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1 Two Lorentz invariants of electromagnetic fields
In solving problems in electromagnetism, it is helpful to know of two quantities which are Lorentz invariant.
Given the Faraday tensor

Fαβ =


0 Ex Ey Ez

−Ex 0 Bz −By
−Ey −Bz 0 Bx

−Ez By −Bx 0


and its dual

Fαβ =
1

2
εαβµνF

µν

=


0 Bx By Bz

−Bx 0 Ez −Ey
−By −Ez 0 Ex

−Bz Ey −Ex 0


we may construct two scalars. The first is FαβFβα

FαβFβα = tr


0 Ex Ey Ez

−Ex 0 Bz −By
−Ey −Bz 0 Bx

−Ez By −Bx 0




0 −Ex −Ey −Ez
Ex 0 Bz −By
Ey −Bz 0 Bx

Ez By −Bx 0


= 2

(
E2 −B2

)
The second is FαβFβα

FαβFβα = tr


0 Ex Ey Ez

−Ex 0 Bz −By
−Ey −Bz 0 Bx

−Ez By −Bx 0




0 −Bx −By −Bz
Bx 0 −Ez Ey

By Ez 0 −Ex
Bz −Ey Ex 0


= 4E ·B

The first means that if |E| > |B| in any one frame of reference, then |E| > |B| in every frame of reference;
if the magnitudes are equal in one frame, they are equal in all, and if |B| > |E| in one frame, then |B| > |E|
in all frames. The second relation tells us the same about the angle between E and B. If they are orthogonal
in one frame, they are orthogonal in all.
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2 Motion of charges using invariants
Now suppose we reconsider the motion of a particle in orthogonal E and B fields in an inertial frame O. Let
|E| > |B|. Then, viewing the fields from an inertial frame of reference Õ moving with 3-velocity u, we have
the Lorentz force law

dp̃α

dτ
=
q

c
F̃αβ ũβ

where

Ẽ = γ (E + β ×B)− γ2

γ + 1
(β ·E)β

B̃ = γ (B− β ×E)− γ2

γ + 1
(β ·B)β

for β = u
c . If u is orthogonal to both E and B, then,

Ẽ = γ

(
E +

1

c
u×B

)
B̃ = γ

(
B− 1

c
u×E

)
Choose coordinates such that

E = E î

B = Bĵ

u = uk̂

Then

Ẽ = γ
(
E î− u

c
B î
)

B̃ = γ
(
Bĵ− u

c
E ĵ
)

and since E > B we may choose the magnitude of u so that B̃ = 0. Writing

u =
cB

E
k̂

=
c

E2
E×B

so that

γ =
1√

1− c2B2

c2E2

=
E√

E2 −B2

we find

Ẽ =
γ

E

(
E2 −B2

)
î

=
E√

E2 −B2

1

E

(
E2 −B2

)
î

=
1

E

√
E2 −B2E

=
1

γ
E

B̃ = 0
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The motion in Õ is the same hyperbolic acceleration we found for a constant electric field,

ũ0 = c cosh
qẼτ

mc

ũx = c sinh
qẼτ

mc
ũy = 0

ũz = 0

and transforming back with a boost by −u = − cBE k̂, the 4-velocity in the original frame O is

uα = Λαβ ũ
β

=


γ γβ

1
1

γβ γ




c cosh qẼτ
mc

c sinh qẼτ
mc

0
0



=


γc cosh qEτ

γmc

c sinh qEτ
γmc

0

γu cosh qEτ
γmc


so the particle now accelerates in the z-direction as well.

A similar argument holds when B > E, but now we transform the electric field to zero, Ẽ = 0, with a
boost

u =
cE

B
k̂

=
c

B2
E×B

The motion in Õ is that due to a pure magnetic field with the appropriate initial velocity, and boosting back
gives a steady drift in the z-direction.
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