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1 Basic conformal relations

1.1 Structure equations

The Maurer-Cartan equations for the conformal group are

d
dof = 0%0%+2A0.0
do* = o0+ oo’
do, = 0,0+ 0,0

do = oo,

where the geometric interpretation of each set of generators is

®% Lorentztransformation

o Translation

®, Special conformal transformation
® Dilatation

This particular breakdown of the generators is important because each of these four sets of transformations is invariant
under the homothetic group. We discuss this below.

If we set the special conformal transformations to zero, @, = 0, the remaining subgroup is the inhomogeneous
Weyl group, described by the structure equations.

a _ C a
dof = 0,0
do* = o‘0%+ oo’
do = 0

This has further subgroups. If we set the Weyl vector to zero, @ = 0, so that there are no dilatations, then we have the
Maurer-Cartan equations of the Poincaré group

a — C a
dof = 05,0
do* = oo

If, instead of eliminating dilatations, we set the translational gauge vector to zero, ®* = 0, then we have the homoge-
neous Weyl group,

dof = o050
do = 0

comprised of Lorentz transformations and dilatations only. Finally, setting both translatiosn and dilatations to zero,
®“ = o = 0, only the Maurer-Cartan structure equations for the Lorentz group remain:

dof = o050
1.2 Killing metric
The Killing metric of the conformal group, given by

A =
KZA :A«CE CAA



With a suitable choice of the constant A this becomes

JA% 0 (;) 0
0 & 0
Ksp = b
0 & o0 o0
0 0 0 1

While the conformal Killing metric is itself non-degenerate, its restriction to the various subgroups may or may not
induce a natural, non-degenerate metric.
The restrictions of Ky to the inhomogeneous Weyl group and the Poincaré group, respectively, give

1a% 00
Kap = 0 0 0
0 0 1

and .
IA% 0
—( 2%ab
Kap ( o 0 >

where the bold zero, 0, denotes the vanishing n x n translation sector. When gauged, these groups do not have natural
metrics induced from the Killing metric.
The homogeneous Weyl and Lorentz groups fare better, both having non-degenerate Killing metrics

1 .
1age 0
—( 28
Kup ( 0 1)

Kan = ( 445 )

and
respectively.

1.3 Gauge transformations
A Lie group acts on its connection 1-forms according to
»=gwg ' —dgg

Expanding this infinitesimally for the conformal group using the 6-dim representation,

NERE
LB N S I
A, A AL

NGOG At
= A, AL 0
MeASy 0 —AY

where A‘L generates a dilatation, A9 generates a Lorentz transformation, A9 generates a translation and A* generates
a special conformal transformation. Let /_\“}g denote the inverse transformations, and in particular, [\‘it = A%‘ Then we
4

have for the Lorentz piece,
@ = AB0TAG—dALAS

= A%aSAL + ALoSA + ALoSAS,
+A40% AL + A4S, + AL 0N + ALoA),
—dA% A —dAY A —dAL A3,

= ALOGAY+ ACOGAL + AN 0
+AL0YAG + AGOYAG + NN OGN — NN 0N
—dA% AG — dAG AG, — AL MRS



For translations,

@ 0B AG —dA% AG
A% @AY + AL AY
+A% 0t AY + AY 0h AY
+A% w3 AY
—dA% A —dAY A%
= AY0%AY+ALoSAY
+A%40%AY + A4 0t Al + At 04N A
40 gy 4O 4Ny TN Oy NegiNy
—dA% AS, —dAY AY

IS
N

For special conformal transformations,

o) = ALoBAS —dALAS

= AtoSAL + AL oAt + AL oSAS
+AL 0 AL+ AL 0t AY
+AL 03 AL + AL LAS,
—dA* AS, —dAY AY

= ALOGAL + ALOGAY + AN 0y MacAY
+A% 04 AL + A oA
—dA* AS, —dAY AY

and dilatations,

IS}
NS

= ALoBAG —dALAS
= AtofAY + AL oo AY
+AY 0t AY + AL ot AY
4 % 4 34
—dAL A —dAG A
Lie-algebra valued tensors transform in the same way except for the inhomogeneous —dAAC /_\% terms.

_ Now that we have the right transformations, we can simplify the notation by dropping all A = 4 labels, and setting
A= % for dilatations. Collecting the results:

@4 = A@SAL+ALo A, + Ao npgAY
+A? a)d/_\‘f7 +A0A, +N% A, wened/_\‘;’, — N A oA
—dA% AG — dA® Ay — N°dA NpaA?

@ = A0SAY + ALwA+ A wyA?
FA QR+ N AN A? — dAL A — dA A
Dy = AcOYRY+ AN+ AN O A
+Aa)d1_\da + ACO/_\a —dA, /_\L;z —dA /_\a
@ = A0GA+ A A+ AwgA?

+A@A —dA A —dAA

These relations specialize immediately to subgroups of the conformal group.

1.4 Lorentz-invariant subgroups
The conformal group acts on its own Lie algebra,

Ga=gGag "



and since we expect, at a minimum, homothetic symmetry of our final gauged space, it is useful to have a breakdown
of the conformal transformations into homothetically invariant subgroups. It is sufficient to consider an infinitesimal
homothetic transformation, given by an arbitrary linear combination of the Lorentz and dilatational generators,

1
5= 5WC;,M’; +AD

It is easy to see from the Lie algebra,

a C 1 C Sa se ce sa ac e A 4 CE
M, M ] = _E(ébafad_nbdn 5f_rl Nyr 04 +64M rlbf)Mfe
1
M, P] = 5(5f5f—nbcﬂad>1’d
. | R e
MO K] = = (858 — M) K
[Pa,Kb} - fafo(nacnbdféjéj’)Mfd
[D,P] = —&P
D,k = &'Kk°
that
[6.M" ;] ~ M*,
[5,Pa] ~ Pa
[6,KY] ~ K¢
[6,D] = O
Moreover, since
[D7Pa] = -k
[D,KY = K“

we may assign conformal weight —1 to the generator, P,, of translations and weight +1 to the generator, K¢, of special
conformal transformations. Combining this with the behavior under Lorentz transformations, we may summarize the
irreducible homothetic parts:

M® ,  weight O i tensor
; 0

P, weight —1 1 tensor

K  weight +1 (1) tensor

D weight 0 scalar

By combining these in various ways and exponentiating we readily identify all homothetically invariant subgroups
of the conformal group by checking whether the commutators close. First, notice that since

b b b
[Pa,K ] = -8D+om’

we cannot have any proper subgroup with both P, and K among the generators, since it must necessarily also include
the D and M“ , generators. Denoting homothetically invariant subgroups by the subset of generators that generate
them, we have the four single-sets,

M} (p} = {K"} (D}

Since the n-dimensional translation groups generated by {P,} and {Kb } are isomorphic, this gives three groups. There
are five closed double-sets,

{Ma thu}g{Ma vaa}7{Ma b’D}7{Pu7D}g{Ka7D}



(but not the final pair, 7{Pa,Kb } 1), with isomorphisms reducing these to three independent homothetically invariant
subgroups. There are only two triples:

{Ma b’PmD} = {Mu baKaaD}

and these generate isomorphic (inhomogeneous, homothetic) groups. Finally the improper subgroup generated by all
four sets, {M“ b,Pa,K“,D}. There are therefore seven homothetically invariant proper subgroups of the conformal
group.

We note for future reference that only two of these subgroups contain the homothetic group — the one generated
by {M“ ,,D} is the homothetic group itself, while the group generated by {M* , K D} is the inhomogeneous
homothetic group.

Also, notice that neither of these gaugings contain P, in the subgroup. This means that the translational symmetry
will be broken when we generalize the base manifold geometry. The gauge transformation of the torsion then becomes
tensorial, so setting the torsion to zero is a gauge invariant specification. We may therefore consider torsion-free gauge
theories.

1.5 Bianchi identities

We find the Bianchi identities in Riemannian, Weyl and conformal geometries.

1.5.1 Bianchi identities of conformal geometry

The conformal Cartan equations with vanishing torsion are

do’ = %0 +2A% 0.0+ Q8
do’ = o0+ oo’
do, = o05,0.+0,0+Q,

do = o0'0,+Q

Taking the exterior derivative of each equation and substituting for the derivatives leads to
0 = d°wf
do50° — 05 do’. +2A% do,. 0 — 2A% o.do? +dQ
Cat — 05Q0 +2A% Q.07 +dQY
DQY +2A% Q.

0 = d’°
= do‘0’— o‘do’ +doo’ — odw*
= —0Q+ Q"

0 = do,

= do%o,— o5do.+do,0— o,do+dQ,
Q. —0,Q + Q0 — 0,2+ dQ,
DQ, + Q0. — 0, Q

0 = d*o
= do‘o,— o‘do, +dQ
= dQ - 0'Q,

Collecting terms, we have

DQY +2A% 0. 0! =
0°Ql — Qo =
DQ,+ Q0. — 0, Q =
dQ—-0'Q, =

S O O O



The Bianchi identities for Weyl and Riemannian geometries follow immediately as

DQ; = 0
0°Ql —Qw* = 0
d@ = 0
in a Weyl geometry and
DR, = 0
eRl = 0

in Riemannian.
In the scale-invariant geometries, i.e., conformal or Weyl, the torsion-free condition leads to an algebraic constraint
relating the dilatational and Lorentz curvatures,

0’ Q% — Q" =0
Expanding this in components, we have
0 = Q“[bcd] — Sﬁﬁcd]
= % (Q%eq +Qap +Lpe — 05 Qea — 67 Qap — 87 )
Now contract on the ac components,
0 = Qpea+Qeap + Lape = a — 1 — Qpa
so that the antisymmetric part of the trace of the curvature is proportional to the dilatation:
Qpea = Qaep =~ (n—=2)Qpq
The trace of the curvature is symmetric if and only if the dilatation vanishes.

1.5.2 Bianchi identities in Riemannian geometry

The first Bianchi identity is

0 = e'RY
_ b a ac d
= e (Cb +2A%, % e )
= e"C{+Zpe’e”
= el
The second curvature Bianchi identity is
DR} = 0
Z[cd;e] =0
Substititing
bed =  Chea = O Kba + 04 Bve + Noe Ky — Mba %'¢
for the curvature,
0 = DRj

DCY +2A% D2 €



0 = Rch;e + RZde;c + RZec;d
= Cch;e - 5f%bd;e + 5;%bc;e + nbce@iy;e - nbd%i;e
+ Zde;c - 6{?‘@1’620 + Sea‘%bd;c + nbd‘%i;c — Nbe czl/l;c
+Checsa — 0d Boesd + Of Bvesd + Mbe K ey — Mo e:q
and take the trace on ae,
0 = Cch;a - ‘%bd;c + %bc;d + nbc‘%ii;a - nbd’%i;a
~Rpdse + 1 PFpase + Mo X 4. — Pbdse
~NnRped + Roe:d + Roe:d — Moe R g
= CZCd;a_ (n_3)%bC;d+(n_s)%bd;c"‘nbd (‘@Z;C_%i;a) — Nbe (%Z;d_ (2;”)

and contract again on bd,

0=2 (I’l - 2) (%Z;c 7%‘2;51)
ol
Czcd;a = (n -3) (%bc;d _%bd;c)
1.5.3 Bianchi identities in Weyl geometry

The torsion-free structure equations are:

doj = oj0!+R]
de” = e‘wf+ we’
do = Q

Taking the exterior derivative of each, we have

DR, = dR;+Rjwi—w;R:=0
eQl = Qe
dQ = 0

In components the second becomes
Qg + Q0+ Qe = 0 Qea + 07 Qap + 65 Qe

with trace
Q‘Ic)cd - ‘Q‘gcb = (}’l - 2) Qpq

In contrast to Riemannian geometry, the trace of the curvature tensor has an antisymmetric part.

