
Φ

and the field equation is

0 = κ
2
(

2η
bh

∆
f e
ahωegekgc···de f bc···d +(n−2)Ω

f b
ghekghc···deab f c···d +nΛekbc···deabc···d

)
+4κ

2
βΩcdωagη

gh
η

k jeh je··· f ecde··· f

−2κ
2
βΩcdΩ

bi
(

δ
g
a δ

k
b +ηabη

gk
)

egie··· f ecde··· f +κ
2
βΩcdΩ

gh
δ

k
a eghe··· f ecde··· f

−2η
ckDcκDaκ +δ

k
a

(
η

cdDcκDdκ +m2
κ

2
)

Simplify the Levi-Civita pairs,

0 = κ
2
((
−(n−2)!2∆

f e
ahωeg

(
δ

k
f η

gh−η
kh

δ
g
f

))
−n(n−1)!δ k

a Λ

)
−κ

22(n−2)!Ω f b
gh

(
δ

k
a δ

g
b δ

h
f +δ

k
b δ

g
f δ

h
a +δ

k
f δ

g
a δ

h
b

)
+4κ

2
βΩcdωagη

gh
η

k j
(
−(n−2)!

(
δ

c
h δ

d
j −δ

c
j δ

d
h

))
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−2κ
2
βΩcdΩ

bi
(

δ
g
a δ

k
b +ηabη

gk
)(
−(n−2)!

(
δ

c
g δ

d
i −δ

c
i δ

d
g

))
+κ

2
βΩcdΩ

gh
δ

k
a

(
−(n−2)!

(
δ

c
g δ

d
h −δ

c
h δ

d
g

))
−2η

ckDcκDaκ +δ
k
a

(
η

cdDcκDdκ +m2
κ

2
)

so that

0 = κ
2
(

2(n−2)!
(

ω
k

a−δ
k
a η

ge
ωeg

)
−n(n−1)!δ k

a Λ

)
−κ

22(n−2)!
(
−δ

k
a Ω

f b
f b +2Ω

f k
f a

)
−8κ

2
β (n−2)!Ωgk

ωag

+2(n−2)!κ2
β

(
ΩadΩ

kd−ΩcaΩ
kc +ΩcdΩ

bd
ηabη

ck−ΩcdΩ
bc

ηabη
dk
)

+2(n−2)!κ2
βδ

k
a ΩcdΩ

cd

−2η
ckDcκDaκ +δ

k
a

(
η

cdDcκDdκ +m2
κ

2
)

Lower k to b, and define:

Θab = ΩadΩ
d

b − 1
4

ηabΩcdΩ
cd

Tab = DaκDbκ− 1
2

ηab

(
η

cdDcκDdκ +m2
κ

2
)

Then

ωba−ηabη
cd

ωcd = 2
(

Ω
c

bca−
1
2

ηabΩ
cd

cd

)
+

1
2

n(n−1)ηabΛ+4βωacΩ
c

b−4βΘab +
1

κ2 Tab

Take the trace with ηab,

−(n−1)η
ab

ωab = −(n−2)Ω
cd

cd +
1
2

n2 (n−1)Λ−4βωacΩ
ac−4βη

ab
Θab +

1
κ2 η

abTab

so that

ωba = 2
(

Ω
c

bca−
1
2

ηabΩ
cd

cd

)
+

1
2

n(n−1)ηabΛ+4βωacΩ
c

b−4βΘab +
1

κ2 Tab

+
1

n−1
ηab

(
(n−2)Ω

cd
cd−

1
2

n2 (n−1)Λ+4βωacΩ
ac +4βη

ab
Θab−

1
κ2 η

abTab

)
Notice that ωab still occurs on the right. Find the antisymmetric part using ωba−ωab = Ωab:

ωba−ωab = 2(Ωc
bca−Ω

c
acb)+4βωacΩ

c
b−4βωbcΩ

c
a

Ωab = 2(Ωc
bca−Ω

c
acb)+4βωacΩ

c
b−4βωbcΩ

c
a

Using
Ω

c
bcd−Ω

c
dcb =−(n−2)Ωbd

this becomes

Ωab = − 4β

2n−5
(ωacΩ

c
b−ωbcΩ

c
a)

The antisymmetric part of ωab drops out of the left side, so we have only the symmetric part. Write this as an operator
acting on the dilatation and try to invert the operator:

0 =
(

δ
c
a δ

d
b +

4β

2n−5

(
ω

c
a δ

d
b −δ

d
a ω

c
b

))
Ωcd

where ω c
a is built from the symmetric part of the gauge field only.
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Is this invertible? Suppose 4β

2n−5 =− 1
2 and ω c

a = δ c
a . Then

δ
c
a δ

d
b +

4β

2n−5

(
ω

c
a δ

d
b −δ

d
a ω

c
b

)
= δ

c
a δ

d
b −

1
2

(
δ

c
a δ

d
b −δ

d
a δ

c
b

)
=

1
2

(
δ

c
a δ

d
b +δ

d
a δ

c
b

)
and this will annihilate the antisymmetric dilatation. Therefore, it is not always invertible. On the other hand, this
represents a set of measure zero from among all solutions, so we won’t be surprised if we must have Ωab = 0.

Weyl vector variation Finally, we vary the Weyl vector. We have

δS =
∫

2κ
2
βδ
∗
Ω+2δDκ

∗Dκ

=
∫

2κ
2
βdδω

∗
Ω+2

(
−
(

n−2
2

)
δωκ

)
∗Dκ

=
∫

δω
(
2κ

2
βd∗Ω− (n−2)κ

∗Dκ
)

Therefore, wedging with eh and taking an additional dual of the field equation,

0 = 2κ
2
βd∗Ω− (n−2)κ

∗Dκ

0 =
2κβ

(n−2)!
Ωab;gη

ac
η

bdecde··· f ehge··· f − n−2
(n−1)!

Daκη
abebe··· f ehe··· f

= 2κβΩab;gη
ac

η
bd
(

δ
h
c δ

g
d −δ

g
c δ

h
d

)
+(n−2)Daκη

ah

= −4κβ

(
Ω

c
b;cη

bh
)

+(n−2)Daκη
ah

and therefore,
4κβ

(
Ω

c
a;c
)

= (n−2)Daκ

Collecting the remaining equations:

ωba = 2
(

Ω
c

bca−
1
2

ηabΩ
cd

cd

)
+

1
2

n(n−1)ηabΛ+4βωacΩ
c

b−4βΘab +
1

κ2 Tab

+
1

n−1
ηab

(
(n−2)Ω

cd
cd−

1
2

n2 (n−1)Λ+4βωacΩ
ac +4βη

ab
Θab−

1
κ2 η

abTab

)
Daκ = 0

4κβ
(
Ω

c
a;c
)

= (n−2)Daκ

Of course, the remaining equation is inconsistent. These three do not present a sensible set of equations either, since
no constraint is placed on the Lorentz curvature.
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