Rigid Body Dynamics
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1 Non-inertial frames of reference

So far we have formulated classical mechanics in inertial frames of reference, i.e., those vector bases in
which Newton’s second law holds (we have also allowed general coordinates, in which the Euler-Lagrange
equations hold). However, it is sometimes useful to use non-inertial frames, and particularly when a system
is rotating. When we affix an orthonormal frame to the surface of Earth, for example, that frame rotates
with Earth’s motion and is therefore non-inertial. The effect of this is to add terms to the acceleration due
to the acceleration of the reference frame. Typically, these terms can be brought to the force side of the
equation, giving rise to the idea of fictitious forces — centrifugal force and the Coriolis force are examples.
Here we concern ourselves with rotating frames of reference.

2 Rotating frames of reference

2.1 Relating rates of change in inertial and rotating systems

It is fairly easy to include the effect of a rotating vector basis. Consider the change, db, of some physical
quantity describing a rotating body. We write this in two different reference frames, one inertial and one
rotating with the body. The difference between these will be the change due to the rotation,

(db)inertial = (db)body + (db)

rot
Now consider an infinitesimal rotation. We showed that the transformation matrix must have the form
O(df,n)=1+don-J
where
[Jiljx = €ijin
Using this form of J, we may write
[O (d&, ﬁ)]jk = 5jk + d@nieijk

We must establish the direction of this rotation. Suppose 1 is in the z-direction, n; = (0,0, 1). Then acting
on a vector in the zy-plane, say [i], = (1,0, 0), we have

[O (d&,ﬁ)}jk i, = (53‘1@ + d@niaijk)ik
= (i; + dbOesj1)
= (1,0,0) +df (0, —1,0)

since €351 must have j = 2 to be nonzero, and €327 = —1. The vector acquires a negative y-component, and
has therefore rotated clockwise. A counterclockwise (positive) rotation is therefore given by acting with

O(do,n) =1—don-J



Suppose a vector at time ¢, b (¢) is fixed in a body which rotates with angular velocity w = %n. Then

after a time dt it will have rotated through an angle df = wdt, so that at time ¢ + dt the vector is
b (t+dt) = O (df,n) b (¢)
In components,
bj (t + dt) = ((%k — d@nzsmk) b (t)
= 5jkbk (t) — d@niEijkbk (t)
= bj (t) — d@nisijkbk (t)
= bj (t) — d9 (5kijbk (t) TLZ)
Therefore, returning to vector notation,
b(t+dt)—b(t)=—dfb(t) xn
Dividing by dt we get the rate of change,

db (t)

If, instead of remaining fixed in the rotating system, b (¢) moves relative to the rotating body, its rate of
change is the sum of this change and the rate of change due to rotation,

db > < db >
— =\ = +w xb(t)
< dt inertial dt body

and since b () is arbitrary, we can make the operator identification

() = (i) 7
dt inertial dt body

2.2 Dynamics in a rotating frame of reference

Consider two frames of reference, an inertial frame, and a rotating frame whose origin remains at the origin
of the inertial frame. Let r (¢) be the position vector of a particle in the rotating frame of reference. Then
the velocity of the particle in an inertial frame, Vipertiar, and the velocity in the rotating frame, vyoqy, are

related by
( dr ) ( dr ) e
i — i r
dt inertial dt body

Vinertial = Vbody +wXr

To find the acceleration, we apply the operator again,

dvinertial d + « ( + « )
_— = — 4+ w Vbo wXr
dt dt body
d (Vpo
_ (Vb dyd—;w X r) @ X (Voody + @ X 1)

dv +dwxr+wxdr+wx +wX (wxr)
= — — — v
dt ) g, dt dt body

dv +dw><r+2w>< +wX (wxr)
= — — v
dt ) g, dt body



The accelerations are therefore related by

dw
Qinertial = Abody T E X r+ 2w X Vbody T W X (w X I‘)

Since Newton’s second law holds in the inertial frame, we have
F= Majpertial

where F refers to any applied forces. Therefore, bringing the extra terms to the left,

dw
F—mE X T — 2MW X Viody — MW X (W X T) = MApody
This is the Coriolis theorem. We consider each term.