1.6 Relationship between the Riemann, Weyl, Ricci and Eisenhart and dilatation tensors
We consider these relationships in Riemannian, Weyl, and conformal geometries. We consider only torsion-free
geometries.
1.6.1 Curvature relations in Riemannian geometry
The structure equations are:

dof = o%0%+R;

do’ = o0

c



Riemann, Weyl and Ehrenfest The Weyl curvature is given by

1

1
Chea = Rpea — P (8¢ Roa — 67 Rpe — Moe R + MpaR) + =1 (n—-2)

R (8! Mpa — 64 Mpe)

Check the trace,

1 1
Cr.y = Ry — Rps — Rpg — R pdR) + —————<R(n—1
bed bed n_z(” bd — Rpa — Rpg +Mpa )+(n_1)(n_2) (n—1)Npg

1 1
Rpa — Rpa — ——NpaR+ —— RMNpa
n—2 n—2
= 0
The Eisenhart tensor is defined in terms of the Ricci tensor as

1 1
%ab n—2 ( ab 2(1’17 1) nab>

This is invertible,

Ry = - (n - 2) Rap — '%nab
R = 20-1)Z%
Check,
X, = — ! R, — ! R
ab = n—2 ab 2(1’171) Nab
1 1
= —n_2(—(n—Z)%b—%’nab—z(n_l)(—2('1—1)%’)%1))

= %ah

The relationship between the curvatures may be rewritten as

Cch = ch
Lo (Rog— —— Ry )+ —— 5% (Rpo— R
2% \thd 20— 1) Nbd o — 2 0d \ fbe 20—1) Mbe
+ : R, LR : RY L Rse
n—2 e \"a ™ 3oy ) T M\ e T g — 1y e
1 1
_ R(85¢ —_ 8%, . — 54 a R(&% — 8.
20— 1)(n—2) (8 Mba — O Mpe nb¢5d+nbd5c)+(n71)(n72) (0 Mba — 64 Mbe)
= Ryeq + 8 Bva — 84 Bpe — MoK 'q + Moa
= Ryey+ 8 Bva — 8 Fpe — MoeK'q + Moa
Then in terms of curvature 2-forms,
1
C, = R+ 5 (85 Rpa — 84 Rne — Mpe By + Mpa %) € €

1
= Z + 5 (Zafalf - ancnae) r%edeced
= R —2A% %€

so that finally,
¢ — C8+2A% A e



Divergence of the Weyl curvature We may use this relationship to write the divergence of the Weyl curvature in
terms of the curl of the Ehrenfest tensor.
Starting from the algebraic Bianchi identity,

0 =Rjcge + Rpge:c T Rpecia
we substitute
bed = Coca = O Fa + 6 Rpe + Moy — Moa '
for the curvature to find
0 = RjegetRigec T Rieca
bed:e — O Bvdie + O Ricse + MoK o — Mba K tee
+Chtec — Of Fvere + Of Rvdrc + NMba R 'oc — Mbe R e
+Checa — O Bocia + 6 Fped + Mbe K s — Moe R o:q
Taking the trace on ae,
0 = Chga—Poigc+Roc:a+ Mo Ry — MpaF'ea
~Rvde + 1 %pdc + Mod B aze — Fvde
~NRped + Roed + Roed — Moe X aa
= Choga— (1=3) RBpc:a+ (n—3) Boae + Moa (Be — Htey) = Moe (Bla — Ha)
and contracting again on bd,
0=2(n—2) (B~ H)
we find
Chea:a = (1= 3) (Zpe:a — Rbae)

1.6.2 Curvature relations in Weyl geometry
We find the corresponding results for Weyl geometry.
Riemann, Weyl, Ehrenfest and dilatational curvatures In Weyl geometry, the Bianchi identities show that the
trace of the curvature has an antisymmetric part,
bed — Laep = — (n—=2) Qpa

so that we no longer have Qf = C} + ZAZZ%Ced. Instead, let

1
Zac = Rpc— E (niz) Qpe
Q% . = MN“Ri=R
where R,;, = Rp,. Then we may still write the traceless part of the curvature as
1

Cch = ch - (I’l — 2) (6392611 - 5:119‘295’ — Npe ed T Npa Q2 ec)

b L g (8“Npa — 8Me)

(n—1)(n—2) " o e bd T

1
= Q- CE) (8¢ Rpa — 81 Rpe — MRy + NMpaR?)

1

3 (68Qpq — 07 RQpe — Mpe QY + Npa7)
1

+mR(5fnbd — 84 Mbe)

= Qg+ (8! Rpi — 8 Fpe — MoK g+ Mpa %)

1
3 (6¢'Qpa — 67 Qpe — Npe QY + Mpa Q%)

10



or, using differential forms, we may decompose the full curvature 2-form as
1
Q= C{+2A% (%c - 2gcew6> o’

that is, the usual decomposition in terms of the Weyl and Eisenhart tensors, together with a dilatation term. The
Eisenhart tensor is still defined in terms of the (symmetric) Ricci tensor as

1
%ah = _m (Rab - 2(’1_1)Rnab>

and the Ricci scalar is unchanged.

Symmetries of the Weyl curvature We find the symmetries of the Weyl curvature in a Weyl geometry. From

C; = Qf-2A% (%c + ;Qa)> o’
we have the decomposition of the full curvature,
Qf = Cf+2A% (%’d + %Qde we> o°
= Rj+A%Q,0°

where R} has the usual symmetries of the Riemann tensor. Therefore, we have antisymmetry on both the first and
second pairs of indices. The triple antisymmetry usually follows from the Bianchi identity. Here we have:

bed = Rbca+AGQed — AjpQec
1 1 1
Qped) = Ripea) 5 (Bcb ea = AgpQec) + 5 (AgeQeb — pcLed) + 5 (ApqQec = Mg Q)
1 ae A e ae
= g ( ched - diQeC + A%er - Aﬁiﬂed + ZdQec - cheh)
1
T 6

(8805 Qed — 05 0 Qe + 87 85 Qep — O 85 Qg + 85 87 Rec — 05 6,5Qp)
1

(M NbeQed — N NbaQec + N NeaQes — NN Red + N N Qec — N Nea2ep)

W[ = A\

(89 + 88Oy + 5°Qup)

Then

a

a _
[bed) = _5[chd]
Writing the curvature in covariant form,

Qpeq = Riea + Aipec = AcpQea

1 1 1 1
bed = Riea T 564 — 2N NpaQec — =08 Qpa + =N NpcQea

2 2 2 2

1 1 1 1
Quped = Raved + 5MadLbe — 5 MbdLac — 5 Nac2pd + =5 MbeLad
2 2 2 2
we also have
1 1 1 1
Qabcd - chab = Rabcd - Rcdab + 5 nadgbc - E nbanc - Enacgbd + Enbcgad

1 1 1 1
_Encbgda + Endbgca + Enacgdb - Endagcb

1 1 1 1 1 1 1 1
= 3 Nad2be — indanb - inbanc + Endb-Q'ca - Enacgbd + Enacgdb + Enbcgad - Enchda
= nadec - nbanc - nacgbd + nchad

11



Therefore, the new symmetries are:

Qabcd = _Qbacd = _-Qabdc
Qy = 80
Qaved = Ledab = MNadbe — Mbadac — NacS2bd + Mo 2ad

Divergence of the Weyl curvature As before, we start with the Bianch identity
DQ; = dQj+Q 0! — Q=0
where
Qea = Chea— (8 Kpa — 6] Rbe — MpeZ'g + NMpaZ¢)
—% (08 Qpa — 87 Qpe — M QY + Mpa Q)
Combining these, we have

_ a a a
0 = 'cha’;e + dee;c + Qbec;d
a a a
Cbcd;e + dee;c + Cbec;d

- (55'%1?6126 — 83 Rvee — nbc%té;e + nbd%i;e) —

(5cagbd;e - ag-QbC;e - ﬂchCZ;e + nbanc;e)

— (8§ Rpesc — 8 Rvdic — Mpa R+ Moe B y.i) — = (85 Qiese — 85 Qe — Mpa Q% + Mpe Q%)

N = DN = N —

- (55%170;(1 - 5g<@be;d - nbe%(z;d + nbcgi;d) - (5ea-ch;d - Sf-Qbe;d - nbeQac;d + anQae;d)

Now contract ae,
0 = Gy

~(Poase = Rz — Moo B g+ Mo Hca) — % (Qpdic = Loea — Moe Y+ Mpa Q)

= (Bt = nFtic = MR e + Rrac) = % (Qpase —1Qpa:c +Qpa:c)

— (nBcsa = Fvcia = Hpea + Moc R za) = % (nQpesa — Lbesd — Lieia)
Simplify,

beaa = (1=3)Rpe:a — (n—=3) RBpa:c + MoeRyg — Mo X 40 + Moa Kt — Mba K e
+% ((n—=3)Qpe:a — (1= 3) Qe + Mpa Qs — Moe Q)

One further trace, on bd, gives

1
0 = 200-2) (A At 30
so that %%, = %.. — $Q4.,
1 1
beda = (1=3)Rpea— (n—3) Rpdac + NoeRod — MoeK-a + Ench{Z;u +Noa e — Enbdgac;a —NpaZ
1
+§ ((n —3)Qpesa — (1 —3) Qpgse + Npa Q%0 — nch‘ﬁz;u)

1 1
= (n-3) (%’bc;d — Rpdaye + = Qpe:d — de;c)



Now cycle and combine:

1 1
ch;a = (n - 3) (‘%hc';d - ‘%bd;c + Ech;d - Zde;c)
a 1 1
cdba (n - 3) %cd;b - %cb;d + Ech;b - Ech;d
a 1 1
~Capea = (1=3) ~PRapic + Racr— Egdb;c + Egdc;b

Sum:

1 1 1

Cch;a + ngh;u - Cjbc;u 2 2 2 2

= (n=3)2%cap —2Ppa:c + Qbesa)

Now use
Chea +Coap +Cape =0

to write this as

1
beda = (1—3) <=%’bc;d — Rpde — Z-ch;b>

1.7 Transformation of the Weyl and Eisenhart tensors under conformal transformation
The structure equations for a Riemannian geometry are
doj = oj0!+Rj
de = e‘wl
Changing the solder form e“ by a conformal factor, e* — ¢?e” changes connection to, say, ¢, and the second equation

gives
e?de’ + e?dge’ = e?e’ o

This is solved by setting aj = ®f + 2A% (p,ce" , where f is the original spin connection, since then
e?de’ +ePdpe’ = e%elal
= % ((oz +2 f,;;(p,ced>
= %) +2A% ¢ ePele!
= el +e?prele! — NNy efele!
e?de’ +ePdoe’ = el 4 e?dpe’
de’ = e
Then the first equation gives the change in curvature,
R = daf-aja”
= d(@f+ (85 —nnas) 9.e’)
— (@5 + (8585 — n°“Nap) @€ ) (@2 + (858 — 1/ Meg) 9.76%)
= doj +dse’ —n“nade e’ + @pde’ —n“ng e ded
— 0% — 9 O + NNy e’ 0 — O} p e + DN Ny P e
— 05 P "+ 0N Mg @ &8 + N Nap @ e P € =N Napp e N Mg pe
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1
(n—=3) (ﬁ’bc;d — Rdye + Feda:p — Febd — Rabe + Rdess + = Lbesd — = Qbaic + 5 Rcasy — = Qcbid — =



Simplify,
RE = RO+ (49— 9.05) e+ 0, (e’ — o)
~N“Npa (AP — P 0F) € — NP Mpa (de" - eewé’)
+0e°de — N M@ relde + (N PP.) Npae’e”

Cw 1 .
= Ry+(870, —n“Npa) (Drp,c — o+ (780 ) Nece ) el

Then using
R) = Cj+285%:&
= CI+420% R.efe?
— G 2nh (Rt D pdo+ 3 (1500) e )
we have

a _  (a
b_Cb

~ 1 .
‘%C = e7¢ <%L —&—D(P’c — (P.,cd(P =+ 5 (nfg(P,f(P.,g) nceee>

1.8 Symmetries of the Weyl curvature with nonzero dilatation

In scale-invariant geometries, there may exist a nonvanishing dilational curvature. We find the symmetries of the Weyl
curvature when this dilatational curvature is non-zero. From

C, = Qp—2A% (%c + %ch w") o’
we have the decomposition of the full curvature,
Q= Cf+20% (%d - %Qde w€> o°
= R{+AYQ 0°

where R} has the usual symmetries of the Riemann tensor. Therefore, we have antisymmetry on both the first and
second pairs of indices. The triple antisymmetry usually follows from the Bianchi identity. Here we have:

oo = R+ A0 — A0
Uy = Ry + 3 (M50t — A 0u) + 3 (A — A O0) + 5 (A5 uc ~ A5 0)
= (A~ AJ O+ A~ MO+ A0 — ALO)
= é " Op Qea — 0, 0 Qe + 8507 Qe — 8 0F Qea + 05 8 Qec — 87 85 Q0p)

(M“NpeQed — N NpaRec + N NecaQeb — N NbeLed + N NpaQRec — N NeaQeb)

(87 Qe + 65 Qca + 87 Qap)

W] = | =

Then

a

a .
bea) = —9pQq)
Writing the curvature in covariant form,

Qch = Rch + A?lzgec - A?ZQed
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1 1 1 1
bed = Ria+ 507 Qe = 50" MpaQec = 567 Qpa + 51 Npe e
1 1 1 1
Qabcd = Rapea + 7T'ad9'bc - 7nbdQ'ac - 7nac-de + 7nbcgad
2 2 2 2
we also have
1 1 1 1
Qabcd - chab = Rupca — Reaap + E nadec - E nbanc - Enacgbd + Enbcgad
1 1 1 1
_Enchda + Endbgca + EnaCde - Endanb

1 1 1 1 1 1 1 1
= EnadQ'bc - Endagch - inbanc + Endbgca - Enacgbd + Enacgdb + EanQad - Enctha

= nadec - nbanc - nachd + nchad

Therefore, the new symmetries are:

-Qabcd = 7Qbacd = 7-Qabdc
Qo = 5
Qaped = Qedab = nudec - nbanc - nachd + nbcgad

2 Poincaré gauge theory

We begin our set of gauge theories of general relativity with the gauging of the Poincaré group, taking the quotient of
the Pioncaré group by its Lorentz subgroup. The base manifold is interpreted as spacetime and the quotient bundle
gives local Lorentz symmetry.

2.1 The structure equations and Bianchi identities

The Maurer-Cartan structure equations, extended to the Cartan equations with the addition of horizontal curvatures,
are

doj, = o0,0%+R}
de = ewl+T?
with Bianchi identities
0 = DRj;=dRj+R;o;+ o;R?
0 = eRI+DT=¢eRi+dT+ T 0
or, in components,
RZ[cd;e]

R([lbcd] + T[tblc;d] =

2.2 The Einstein-Hilbert action

After eliminating the translational gauge transformations, the gauge transformations of the connection reduce to

Q

- - xd <
% = A“0SAL—dA%AS
€ = Alef

SIS

so the solder form now transforms as a tensor. For the curvatures we have

RY = A“RYAY
T = A“TC

15



so the torsion and Lorentz components of the Poincaré curvature do not mix. The full set of available tensors is
Fherefore {na;” eaped, €, T, R} } The most general action we can build from these, up to terms linear in the curvature,
is

S = / (Rabec ..e? 4+ Ae%elel .. .ed) Cabe..d

where A is constant. Torsion terms can enter only at second order.

2.3 The field equations

Varying the connection, we have

0 = &S
= /(SR“beC...ed+(n—2)R”beC...5ed+nAe“ebeC...5ed) Cabe..d

/ (Déa)“he" ...elef + (n—2)R%ec ... e?5e¢ + nAe‘ee .. .edée“) Cabe...de
= / ((n —2)50’Dec ... ee° + (n—2)R%e ... e 5e¢ +nAe‘ele’ ... ed8ee) Cabe...de
Since each component of the connection is varied independently we have

0 = (n—-2) De‘e? ... eConed. e
0 = ((n -2) R%e ...e? + nAe’elec .. .ed> Cabe...de
‘We consider these in turn.
In the first field equation, we recognize the covariant exterior derivative of the solder form, De®, as the torsion, so

(forn > 2)

0 = T%. . . eeuped e

1
d d e
ET;gefege o €Cuped..e

Take the wedge product of this equation with one further arbitrary solder form, e”, then define the convenient volume
form

1
D= ;eambe“ ...eb
so that
e’ .. .eb _ —ea"'hCI)
We may then write
1 c hfgd..e
0 = 7§nge Caped...eP

Taking the Hodge dual and discarding the overall constant this becomes

¢ hfgd..e
0 = nge fs €abcd...e

_ - shfg
= T;gé

abc
where 5:;%’ = Ba[h 6}{ 55]. Expanding, while relying on the antisymmetry of the fg indices on the torsion,

_ hfg
0 = chg 8uhc
1

= 3T% (555{5§+355§5f+6§5:5{)
= %(TbCCSZZZ—’_ aCbSCh—FTCitsl?)
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Contract on the /b indices,

0

(Toe + Toe +1T2,)

1 .
0 = _g(n_2>TaLc

Q| =

so the trace of the torsion must be zero and the full field equation reduces to vanish torsion, 7y, = 0.
The second field equation is

0

((n —2)R%e‘...e + nAe‘e’e .. 'ed> €abe...de
1
0 = <2 (n—2)R" ;, —|—nA5]?5§> efefe...eleue ae

Taking the wedge product with one further solder form and using the volume form as before leads to

1 .
0 = (2 (n—2)R“b g +nA5f5£,’) eeefel ... eepe e
/1
0 = —(—1)"! (z(n—Z)R“b fg+nA6;'6§) elfeede, D
and therefore, taking the dual,
1 ab 1 ash ash hf
0 = (2 (1= 2R -+ Snn (878 5g5f)) 5
1 .
= (2R nn (8707 — 557 ) ) (8laf o + 5/ 8557 + 65615 )
1
= = ((n—Z) (R“b SSI LRI R be) A (nzﬁeh 81 8 n§l 4 5" —n5£))

= é ((n—Z) (Réeh—ZRh ) +n(n— 1)(n—2)A5f)

Lowering the upper index this becomes the Einstein equation with cosmological constant, A = %n (n—1)A,

1 ~
Ryp — ERnab - Anab =0

2.4 Conformal Ricci flatness in Riemannian geometry

We find the necessary and sufficient conditions for a Riemannian geometry to be conformally related to a Ricci-flat
Riemannian geometry.

2.4.1 Necessary condition: Exterior derivative of the Eisenhart tensor

We compute the covariant exterior derivative of the Eisenhart tensor when the metric is conformal to a Ricci flat metric.
Suppose we have

a _ C A a
doy, = w,0:+Rj
de’ = e‘of

where the Ricci and Eisenhart tensors of R} vanish, Ry, = 0; R, =0, and let

&4 = e%e”
The corresponding spin connection is given by
de’ = &l
dpe®e’ +e%de’ = P!
dpe’ +e‘w! = e@p
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Let
0 = 0f + 245 ¢ €
Then
car = o (of+2850.0")
e @f + € (816 —n"Nac) 9 e’
= e‘w;+dpe’

as desired.
We wish to compute DZ,,,

DZ#, = d%,— "%,
- d@a—(wngZ ;‘;q;,eed)%
= DZy—2059 . %,
_ 1 e
= D(e ¢ (Dfp,a—w,ad<p+2 (N80 r0.¢) Nuce >)
. _ 1, . )
—2A5¢ e (e ¢ (quc — 940+ (n740,10) Me’ ))
- 1 fg e
= —e ’Do D<p,a—<p.ad<p+5(n PfPg) Nace

- 1 : .
+e ? (DD(p,a —D(¢.do)+ ED (nfg(,qf(p,g) Nace )

—2A%, ¢’ <e“” (Dfp,c —pdo+ % (n%0.s0,) me”))
Then
e’D#, = —deDo,— % (N4, 10,) don,ce
+DD¢,—D(¢.do)+ %D (N'80.10¢) Nace’
0D+ 9 .0.dp — % (201 9s) PaeNere”

ce ce l J
1 Naa @€' D = (M9,00.0) Naat’d@ + 5 (1740 19,c) Naae’dp
and so
e’DZ, = DD@,+1'4¢ Do yNue — @D (dp) +1N°N1 @D,
1 4 e
+3 (750,19.,) (Nuae’dg + Nuce'dp —2n4,e'dy)
= DD¢,+(n'%¢,Do,—n“9.Do.) (nade")
= DDg,
Finally, the Ricci identity gives
DD¢o, = D (d(P,a - (waz)
= d (dgoﬂ - (p,,wZ) + (dgqc — gohw’c’) o,
= —@ (dw’; — wgwf)

= —@R}
= —oC
= —%Cg
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Thus,

e“’f)@a+(pb(~32 =0
D%,—(e7?),Ch = 0

This condition must hold in any geometry related to a Ricci flat geometry by a conformal transformation.

However, notice that our original choice of ¢ was fully arbitrary. Therefore, this equation holds regardless of ¢.
We can choose e? to be any gauge factor, and an equation of this form holds. What this means is that there is one gauge
in which @ = 0; this is the Ricci-flat gauge. In general, when this equation is satisfied, the Ricci and Eisenhart tensors
are constructed from derivatives of ¢. The curl of the Eisenhart tensor doesn’t vanish, but ends up being (e"”)7h CZ.

2.4.2 Sufficient condition: Integrability for conformal Ricci flatness
We have shown that if a spacetime is conformal to a Ricci flat spacetime, then we necessarily have
ﬁ@a - (e_(p)

o
,CE=0

We now seek a sufficient conditon.
Start with a spacetime with curvatures C§, %, and perform a conformal transformation. The new curvatures are
given by

c = ¢

- 1
7 e ? <%c +Do.— ¢ do+ 5 (nfg(P,f(P,g) nceee>

and the new spacetime will be Ricci flat if and only if . = 0. We therefore require the existence of a scalar ¢
satisfying

1 .
0 = ZetDoc— e+ (170, 19,) Mece
1 .
= Ke+dQ.— .00 — @ do+ 2 (nfgq)qu)'g) Mee€”
Werite this as

1
Ao, = Q.0+ Ao~ (175010 ) Neee — 2o

Then the integrability condition is given by the Poincaré lemma, d>¢ . = 0. We therefore require
1 ,
0 = d ((P,aw? +o.do— B (nfg(P,f(P,g) Nece€” _%C)
1
= d9,0¢ +9,d0; +dp.dp — (150, 1dg,) e = 5 (170,19.¢) Tcede” — A7
Now substitute for do .,
= b — l fe (N a a
0 = (9s00+9adp =3 (N50,10) Nace® = Zu | O + ¢ A
a 1 fg e
+( a0l + 949 — 5 (N0 1) N’ — % | do
fg a 1 hk d e
—\N°ef| a0, + (P,gd(P - 5 (71 q’,h‘P,k) Nga€ _%g Nee€

(n7%9,10,) Neede’ —dZ,

| —
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Simplify,
0 = ¢4 (dwf - wlja)la,) + 9, dow! —Z.do — (A% — i X ,)
+¢ 0cde — (‘p,fq’,awaf) Mee€” + n'fgfp,f%gncee“’
—% (N0 19) (Ncc’dP+2d@ncee’ — dTee’ + Mo (de” — e 0f))
and so
0 = o (da)ﬁ — wﬁ’.wZ)
— (4%~ 020+ 2 (8280 1" ea) e
= QuRI— (%, — (0} +28%0 ") %))
= QR (4%, — 6},
= @.RI-DZ.
Try to separate out the ¢-dependence,
0= @.RY —~DZ.+ 20 ¢ 16 %),

Expand the curvature,
R} = Cj + 205 % ¢

so that
0 = @.C4 0 20%R e —DR.+20 ¢ 16 %,
= 0,C¢ DR A20 ¢ 4 (Fpe + e Ry
= 0,C:—DZ.

Therefore, a sufficient condition for the space to be conformally Ricci flat is the existence of a scalar field such that
0.C:—DZ%.=0

This is the usual form of the condition. Unfortunately, the condition still depends on the scalar field.

This condition is therefore necessary and sufficient.

How do we use this condition to solve for the geometry? Here’s the program: Having this condition tells us that
there exists a gauge in which the Ricci tensor vanishes. Choose that gauge and solve for the metric. Now, gauge again
by an arbitrary conformal factor. This gives the conformal equivalence class of metrics which solve the problem. Each
choice of gauge will satisity ¢ ,C¢ —DZ. = 0 with its appropriate conformal factor, Weyl curvature and Eisenhart
tensor.

The usefulness of the condition is that it is the conformal equivalent of the Einstein equation. It is not particularly
useful for solving for the metric — the whole point is that we can still use the Einstein equation for that, but then
have the freedom to choose a gauge. But knowing that ¢ ,C¢ — D%, = 0 is the conformal Einstein equation lets us
interpret that expression when it occurs in other gravity theories. Any gravity theory that leads to this condition is on
experimentally sound footing — all data that support general relativity support such a theory as well, and the freedom
to choose a local scale makes it epistemologically more sound.

3 Weyl (homothetic) gauge theory
We ask corresponding questions in a Weyl geometry. The overall symmetry is that of the Poincaré group together with

dilatations. We take the quotient of the inhomogeneous Weyl group by the homogeneous Weyl group to get an n-dim
base manifold with local homothetic (Lorentz plus dilatations) symmetry.
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The structure equations are now

a _ C A a

doy = oyw;+Q;

de‘ = e‘0f+ we
do = Q

and setting @ = W,e?, the connection may be written in the form
0% = al —20%W,e?
where ¢ is the usual spin connection for e, since then

de = e‘of+ we’
= e“al —2A0%Wee’ + we’
e‘al —Wweee’ + we”

_ C ~a
= e‘of

Notice that under conformal transformation, the connection changes by

~d e(pea

O = w+do
~~a a
0, = W,

Notice that the spin connection is unchanged (this happens because dilatations and Lorentz transformations commute)
and therefore the curvature is unchanged:

Q, =
¢ = ¢
Ry = Ra

As aresult, it does not make sense to ask for a conformally related metric with vanishing Ricci tensor — the Ricci tensor
is conformally invariant. We now consider the homothetic equivalent of the vanishing of the Ricci tensor, namely,

a

bac — 0

We now show that this is the necessary and sufficient condition for the existence of a gauge in which the Riemannian
part of the curvature has vanishing Ricci tensor.

3.1 Conformal Ricci flatness

We now consider the necessary and sufficient conditions under which the Ehrenfest tensor, %,, vanishes in a Weyl
geometry. Since the vanishing of the Ehrenfest tensor is equivalent to vanishing Ricci tensor, this condition solves the
vacuum Einstein equation.

We have seen that the Lorentz curvature is given by

. 1
Q¢ = R{—2A% (DWC +We® = S e (nfew,w,) ee> e’
Suppose the trace of this curvature vanishes,
zl,l(,' = O
Then, writing QZ in components,
1
b = Ry 2885 (Wect Wt — T (no W) ) e
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we must have
0 = QZCd
Rpg+ (n—2)Wy.q + N NpaWee
+(n—=2) W, Wy +n“npgWe W,
—1pa (n—1) (n/$W; W)

The trace gives

0 = R+2(n—1)n"Wyy
—(n—1)(n—2) (n'sW;W,)
1
bd _ few .
W = —(~R+(n—1)(n—2
N Wha 2(n—1)( +(n—1)(n=2) (n'*W;W,))
Substituting,
1
0 = Rbd—mnbdR
1
+(n=2)Wpg+ (n—2)W,Wy — 3 (n—2) Npa (TlfngWg)
or,

1 1
Kpg = ———=Roa—=——MpaR
bd n2< bd 2(n71)nbd )
— . _1 /8
Wia +WyWa = 510 (075 W W)

This has symmetric and antisymmetric parts,

1
Fra = Wp.ay T WoWa— 5 Med (n/sWsW,)
0 = Wpy

The antisymmetric part is just half the dilatation. Therefore, QF ;, = 0 if and only if

1
Fpa = Wya +WpWgq — 5 Mbd (n/sWsW,)
Qp = 0

Solution for the Weyl vector We treat this as a differential equation for the Weyl vector. Contract with e? to write
it as a 1-form equation,

1
0 = DW;,—I—W;,(O—EUMWzd—%[,

1
aw, = Ww.a,—Wyo+ 5n,,dWZe" + Ry
The integrability condition is then
0 = dW,

1
= dW.af + W.das — dW,0 — Wydo + 1npWedW.e + Enbdwzded +d2Z,
1 . )
= dZ%,+ (Weaﬁ —W.o+ EnchZed +%’C) oy +Wedag,
. 1
— <WCO£Z —Wyo+ EndeZe" +<%h> o —Wydw

) , 1 1
+NpaWe (Weag —W.0+ iﬂch2ed + %c> ¢! + EndeZded
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Now collect terms,
0 = d%p— 05 R — Zp0+Wedas — W, 00508 + Npa W R e

1 1 1 1
+§nde2ded — Enc;,erd al — 5nbdwzed © — MW we? + EndeZWeeeed

—Wydw

and therefore,

0 = DoZp—WyQ+WRj — 20+ 0paW R !
Now write

— Ry @+ NpaWR e = W, (=858 +Npan) X e

= 2W, A% e
so we have
0 = DiyZ—WyQ+W, (Rg - 2A2§,9?eed)
= D%y —WpQ+W.C,

together with

Q=0

Since the dilatation vanishes, the Weyl vector is a gradient, so there exists a function ¢ such that

0 = D(a)%b —W,Q+ Wch
= DiyZr+9.Cp
Of course, this is the condition in the underlying Riemannian geometry for conformal Ricci flatness.
Conversely, suppose the underlying Riemannian geometry is conformally related to a Ricci flat geometry. Then

the condition above holds and we can run the calculation backwards to show that the integrability condition hold. This,
in turn, means that we can solve

1
0=DW,+W,0 — Enbdwz d — Ry
Such a solution gives
zcd =0
Therefore, the Riemannian geometry underlying a Weyl geometry is conformal to a Ricci flat geometry if and only
if Q¢  =0.
bed

3.2 An action for General Relativity

Usually, scale invariant actions for gravity theories are taken to be quadratic in the curvature. There is a simple reason
for this: while the curvatures, Qf, %Z,, and Q are conformally invariant, it is not obvious how to build a scale invariant
action because the volume element has conformal dimension +4. Thus, although the functional

will lead to the field equation we desire, the integrand has conformal weight +2. The usual solution is to write an
action quadratic in the curvature, such as

Sy = /Qg*gzeahcd

This leads field equations that contain second derivatives of the connection, and are therefore of third order for the
metric. Such higher derivatives are often found to lead to negative norm states — ghosts — in the quantum theory.
However, the situation is not actually as bad as that, for if we use the quadratic action the field equation,

D'Q¢ =0
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may be related to the integrability condition for the conformal Einstein equation. But there is a still better solution.
An often overlooked fact of scale-invariant geometry is that dimensionful “constants” may have nontrivial evolu-
tion. To see this, note that the homothetically covariant derivative of a tensor with dimensions of (length)" is given
by
D TP = 9, T 4+ T T, + ...+ T"T, +nW,T"¢

and tensors are labeled by both Lorentz type, ( Z > , and by conformal weight, n. We may therefore have tensors, «,

of Lorentz type ( 0

0 ) , but conformal weight n, and these will have covariant derivative

D,x = d,x +nW,x

even though in a Riemannian spacetime x would be scalar or even constant. The physical meaning of this is clear.
Suppose Kk represents the length of a meter stick. Then, if we use global units with W, = 0, that length is unchanging,

aaK‘o =0

and the length is constant. But suppose we choose a local length standard given by a set of springs. The length of
those springs, /s, relative the the meter stick, changes from place to place and time to time. If the meter stick were our
standard, then the length of the spring at spacetime position (t,x’) is a function,

s (t,x") = Lpe?

However, if we take the length of the springs as our length standard, it is the length of the meter stick which changes,
K= % = & (¢,x'): it is the dimensionless ratio,

K Ko —0
—_—= — =
lsO ls

which is the measured quantity. With the springs as standards, the Weyl vector is given by W, = d,,¢. We still regard
K as constant because it satisfies the condition

D,x = o,x+W,k

= dukK+dypK

= d,k—kd,In(Kk/lyp)
aa(K/l‘VO)K

= K )

= 0

Notice that the existence of global constants of this type, that is, one or more quantities satisfying Dx = 0, we must
satisfy the integrability condition

0 = d’x
= dokx—odk
= dox— ook
= doxk

If the constant x is not to vanish, then the dilatation must be zero, Q = dw = 0. A weaker condition is possible: we
can demand the existence of a congruence of curves along which k remains constant. In simple applications, these
curves turn out to be the classical paths of motion. See Gauging Newton’s law.

Now, if we insert a constant of the appropriate conformal weight into the functional S;, we have a suitable action,

S= /KQ“beCedeabcd
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We require x to have units of (length)f2 in order for the integrand to be of weight zero. If we use the gravitational

constant,
3

o om
[61= kg - sec?
together with the speed of light and Planck’s constant,
Gh| m? sec® kg-m?
{@} kg-sec? m3  sec
then we may set
3
“= Gn

Dirac, in his large numbers paper, takes this action a step further by adding a kinetic term for k. By allowing
solutions with slowly changing «, he accounts for the relative sizes of certain fundamental quantities. This approach
may be taken in any dimension, n, with

S = /K(”fz)/zﬁabec --e?eype..q + Kineticterm

Notice that the form of the action depends on the dimension of the space.

4 Auxiliary conformal gauging

The auxiliary conformal gauging has the structure equations

do! = ofo’+20% w0+ Qf (1)
do’ = o’ +ow’+Q" )
do, = o’o,+w,0+Q, (3)
do = o0%0,+ 4)

where the horizontal directions are spanned by the gauge fields of translations, @®. The quotient is {M%,P,,K*,D} / {M%,K*,D},
resulting in an n-dimensional manifold which we identify with spacetime. The solder forms, w“, span the base mani-
fold, and all forms and curvatures are horizontal, for example,

1
a __ a cd
Qb_i bed @ @

Each of the connection 1-forms is a function of 7 coordinates, x%, and is a linear combination of dx?,

o’ = 0? (xﬁ) dx®

4.1 Bianchi identities

In the next sub-Section, we show that it is consistent to set the torsion, Q% to zero. We have found the Bianchi
identities for any torsion-free conformal gauging to be

DO} +2A%Q.0f =
0°Q% — Qo
DQ,+ Q0. — 0,Q
dQ - 0'Q, =

Il
©c o o o

Because the torsion vanishes, the second of these is algebraic:

0= 8Qca + 6/ Qup + 87 Qe — Ly — L, — Lipe

25



The trace on ac,
0 = Qpg+nQup+ Qg — ey — Qe
= —(n=2)Qp — Qg + Qp

so that
ch - 'sz’cb == (I’l - 2) Qpg
then shows that, just as in the Weyl case, there is an antisymmetric part to the trace of the curvature, which is propor-
tional to the dilatation.
The first Bianchi expands to give

0 = DQJ+220%Qs0°

1
= 5 ( ch;e =+ ZAZI{'QJCCUO a)Ca)da)e
Take the trace on ac,
0 = Qgcd;e + QZde;c + Q‘Zec;d
F2AT Qg + 20T Qe + 20 Qe
= Qch;e + QZde;c + QZec;d
+ (1= 3) Qe + NN Qfee — NepN Qfea
Take an additional trace, on bd,
d d d
0 = Q° cdie T Q° ec;d Q° ed;c
+2(n—-2)Q4,

so we have the trace of the co-torsion,

1
Qi{g = ) (I’l — 2) (QCd ed;c QCd ec;d QCd cd;e)
1 de de d
= m (Q ‘ deic + Q% dese — Q° cd;e)
1

= m (ngc deic — Qdc dc;e)

Substitute back to find

0 = chd;e + dee;c + Q‘zec;d
1 1
+ (n - 3) Qpge + mﬂdb (ZQaC ae;c Q* ac;e) - mneb (Z'Qac adyc Q* ac;d)
and we may solve for the entire co-torsion,
1
dee = _m ( lc7cd;e + Qide;c - ice;d)
1

. 1 .
Ndb (zgm aese — Q% oo 3y eb (ZQM adic — Q uc';d)

a“e) 2(n—2)(n—3)

2(n-2)(n-3)
Skipping the third, the final identity is
dQ—-0'Q, = 0
Expanding,
Q] = Lear) = 0
or
Qapie + Qpesa + Qeasp — Leab — Labe = Lbea = 0

When combined with the result from the first identity, this relates the Lorentz curvature and the derivative of the
dilatation.
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4.2 Inconsistency of the linear action
4.2.1 An invariant action

To write an action for the auxiliary conformal gauging, we first find the available tensors. Setting the translational
gauge transformations to zero, A = 0, the gauge transformations of the connection forms become

@4 = ALeSAL+AoA,
N A Neg AL — dA% A,
o = Ao°A
0y = AN+ A0A,
+A0 AL + AoA, —dA A, —dAA,
O = o+A0°A—dAA

so the solder form, ®“, becomes a tensor. Notice that a special conformal transformation, A,, can be chosen such that
the Weyl vector vanishes, @ = 0. The curvatures gauge in the same way except for the derivative terms,

Q) = ALQYAL +AQA,
N AN,

Q' = AQA

Q. = AQYAY+AQN,
+AQ A% + AQA,

Q = Q+AQA

Only one of the irreducible curvature components is a tensor — the Lorentz curvature, special conformal curvature and
dilatational curvature mix with one another. This makes it difficult to write an invariant action. However, the situation
is considerably improved if we set the torsion to zero,

Q=0

This is a gauge invariant constraint because the torsion, at least, is a tensor. The constraint is also consistent with our
expectation that @ is the spacetime solder form, so that to recover general relativity we will want vanishing torsion.
Dropping all torsion terms, the curvatures transform as

Q) = AQUAG

0" = ALQA=0

Q. = ALQGAL+AQAL + AQA,
QO = Q

so now the Lorentz and dilatational curvatures transform as independent tensors, both of conformal weight zero.
For the action, the simplest choice is similar to that for Weyl geometry, by introducing a dimensionful “constant”
or field,

S= / K’ (Q“b + Ae"eb) e eleype.a + DK DK+ m’ K K
Look at the kinetic term

d 2.2 d e

1 . 1
DDk +m’Kk'x = ﬁDaKDng”‘ecd...ee“e ---eﬂ—;m K eq...ee - e

(n—1)

1 : 1 -
= —— D.kDpkg"ecq..ce® D + —’m2Kzecd...ee‘d )
n!

(n—1)!
_ (g“bDa KkDyK +m> KZ) o
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Since the conformal weight of & is n, and both m? and g have conformal weight —2, we require k to have conformal
weight — ”2;2, and the covariant derivative is given by

-2
D,k = d,k — (n 5 )Wal(

Notice that we must also have
D,m=dm—mW,=0

if the mass is to be considered constant.

The cosmological constant A, written as we have with a factor of k2, has conformal weight —2.

It quickly becomes clear that we must modify the linear action, because the varying the special conformal gauge
field leads to a contradiction,

6S = B/Kzﬂ“be“medeabc...d
= /K2 (—2nbhAﬁ6weef) e eegpea
Then
0 = 2nbhA“eegefe el eyped
0 = 2nag (858] - 855])
= (8785 —n“np) (n"858] ~n"o55] )

— ngeinngeinng€+ng€
= —2(n—-1)n%*
and since we have n > 2 and x # 0, this is incorrect. We must therefore modify the action by adding one or more
additional terms.
We may try to fix this problem by adding additional terms. Since the torsion vanishes, the only possibilities at

quadratic order are the square of the dilatation or the square of the Lorentz curvature.
The simplest term to add is one quadratic in the dilatation, Q*Q. Then we have

S= / K> (Q“b +Ae“eb) € eleypeq+ KB QA+ DK DK+ m’ kK
The conformal weight of 8 is given by expanding the dilatation term,
BQQ = B Quag s eergneiees e

The solder forms give a weight of n, the inverse metrics —4, the factor K% a weight of —n+ 2, and the components of
the dilatation —4. Therefore, the conformal weight of B must be —6.
However, when we vary the special conformal gauge field, we again find a contradiction. We have

6S = /K26Q“”e”---edea;,e...d+2K2B6Q*Q
- / K2 (—2nbeA§§6coced> e/ ey + 2K2B (—e50,) O
= /26wc beA“‘edef egeu;,f...g—&—ﬁe”*ﬂ)
and therefore,
0 = —nbeAfliedef -eSegpr. g—i—( I)ﬁeCQabn“dnbeede/ e/ .. .e8

1
0 = —n™A%e"ele - eSey. g+( ol ﬁQabn n*eqer..c"eel -
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1
0 = 7nbeAZliehdf geabf~-g+mﬁgabnadnbeedefmgehcf g

0 = (n—2)mag (818 - 5/8}) — Bwn“n® (&}6: — 550! )

_ % (n—2)! (nch _ nnch _ nnhc n nch) B (th _ Qch)

= —(n—1)In"-2BQk

so that this generalization does not solve the problem: the antisymmetric part forces the dilatation to vanish, while the
symmetric part is inconsistent.

Exercise: Find the remaining variational field equations from this action

Answer: See Appendix A Returning to the central problem, we consider a fully quadratic action.

4.3 Quadratic action theory

Consider the quadratic action:
s= a0y al+pare

We find the resulting field equations.

4.3.1 Varying the Weyl vector

Varying the action with respect to the Weyl vector,

- Sw/aQZ*QZ+ﬁQ*Q

/ZﬁSwQ*Q

since the Lorentz curvature is independent of . The structure equation for dilatations now gives

Q = do- oo,
0o = d(0w)

Therefore, integrating by parts,

0 — /VzBd(Sw) “Q
/Vz[s (d((5) *Q) + Swd"Q)
ZB/‘SV(Sw) *Q+/V2ﬁ6cod*£2

/zﬁSwd*Q
|4

since the variation vanishes on the boundary, 0V. Since the variation is arbitrary, the field equation is

Bd*Q=0
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4.3.2 Varying the spin connection

Next, varying the spin connection, we have a similar calculation,

0 = 648
b
_ awg/aga*gc;,ﬂsg*g
b
since the dilatation is independent of ®¢. From the Lorentz structure equation

Q4 = do’ — 050" —2A% o.0°

85,00 = déo’,— 500’ — 0,5’
= Déo’

a

where D is the covariant exterior derivative. Substituting and integrating by parts,
0 = 2a/6wg§zl; 0t
/V 2BDS %, * Q4

/ 28D (30%,°Q4) +2B50%,D"Q
\%4

- /V 2Bd (50,4 ) +2B50}, D0
- /(wzﬁSa)l;*Q‘},+2ﬁ/v5wbaD* a
- 2ﬁ/v5w1;1)*gab

Notice that D (6% *Q4) = d (6%, *Q9,) since the expression in parentheses is a scalar. The variation vanishes on
the boundary and is arbitrary inside the volume of interest, V, so the field equation is

aD*Q =0

4.3.3 Varying the special conformal transformations

The variation with respect to the special conformal gauge vector is simpler. We have
O - Sa)(:S
_ 5w(./agba*sz‘;,+ﬁg*g
_ 2/0580,092;*9‘2—#[35@09*9

From the expressions for the curvature, the variations are:

Q4 = do' — 050 2% 0.0
b _ be d
00, = —2A;,00.0
Q = do- oo,
00, = —-0'dn,

so substituting,

0 = 2/a8wCQ’Z,*Q‘§,+[35wCQ*Q

Z/a(—ZAZZM)C(od) Q4+ B (—0*Sw,) *Q

—Z/ch (ZaAZZa)d Q4 — BwC*Q)
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Using the antisymmetry of the Lorentz curvature, the final field equation is

2000°*Q% — B Q=0

4.3.4 Varying the solder form

The final variation, with respect to the solder form, @“, is complicated by the dependence of the volume element on
the solder form. To make these terms explicit, we expand the dual form in the action,

s = [aqle;pare
1
= g/(agbaaﬁgabm—FﬁQaﬂQlo glpgw\/jgé‘pauvdxadxﬁdx”dx"
Now, variation of the solder form leads to
0 = 6,8
1
= 1/(0‘5wkgl;aﬁ912m+l35wk9aﬁ9m> P ¢™ \/—gepopydx®drP dtdx”
+l (och Q4 +ﬁ-Q Q 28 Ap w_l Ap TO S ) \/_—8 dxadxﬁdx“dxv
8 aoffCebAt afSeAT w8 "8 2g 8708609 0,8 gEpouv

Next, we need the curvature and metric variations:

%6Q‘zaﬁdx”‘dxﬁ = (050~ 05a0s — 2050008 ) dxdr
= —2A% 0 S0 dx¥dxP
8Q%s = 2050804 =205 0aSwy
%SQade“dxﬁ = §(wpq— 0fw,p)dx*dxP
%SQaﬁdxadxﬁ = —dofw,pddxP
0Qup = Bwﬁ“a)m—éwo?waﬁ

and (this will be clearer if we denote the solder form by wﬁ“ =e E from here on):

5g%F = 5(g°“’gﬁ"gpa)
= 28¢%gP%gp0+8%P 8P 85p0
= 287 + g% gPo5g,,
5g%F = g gPo5gp,

= —g*gP%s (nabeﬁeé’)

= —gapgﬁcnab <3ep“e£—|—eg5eé’)

= g% (n”def'edc) T]ab(‘iegeg — (T[Cdecaedp) gﬁcnabeg(‘ieg
= —g% (n”decﬁ) Naadef — eJgPo5el

= fgo‘peaﬁc?e’ffef‘gﬁoﬁeg

- (gagecﬁ +ecagﬁ6) 56(?

The variation becomes

1
0 = 1/(a5wk§2bwﬁ§2“bm+[35wk§2aﬁ9.“>glpgw\/—gepg“vdxadxﬁdx“dxv
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+%/ (agb‘w‘ﬁgab“—i_ﬁgaﬁgla (26wkg’l”g“’ B ;glpgmgw%kgw) \/jggpcuvdxadxﬁdx“dxv
- }L/ (O‘ (4AZ§;wcﬁ5w(f> Qe +2ﬁ5wélwaaﬂm) P 8"/ —gepopvdx®drP dxtdx”

*%/( Qiaﬁgizﬂfﬁgaﬁglr) (255155816 - ;g}”pgwgeqz) ((géeec‘“refgq’é) 5e§) \/jggpcuvdxadxﬁdx“dxv
_ 1 (a (4Aﬁ’.§fwdﬁ8§,) 4o +2B8; wmgm) &P 87 g AP it dr S

_%/ ( Qbfwﬁmblﬁm“ﬁg“) <253 358" — %81” 8“’894») (gé"ec‘“rec"g“’g) V= 8Epouvdx®drP ditdr¥ Se

Then the field equation is

1
0 = 4 (O! (4A£gwdﬁ 6‘5) ab)u: +2B5§ wcaQ)Lr> glpgraspcuvdxadxﬁdx”dxv
1 1
—g (0ap e+ BRup Q) (253 5pg™ — 58" g“’gmp) (85062 +ef8%% ) pouvdr®dr dutax”
Taking the dual,

! bd < a ¢ Ap 1o saB

0 = Z ((X (4Aca a’dﬁ&x) AT +2ﬁ6ﬁ wCOCQ)LT) gtg 8p6
1 1

78 (0 ap @i+ B Q) (253 8pg™° — zg“’g“’geq)) (850e +e05%%) 558

0 = 4aAlwpQ F 1 2Bwa
1
(st e et

1
28 (Qpcg‘i%f - 4QPGQ”Ge§>

Finally, we rewrite the final equation in the orthonormal basis by multiplying by the solder form, e g and replacing
coordinate (Greek) contractions with orthonormal (Latin) contractions:

0 = 20AYw,/Q% '+ BaoQ%
1 o
RACHRCALES AR

1
y; (gcdged - 4Qab9“b6f>

Now lower the e index, and use A?Q¢ /= Q% /,

0 = 200407, '+ Bw,0"
1
a0l 0, - Jnol,0 )

1
*ﬁ (ch-Qed - 4nceQaanb)

4.3.5 Summary of the field equations

Collecting the results, the conformal field equations are:

aD*Q} = 0

Bd*Q = 0

2007 °Q% —Bo*Q = 0
200/, T+ B0QL = O+ BT
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where

1 c
O = ‘Qdcae‘Q‘cdbe_ ZQdcef‘Q' d efnub
o1 )
Tab = -QacgzbC - ZnachdQLd

This time, all four equations form a sensible set. In particular, the equation from the variation of the special conformal
gauge field may now be consistently solved to eliminate that field.

The two fields, ©®,, and T, have the form we typically expect for the energy-momentum tensor of a Yang-Mills
field. Here, however, they depend on the curvature and dilatation, and may not have such a straightforward physical
meaning.

4.4 The auxiliary field

Consider the field equation from the variation of the special conformal variation. Because the co-torsion, €,, does not
appear in the action, this equation is algebraic in the curvatures. This means that we can use algebraic techniques to
solve for the curvatures, rather than having to integrate.
We begin by choosing a special conformal gauge. Recall that the gauge transformation for the Weyl vector is given
by
O=w+A0°A—dAA

and we may choose the arbitrary gauge, A, so that @ + A.@°A = 0. Then the Weyl vector is pure (conformal) gauge,
® = —dAA

For the remainder of the calculation we choose this gauge, while leaving the conformal factor undetermined. In this
gauge, let 0, = W@,
Now consider the special conformal field equation. To write this in components first expand the duals:

0 = 20070 - Bo*Q

1 .
- W (20696[1 efeef8~-~h - ﬁajgefeefg...h) ows... 0"
n—2)! :

Now wedge this with one additional solder form and take the dual:

1 .
0 = ) (2aQCd Lo ren —ﬁSCjQ“feefg_,_h) o’ oes... 0"

1 ~
0 = oA (Zagcd 6f_ﬁ5dCQ6f> eefgmhebdg...h

- (2agz" P e ) 52
— 2aQCd bd _ﬁ-QbC
Lowering the bc indices and rearranging gives,

2004 . = —BQye

bac

However, the Bianchi identity for the solder form for torsion-free conformal geometry also relates these two
curvatures,
0 Q% — Qo' =0

which, as we have shown, gives

bad — gy = —(1—2)Qpa
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Now compare the antisymmetric part of the field equation to the Bianchi identity:

o ('Qcacb - chca) - *ﬁQab
QZL‘[? - zca = - (I’l - 2) Qab

The difference between the first, and o times the second gives
0 = B-(n—2)a)Qu

so that generically (i.e., unless B = (n — 2) o), the dilatational curvature must vanish. Rather than tracking two cases,
we set B = (n— 2) o in the field equation. Then, whether the dilatational curvature vanishes or not, we must have

1

= (I’l*Z) -Qab

Qcacb = 2

and we simply remember that except for a special choice of ¢, 3 in the original action, the dilatation vanishes. We
will see below that the dilatation vanishes in the special case as well.
Now define

a — a C a4
R}, = dow,— 0,0
0, = Wyl

where ©f is the Weyl spin connection, satisfying
do’ = 0’ of + 0"

We may now express the special conformal gauge field in terms of the trace, Rj ,, of R%. Notice that R} , is the
curvature of a Weyl connection, so that its trace satisfies

chd - RZcb - (n - 2) Qpq
Let R, be the symmetric part of the trace of R}, ;, so that
Riycq + Ricp = 2Rpa

Then adding,

1
bed = Roa—5(n1=2)8%q
Substituting these definitions into the structure equation for the Lorentz curvature:

Q = R{—2A%w,0°
bea = Rieq +200Wea — 285, Wee
= Rpg+ 6Wpa —N“NepsWea — 03 Woe + NapN ™ Wee

we impose the field equation:

1
—5(”—2)de = bed

1
= Rpqa— 5 (n—2) Qpg +nWpg — Wpg — Wpg + NpaN“Wee

1
= Rpg— 3 (n—2)Qpa + (n—2) Wpa + Nap (N“Wee)

so that
0= Rpg + (n—2)Wyq +Nap (N“Wee)
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Take one further contraction, and solve for the trace of W,

0 = R+(n—2)n"Wy +nnw,
1
ab
= —R
n Wab 5 (I’l — 1)
substituting, we have
1
0 = R —2)W,p————R
ab+(n ) ab 2(1’1—1) Nab
Solving for W,
W, = - ! R, — ;R
ab — n_2 ab 2()1—1) Nab
= e%ab

so that the special conformal gauge field is given by the Eisenhart tensor of the Weyl connection. This solves com-
pletely for the special conformal field, W,;, in terms of the spin connection and its derivatives. We may therefore
remove the special conformal gauge field from the rest of the problem.

4.5 The remaining field equations

Summarizing the results of the preceeding section, we have the remaining field equations, where the Weyl 1-form and
auxiliary field satisfy

do = 0
W, = '@abwb = f%ab
1 1
Ry = — Rypy— ———R
ab I’l—2( ab 2(”—1) nab>
R%, = doj—o,of

We also have the structure equations, which may now be simplified by eliminating the special conformal gauge field.
Starting with the dilatation equation, we have

Q = do— oo,
4’9 — 00" Ry,
0

since the Eisenhart tensor is symmetric. This shows that, regardless of the value of the constants ¢ and 8 in the
original action, the dilatation vanishes.

The structure equation for the special conformal transformations simply shows that the “new” curvature, Q,, is
determined from the Riemann curvature as the covariant exterior derivative of the Eisenhart tensor,

Q, = do,—oi0.— 0,0
= DZ,
Finally, the Lorentz equation simplifies,
d
Q) = doj— w,of —2A% 0,0°

= R{—2A%%,0°
1 ‘ ‘
= Cé+2A4 (% + ngewe) 0° — 20 R 400"
1
= Ci+ EZAif,‘deea)ea)”

Collecting these results we have the following:

35



Connection The connection is that of a trivial Weyl geometry

a

do’ = 0’0+ oo’
do = 0

Field equations The field equations, including results from the algebraic equations, are
Cabcd;a =0
2% abCacbd = Oy

. Y :
where Cj ; is the Weyl curvature tensor of R} = dw}, — 0 o¢.

Bianchi identities We have the Bianchi identities:
0 CZa’e;f + CZef;d + Cgef;d
+2A?l§ (‘%Cd;f - ‘%Cf;d) + ZAL;Z (%ce;d - %cd;e) + ZA%; (%cf;e - %ce;f)
DD#%, = 0

with the consequent trace relations,

CZde;a = (n - 3) (%bd;e - %be;d)

4.5.1 A little digression

It is possible that the third Bianchi identity is related to the remaining algebraic field equation. This third relation,
which follows from the special conformal transformations, expands to give

0 = DDZ,
- D (d%a — 0%, — %’aa))
~— d (d%’a — 0P, — %w) — ot (d%’c - %’cw>
+ (d%, — b %), — %’aw) ®
= —do' %, + 0bd R, — A%, 0 — B do — 0%, + O 0LR) + 0T
+dZ,0 — 02 %0 — Z,00
= — (dwz - a)flw'j) ),
= —R'%,
Expanding the curvature in terms of the Weyl curvature and the Eisenhart tensor, this becomes,
0 = R%,
Co Ry, + 200 % -0 T,
CoRp+ R a0 By — Naa™ B0 R,
= C%,

In components
0 = Cahcd%% + Cahde%i + Cahec%?j

The traces vanish identically, so this identity is distinct from the condition required by the remaining algebraic field
equation:
1

R Caped = ETM
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4.5.2 Combine the Lorentz field equation and the Bianchi identity

The structure equations are those of a trivial Weyl geometry, while the curvature field equation

Cabcd;u = (I’l - 3) (%hc;d - ‘%bd;c) =0

provides the integrability condition for the Ricci tensor to be built purely from a conformal factor. Therefore, solutions
to these equations include the conformal equivalence class of Ricci flat spacetimes. However, we have two constraints
on the allowed curvatures:

Cta, = 0
1
RCapea = ETM

While they are built purely from the conformal factor and its derivatives, the Ricci tensor and the Eisenhart tensor are,
in general, nonvanishing. Therefore, these remaining constraints are nontrivial: the class of spacetimes satisfying the
restrictions is a probably a proper subset of the class of Ricci flat spacetimes.

4.6 Structures and new features

There are no new features in the auxiliary conformal gauging. The Weyl vector is pure gauge, and the special conformal
gauge field, m,, has been eliminated — hence the name auxiliary. The Killing metric of the conformal group, restricted
to the base manifold, vanishes entirely, and we must introduce the original metric of the representation space, 7., by
hand.

Numerous other treatments of this gauging, with a variety of choices for the action, are found in the literature. A
review of these is given in the accompanying papers (Wheeler; Wehner and Wheeler).

S5 Biconformal gauging

We now consider same condition in the biconformal gauging.

dof = ofo’+2A0% w0 +Qf
do’ = o'of +oo’+Q°
do, = o’o,+0,0+Q,

do = o0‘o0,+Q

We take the quotient {M¢,P,,K*, D} /{M% D}, resulting in a 2n-dimensional manifold. We expect n of these di-
mensions to correspond to spacetime, with the remaining » to remaining to be interpreted. The horizontal directions
are spanned by the gauge fields of translations, w“, and special conformal transformations, w,, (often, in this context,
called co-translations). Horizontal curvatures are now expanded in all 2n gauge forms, for example,

= 300000 + 0.0 + 0 a0,
Each of the connection 1-forms is a function of 2n coordinates, (x*,yg), and is a linear combination of (dx*,dyg),
o) = o, (xﬁ,yg) dx* + o)* (xﬁ,yg) dy,
5.1 New structures
In sharp constrast to the previous gauge theories, the biconformal gauging leads to new structures:

1. Uniform linear action in any dimension

2. Symplectic structure
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3. Natural metric
4. SL(2,R) and complex structure

These structures, which follow entirely from the properties of the conformal group, lead to further results. Most im-
portantly, the presence of a symplectic form tells us how to interpret the extra dimensions. Unlike higher dimensional
gravity theories which require compactification or other dimensional reduction to make physical comparisons, the
biconformal gauging gives a type of phase space. Physical questions may be addressed directly in this phase space,
or on any suitable configuration subspace, without compactification. New, geometric insights into both Hamiltonian
mechanics and quantum mechanics are revealed when they are formulated on these biconformal spaces.

Two further results which we explore in more detail in the next sub-Section are:

1. The linear action leads to general relativity on an n-dimensional submanifold.
2. By combining the metric and symplectic structures, we can derive the existence of time in initially Euclidean
models.
5.1.1 Uniform linear action

We find the most general action linear in the biconformal curvatures.

The gauge transformations of the connection forms are simpler in the biconformal gauging because we no longer
have either translational or special conformal transformations. Therefore, A* = A, = 0, and the connection transforms
as

@9, A6 AY —dAL A,
@ = Ao‘A

@, = AwgA?

@® o—dAA

Notice that the basis forms, (®?, @) transform as tensors under the remaining Lorentz and dilatational symmetries.
Each of the curvatures now transforms as a separate tensor:

Qf = A“QYAY
o) ACQA
Q. = AQAY
Q Q
It is therefore consistent to set the torsion to zero,
Q=0 )

This is consistent with our usual expectation for spacetime, and also guarantees the existence of a momentum subman-
ifold of biconformal space.

Second, we assume the minimum condition consistent with the existence of a spacetime submanifold. This min-
imum condition will be discussed below. We show that under these conditions the low-energy field equations reduce
to the conformal Einstein equation. The proof is lengthy and will only be summarized here. Details will be found in
another set of notes, [?].

As with the Poincaré and Weyl gauge theories, and unlike the auxiliary conformal gauge theory, it is possible to
use an action linear in the biconformal curvatures. The most general curvature-linear action in n-dimensions is

S = [ (02 R+ 0 0,) 0 - 00,0

There can be no linear torsion or co-torsion (£2,) terms.
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Exercise: Show that the resulting field equations, with vanishing torsion, are:

— p(ag-g)

_ Qaba

= 2043570,
aQ‘Zuc—"—ﬁQbC

= 2(aQi+BQg) &y + A
_ aQZac+ﬁch

= 2(aQ + B 8 + AL

oo oo o o o
|

Answer: See Notes: Solution to the biconformal field equations

5.1.2 Symplectic structure

The structure equations of the conformal group show that almost all biconformal spaces have a symplectic form. The
dilatation equation is
do = o0, +Q

In all known solutions to the field equations, the dilatation takes the form
Q=—-xww,
so that the structure equation becomes
do=(1-x)oo,

The 2-form @w“w, is necessarily non-degenerate, and the equality shows that it is also exact. Therefore, w“w, is a
closed, non-degenerate 2-form. This is the requirement for it to be symplectic.

The presence of a symplectic form tells us that the 2n-dimensional base manifold should be understood as a phase
space (in classical or quantum mechanical applications) or a co-tangent bundle when we build a gravity theory. This
turns out to work extremely well. For classical mechanics or quantum mechanics, we take the action functional to be
proportional to the integral of the Weyl vector,

S:/w

Then the dilatational gauge freedom provides the usual ability to change the Lagrangian by a total derivative. With the
Newtonian assumption of universal time, @ becomes

w :H(xi,pj,t) dt — pidx'

and we immediately get Hamilton’s equations as the extrema. Along these extrema, no physical size change is ever
observable.

5.1.3 Natural metric

As we have seen, the Killing metric of the conformal group is

Ia% 0 (;) 0
0 0 & 0
Ksa = b
0 & o0 o0
0 0 0 1

When Ky, is restricted to the base manifold it now remains non-degenerate:
0 &
Kyp = 4
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We therefore have the inner products

<a)", a)b> =0
(0% @) = &
(@a, @) = 0

This is in sharp contrast to all of the other gauge theories of general relativity that we have examined. In the other
gauge theories, the induced Killing metric vanishes entirely. It is only by keeping both translation sectors of the
conformal group (i.e., translations of the origin and translations of the point at infinity) on the base manifold that the
Killing metric is nontrivial.

5.1.4 SL(2,R) and complex structure

If we introduce of two copies of the metric, 7,5, of the original n-dimensional space as an additional structure on the
base manifold, we get a conformal equivalence class of matrices,

2¢
€ " MNab
Gap = ( T e 2ena )

since the original metric depends on the conformal factor. If we combine this, and its inverse, with the induced Killing
metric and the symplectic form,
6[1
Kap = ( b
S

—o¢
w = (5 %)

we readily build the mixed tensors

efz(pnab
B < ezwnab )

7672¢nab >
These commute to give

661
0= [Kv'Q} - 2( b b )
Y
and we easily see that K, Q. Q generate SL (2, R). Finally, notice that

This gives biconformal spaces complex structure. The complex structure should allow us to establish an isomorphism
between the biconformal space and twistor space. However, without the conformal gauging, we do not readily see the
symplectic and metric structures.

It is well known that twistor space admits both Lorentzian and Euclidean submanifolds. However, using the
symplectic form and Killing metric to form orthogonal configuration and momentum submanifolds, the relationship
between this different signature submanifolds becomes unique.
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5.2 Summary of biconformal solution

Solving the field equations and structure equations is lengthy (see Notes). After certain gauge and coordinate choices,
the connection takes the final form

0! = of —20%W.e? (6)
o' = e'(x) (7
0, = a(fa+by) (8)
0 = We=—ysdrP 9)
where ¢ is the usual Lorentzian spin connection compatible with the solder form, €9,
de’ = e’ af
and
a = (1—-x)"! (10)
1 n®
< = o (M ats) v
o = e, P(x) dyp (12)
by = Za—e, "yl —yayee + %nac (nghygyh) e (13)

It is important to notice that all dependence on yg is explicit: the only undetermined field is the solder form, e(x),
and this depends only on x*. The full 2n-dimensional geometry is determined by the solution on an n-dimensional
subspace.

Notice that the strange looking Iy = I'f/,dx® term in b, may be written a-covariantly as

d
Dyyy = PR —)’arﬁv = —yaFﬁv
Dy, = diyyu _yarﬁ = —Yarff
with the understanding that the g index of Dy, labels n different functions, but does not transform as a vector. There
is a sense in which y, does transform as a vector? The submanifolds spanned by y,, are flat Riemannian geometries.
If we assume the corresponding manifolds are R”, then the coordinate y, doubles as a vector. Then this term is fully

covariant.
We also have

R (Rab - z(nl_l)Rnab) (14)
The curvatures are then

Q= %chdeced — 2KA% w.e? (15)
= R{—2A% %! —2axA%f e (16)
= CY—2axA%f.e! (17)
Qf =0 (18)
Q, = Dy o ZatW,C, (19)
= A%y — &’ R+ W,CE (20)
Q = —ke'w, =—axe'f, = —axdrPdyg 2D

Finally, the structure equations take the form
do! = ofo’+20% oe 4 C8 (22)
de? = eba),‘j + we? (23)
do, = olo,+0,0+D o%i+W,C, (24)
do = e‘o, (25)
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where
a _ pa ac d
4 = RY — 2A% €

is the Weyl curvature.

The derivation of this solution and its interpretation as General Relativity may be found in the accompanying
papers.
5.3 General relativity on biconformal spaces

With the solution of the torsion-free field equations, we have reduced the structure equations to:

dof = ofo’+2A% we +C
de’ = e’af + e

do, = lw,+0,0+D o%+W,C,
do = e,

In order to find this solution, we make use of the involution of the solder form evident in the second equation. Using
this to set the solder form to zero, and using the form of the soluiton, we have a submanifold described by the simple
equation

do, = 0

This equation was used to introduce the y, coordinates.
A second, complementary submanifold may be found by requiring involution of @,. If this occurs then we can
consistently set
w, =0

which reduces the structure equations of the submanifold to

doj = ojo!+C;
de’ = e’of + we
0 = D oZatWyCh
do = 0

The final two equations are the familiar conditions for the metric to be conformal to a Ricci flat metric. The first,

second and final equations also imply this condition, since the first requires the curvature of the spin connection to

give the Weyl curvature instead of the Riemann curvature. This happens only if the Ricci tensor is purely conformal.
The induced metric on these submanifolds vanishes, since the Killing metric gives

<a)”, a)b> = 0
(0%, 0p) = 0
(@g,05) = 0

This suggests that we look for metric submanifolds.

5.4 The existence of time

We have proved that the symplectic form, the metric, and the demand for orthogonal momentum and configuration
submanifolds, imply the existence of time in 4-dimensions. The result also holds for » odd. When n is even and greater
than 4, Euclidean models still require the existence of time in the gauge theory.

If we turn the result around a little, we find that the conformal gauge theory of a Euclidean space of any dimension
always leads to an orthogonal pair of momentum/configuration submanifolds with induced Lorentz metric.

Starting from the solution above, the result is not difficult to show. The direct proof, found in http://arxiv.org/pdf/0811.0112v1,
is more difficult.
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5.4.1 Canonical, orthogonal submanifolds

The restriction of the conformal Killing metric to the base manifold of the biconformal gauging is non-degenerate,
but anti-diagonal. We seek a new set of canonically conjugate basis forms such that there is an unambiguous induced
metric on the configuration space. The only way to guarantee that this induced metric is independent of momentum is
to require the configuration and momentum submanifolds to be orthogonal to one another. Since the Killing metric is
non-degenerate, this implies that the momentum submanifold will also have an induced metric.

It is straightforward to show that any canonically conjugate, orthogonal pair of submanifolds may be spanned by
forms (x?, yp) related to the original basis by

1
xa — wb + 5hbc o,
1
Na = Ewa —hgp wb
1
o¢ = 5 (xa _ habnb)
W, = Mg+ habxb

where £, is symmetric and nondegenerate and 7% is its inverse. The inner products of the new basis forms are then
orthogonal

<%a7xh> — hab
<Xa; lI/b> =0
<Wav Wb> = —haw

with +h,;, the new metric. They are also canonical since

do = 1"y,

5.4.2 New coordinates

We can learn something about the induced metric by choosing corresponding coordinates. From the solution for the
basis

o’ = e(x)
0, = a(fi+bg)
and the Killing metric, we find the line element
ds* = 2800w,
= 2a(efdx*) (e)dyy +baydx")
= 2a(dx*dyy + byydxtdx")

Coordinates on the orthogonal submanifolds will make the metric block diagonal (The submanifold condition depends
on the existence of a pair of involutions, which do turn out to exist and can be derived directly. This calculation is very
lengthy, and will not be presented here).
Define a coordinate z;, such that
dZy, = dyﬂ +buvdxv

Then in terms of zy, the line element is
ds* = 2adx"dz,

Clearly, x* and z;, are null directions. Setting

1
dry huyvdx” + Edz”

1
dSu = huvdxv — EdZy_
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we have
1 1
h“vdrﬂdrv = h”v (huadxa —+ 2dZ“> (hvﬁdxﬁ =+ 2dZv>
1
= hypd"daP +dxVdzy + GV dzydzy

1 1
WVdsydsy = h* <hwdx“ - zdzu) (hvﬁdxﬁ - 2dzv>

1
= hdexvdxﬁ —dxtdz, + Zh‘”dzﬂdzv
and therefore,

ds* = 2adx*dzy
= a (h“vdrudrv — h“vds#dsv)

Therefore, rq and s, make the metric block diagonal,

L/ h
gMN( Y _hn >
a uv

Any coordinate transformation of the form (7 (r),3p (s)) preserves this block diagonal form.

5.4.3 Integrability of the new coordinates

There are two integrability relations we must address in order for the ry and s, coordinates to exist. First, we require
integrability of the coordinate transformation,

dZ,u, = dyu +bﬂvdxv
or equivalently, involution of

e#dZu = e#dyu +e#buvdxv

= f,+b,

1
= —O_)a
a

The special conformal structure equation,
do, = 0} 0, + 0,0+ D 4y %+ W, Ch

together with the form of the solution, show that @, is involute if and only if

(D(xﬂ)%a + Wbcﬁ) =0
w,=0
If this condition holds, then the structure equations reduce to
do; = o,0f+C]
de’ = e’of + we’
(Dt Za+ WiCh) -0
’ 0,=0
do = 0

This describes a trivial Weyl geometry with Ricci tensor of purely conformal type, so in order to define the configura-
tion space the metric must be conformal to a solution of the Einstein equation.
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Now consider the second integrability condition. We need both

v 1
1
1 1
1 1

dsH = hu_vdxv - 7dyu_ - 7b‘u(xd.xa
2 2
integrable. We can achieve this algebraically by setting

huv = o-by_v

with o constant, since this reduces the differentials to

1 1
dry = zdyy+(0+2 )buadx®
2 2
1 1 o

and we have already seen that by odx* is closed.
5.4.4 The signature of the induced metric
Now consider the form of b,:

\% I c 1 gh c

b, = Z.—e, Yul'y = Yayc€ + Enuc (TI )’gyh) €

It is sufficient to consider the flat case. Then we may set the curvature and connection to zero, leaving
h”v - Gb[JV
o oo
= 5 (=2 + v (1°%5py5))

Set o =2.
We have shown (see http://arxiv.org/pdf/0811.0112v1) that:

1. The metric always takes this form.

2. The signature of the induced metric is consistent across the entire phase space only if the original metric, 1y,
is Euclidean or of signature zero.

Consider the Euclidean case. We begin with a Euclidean metric, 1,y = diag(1,1,...,1), and construct its conformal
group. We then gauge that group biconformally. The resulting symplectic space has canonical, orthogonal submani-
folds with induced metric

huy = 293y — My (MP¥pyo)
Consider the copy of the configuration space at y,. Perform a rotation so that

}’a:P(1>0»~~-70)

Then the metric is

hyy = —2yuyv +Nuv (npc)’p)’a)

Il
\
[\
°
o
+
<



1

which is Lorentzian. This means that the conformal gauge theory of Euclidean spaces is described by a Lorentzian
phase space. It is possible to map back and forth between the original Euclidean space and the Lorentzian configuration
space. Any physical theory that we can construct in the Lorentzian space has a corresponding, equivalent formulation
in Euclidean space. In this sense, we may view the existence of time as a consequence of the conformal gauge theory,
rather than an intrinsic property of the original space.

It is probably most correct in these models to regard the 2n-dimensional biconformal space as “the world”. This
is consistent with both classical and quantum mechanics, which take their most elegant forms in phase space. Indeed,
phase space is necessary for the description of quantum mechanics - without both position and momentum, we have
no uncertainty principle.

A Variation of the modified linear action
Exercise: Find the variational field equations from the action

S= /K‘2 (Q“" +Ae“e”) e elegpe.qg+ KB Q+ DK DK +mP K K

Answer: The special conformal gauge field is varied above.
Varying the spin connection, leads to:

8 = /KLEZDSO)abec---edeaboud
= /D k"7 e .. - e Cabe-.. )Jr(Sw“bDKT2 ooeeype
+(n-2) /5w“bKTDeC elegpea
= /d ab e ~ede,l;,c >+6a)“”DKTZ ¢ --edeabc...d
(n—2) /Sw“b k"7 Det el Cabe-d
= /5(1)"”D1<Te"---edeahc‘.‘d+(n—2)/5w”hK%De"ee~-edeabce,..d

Since the torsion, Q¢ = De“ must vanish in order for the action to be invariant, we drop the second term, resulting in
the field equation

n—4
5= c d
= K 2 Dxe®---e“e pe...q

0 = Dkeeeype.y
Wedging with e/ and taking the dual,
= D, kele2el - eeype.a
= D, kel8 e u
= —(n—2)IDgx (5j5,§ - 5;’65)
= —(n-2)! (SJ'D;,K—E,{D“K)
The trace on fa then gives

0 = —(n—=2)(n—1)Dpx
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and K is constant.
Notice that the integrability condition has changed slightly. We now have
0 = d*
= dokx-—odk
(0w, + Q) Kk — ook

(00w, + Q) K
so the dilatation must be
Q = —-0'o,
1 1
EQabeaeb = 5 (0pg — Wgp) ee’
Qab = Wpg — Wgp
Solder form variation With the action given by
S = / K2 (Q“bec edeabc 4+ Ae‘e bec. -edeabc.i.d>

: 1 .
+ / K2 Q— = (g“hDa KkDpK + mzxz) ege e
. n!
it is easiest to vary some terms differently than others. for the first two terms:

0S8 = 5/1(2 (Q“bJrAe“eb) e ey

/ K2 (69“%0 celegpe g+ (n—2) Q%€ - el e pe...q +nASeele’ - ~edeabc...d>
= /K2 (—ZnhhAﬁa)eSefec---edeahe...d+(n— )Q“bée eleype.q +nNSeele - ~edeabc...d)
= /Sefic2 (21]”%% € el egpeq+ (n—2) Q%ec... edeabfc...d +nAebe -edefbc...d>

For the remaining terms, we have

'Q'ocﬁ = BO,wﬁ —&ﬁa)a—ea h(l)bﬁ +€ﬁ ”a);,a
(S.Q.aB = —Sea bwbﬁ+5€ﬁ ba)ba
1
S, = /KzﬁQaﬁQﬂvg“pgvcx/—gspgx...fdxadxﬁdxk-~~de—; (gaﬁDaKDﬁK—i—msz) V=gep. At - dx

where gop = Napey “eﬁ b and therefore
8¢t = —gtHg®V8g,y
= —gthgt (nab5€u “e, "+ nape, “Se, ”)
= _(nabgé‘igw% b+nabgcegX€€e u) 665 a
Varying,
5S2 = /ZKzﬁQaﬁ(SQ”vg“pgvc /*gSPG;L..Adeadxﬁdxl'nde
+/2K2ﬁQaﬁQ“v5g“pgvo\/Tgepo,l...fdxadxﬁdxx o dx + K BQep QP8 —gEpon i drP it - dx”

1
+;/5€§ “(nabgaégﬁd’gd) b+nabga9gﬁ566 a) DaKDﬁK\/TgEA...TdX“'deV

11
—Eﬁf(go‘ﬁDaKDgKerZKz) 8¢y (nabgﬁg""’e(p P+ Napg 8 ey “) Se; /=g dxt - dx"
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Substituting the variations,
85, = /25e5 KB Qs (87 Ouv + 65 @) £ 87/~ 8Epor.. AP A A"
- / 28e; ‘KB (nabﬂaﬁﬂé"g”‘”eq, P+ N QapQP % ey ”) V=861 cdx* P dx? - dx®
% / S “K2BRup (Mg e "+ Mung™eq ") V=8Epan. r®drPdx* - dx"
+%/5€5 a (nabgaégmeq, b+nabgaegﬁéee “) DakDpky/—g€)..cdit - dx”

11

—5;/(g“ﬁDaKDBK+m2K2) 8¢y (nabgc‘gg’“”eq) "+ nwg g e “) Sez “\/—g&. it dx”

Convert to orthonormal,
8% = /4565 aKZBch@gwagnghni/ehje‘.‘fecedee...ef
_/2565 K <5§5;§ +Tlab77g5) egic-..ree’e’ - e
+ / Se; U BQgQE"8E egpe. reelel ---

1
—l——‘/ﬁe'& DN D.KkD Ke,...je¢ - €
n.

11 )
—5—'/ (n‘dDCKDdK—i—mz K2) 26;,5 6e§ Yeq.ref - -ef
n!
Now define ® = ,ea ped---el sothat e - e = ¢ P, and recombine with the first term

/ ez ¢ 2 k anhAZZweeC“'edefbcmd—’_(n_Z)beeC”'edeabfc~~~d+n/\ebec~--edeabcmd)
+/46e uKzﬁQCde{S wagrlghﬂijehje...fec‘le"'fCID
/25e5 2 BQ O (5g S Nwn® @1§>€g1e fecdg...fq>
—&-/Se‘5 2B Q8" eseghe_”fecde---fcp
- / Ses “21°le5DeKkDy KD
+%/(nCchKDdK'+m2K2> 2e§56€ a
and the field equation is

0 = K (2nbhA£Za)egekgC'"defbo.d +(n-2) o/’ ghekghc‘ ey abfe-d + nAee ey d)
+4K2 B g MM ey ... pee T
2B Q" (S58F + M) €gie oy e + KBRS e gt
—2T]CkDCK‘DaK'+ 6;‘ (T]""DC KkDyK + mzxz)
Simplify the Levi-Civita pairs,
0 = «° ((— (n—2)128/ (5}“178’” - n"”&f)) —n(n— 1)!551\)
—K2(n—-2)10" , (55655;2 + 8858+ 5;555,?)

B (— (-2t (857 - 5757 ) )
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2K QL QY (5,§5,f+ nabngk) (— (n—2)! (5;5,# - 5,?5;’)) 2B Q8" Sk (— (n—2)! (5;5;’ - 5;5;))
—2n%*D kD, Kk + 8* (nCch kDyk +m? K‘2)
so that
0 = K2 (2 (n—2)! (wk - 551188@%,) —n(n— 1)!551\)

k22 (n—2)! (—sjgﬂ’ 20 fa)
8K B (n—2)10% W,
12(n—2)12B (QadQ"d Qe 4 0 QM — chgbcnabndk) £2(n—2) 1B Q 0
—211"kDCKDaK+ 55 (n”dDCKDdK+m2K2)

Lower k to b, and define:

1
Qi = N Qea

1
D,xDpk — Enab (T]CdDCK‘DdKJr m* K’2>

Then

. , 1 . 1 , 1
Opa — Nap N Oy 2 (Q‘ bea — Enabﬂ‘d L.d) +5n (n—1)NupA+ 4B, Q¢ , —4BOy, + pTL,;,

Take the trace with 0%,

1 1
—(n—1) nabwab = —(n-2) Q! et 5”2 (n=1)A— 4B @y Q" — 4ﬁnab®ab + EnabTab
so that
c 1 cd 1 c 1
Wpg = 21Q bcafinabg cd +§n(n*1)nab/\+4ﬁwacg b74ﬁ®ab+pTab

1 . 1 1
+ b ((n -2)Q  — En2 (n—1) A+ 4B @, Q° +4Bn"P0O,, — Kzn“"Tah>
Notice that @, still occurs on the right. Find the antisymmetric part using @y, — Wyp = Qgyp:

Opg — gy = 2 (Qc bca — Q° acb) + 4ﬁ (DMQC b 4B waQ‘C a
Qab 2 ('Q‘c bca Q° ach) + 4B wacgc b 4ﬁ wbcgc

a
Using
Qpea — Loy = — (1 —2) Qpa
this becomes
4B

Qah = _Zn—S(waCQC b_wbcgc a)

The antisymmetric part of @, drops out of the left side, so we have only the symmetric part. Write this as an operator
acting on the dilatation and try to invert the operator:

0 = <5,§61§i+2:€5(wa 5! —5lw, ))Qd

where w, ¢ is built from the symmetric part of the gauge field only.
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Is this invertible? Suppose % = —% and @, ¢=9S. Then

855 + % (0, <6 —8w, <) = &5 - % (6coy - 875)
- % (0c8 +815)

and this will annihilate the antisymmetric dilatation. Therefore, it is not always invertible. On the other hand, this
represents a set of measure zero from among all solutions, so we won’t be surprised if we must have Q;, = 0.

Weyl vector variation Finally, we vary the Weyl vector. We have

8§ = /2K2ﬁ5*9+26DK*DK

= /2K2Bd5w*9+2 (— (T) 5a)1<> D

- /5w (2K2Bd*Q — (n—2) K*Dx)

Therefore, wedging with e’ and taking an additional dual of the field equation,

0 = 2k2Bd*Q—(n—2)x"Dk
2K . n—2
0 = (n_g)'gab;gnatnbdecdemfehge f_ (n_ 1)'DaKnabebemf€he f

= 2KkBQuyen“n™ (5;155 - 555};) +(n—2) Daxn
= —4xf (ch;mhh) +(n—2)D, K’?“h

and therefore,

4Kk (Q°y) = (n—2)Dyx
Collecting the remaining equations:
c 1 cd 1 c 1
Wpg = 21 Q bca — EnabQ cd + E” (n - ]) ncsz+4ﬁwacQ b 4B®ub + pTub

1 1 1
A ((n -2)Q  — 5nQ (n—1)A+4B @, Q% +4Bn"0,, — K2n“bTa,,)
D,k = 0
4B () = (n—2)Dgk

Of course, the remaining equation is inconsistent. These three do not present a sensible set of equations either, since
no constraint is placed on the Lorentz curvature.
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