The first
dw
it
applies only if the rate of rotation is changing. The direction makes sense, because if the angular velocity is
increasing, then ‘fi—"t" is in the direction of the rotation and the inertia of the particle will resist this change.
The effective force is therefore in the opposite direction.
The second term

—2mw X Viody

is called the Coriolis force. Notice that it is greatest if the velocity is perpendicular to the axis of rotation.
This corresponds to motion which, for positive vy4q,, moves the particle further from the axis of rotation.
Since the velocity required to stay above a point on a rotating body increases with increasing distance from
the axis, the particle will be moving too slow to keep up. It therefore seems that a force is acting in the
direction opposite to the direction of rotation. For example, consider a particle at Earth’s equator which
is gaining altitude. Since Earth rotates from west to east, the rising particle will fall behind and therefore
seem to accelerate from toward the west.
The final term
—mw X (w X r)

is the familiar centrifugal force (arising from centripetal acceleration). For Earth’s rotation, w x r is the
direction of the velocity of a body rotating with Earth, and direction of the centrifugal force is therefore
directly away from the axis of rotation. The effect is due to the tendency of the body to move in a straight
line in the inertial frame, hence away from the axis. For a particle at the equator, the centrifugal force
is directed radially outward, opposing the force of gravity. The net acceleration due to gravity and the
centrifugal acceleration is therefore,

2

Geff = g—wWT
— 9.8—(7.20 x 107°)” x 6.38 x 10°
— 9.8-.0339
= g(1-.035)

so that the gravitational attraction is reduced by about 3.5%. Since the effect is absent near the poles, Earth
is not a perfect sphere, but has an equatorial bulge.

3 Moment of Inertia

Fix an arbitrary inertial frame of reference, and consider a rigid body. onsider the total torque on the body.
The torque on the i*" particle due to internal forces will be

N

T; = E I‘iXFji

=1



where F; is the force exerted by the jth particle on the i*" particle. The total torque on the body is therefore
the double sum,

N N
Tinternal = E § r; X Fji

i=1 j=1
1 N N
= §ZZ(riXFji+rjXFij)
i<l j=1
1 N N
= 322 (ri-r)xFy
i<l j=1

where we use Newton’s third law in the last step. However, we assume that the forces between particles
within the rigid body are along the line joining the two particles, so we have
ri—r,;
Fji = sz —r I
v — ]
so all the cross products vanish, and

Tinternal = 0

Therefore, we consider only external forces acting on the body when we compute the torque.

Now it is easier to work in the continuum limit. Let the density at each point of the body be p (r) (for a
discrete collection of masses, we may let p be a sum of Dirac delta functions and recover the discrete picture).
The contribution to the total torque of an external force dF (r) acting at position r of the body is

dr =1 x dF (r)

and the total follows by integrating this. Substituting for the force using Newton’s second law, dF (r) =

B dm = ¥ p (r) d>z we have

Since & x v = v x v =0, and the density is independent of time,
o e xv
T = — r)(rx v)dz
at ) *

Notice the the right-hand side is just the total angular momentum, since dL for a small mass element
dm = pd3z is dL = p () (r x v).

Now suppose the body rotates with angular velocity w. Then the velocity of any point in the body is
w X r, S0

S % p(©) (r % (w x 1)) d*

= %/p(r) (wr? —r(r-w))d’



We would like to separate the properties intrinsic to the rigid body from those dependent on its motion.
To do this, we extract w from the integral above, but this required index notation. Write the equation in
components,

T = /p (r) (wir2 — rirjw;) dx
/p (r) (w;biyr® — rirjw;) d°x
wj /p(r) (67> —rirj) &’z

Notice how the use of dummy indices and the Kronecker delta allows us to get the same index on w; in both
terms so that we can bring it outside. Now define the moment of inertia tensor,

Iij = /p(r) (5ijr2 — Tﬁ“j) ds.%‘

which depends only on the particular rigid body. This tensor is symmetric,

Lij = 1j;
The torque equation may now be written as

d
7 (Lijw;)

We have therefore shown that the angluar momentum is

T =

Li = Iijwj
where equation of motion in an inertial frame is simply

,_dL
Tdt

In general, I;; is not proportional to the identity, so that the angular momentum and the angular velocity
are not parallel.

3.1 Rotating reference frame and the Euler equation

Next, suppose we look at the equation of motion in a rotating frame of reference. We must replace the time
derivative,

il S e w

dt inertial dt body

dL
T=|—] +twxL
at /,
This is the Euler equation.

In order to use the Euler equation, it is helpful work in a particular frame of reference. Given our rotating
frame, any constant orthogonal transformation of the basis takes us to another equivalent rotating frame,
but with a different orientation of the basis vectors. Furthermore, we know that any symmetric matrix may
be diagonalized by an orthogonal transformation. Therefore, it is possible to rotate our basis to one in which
1;; is diagonal. In this basis, we have

and the equation of motion becomes

i 0 0
N,={ 0 In o
0 0 I33



The three eigenvalues, 111, Ioo and I33 are called the principal moments of inertia.
If we now write out the Euler equation in components using the principal moments, we have

T Wi + EijkwjLemwm

d
dt

so writing each component separately,

T = alljwj —i—Eljkijkmwm

= afum + e123wolz3mwm + €132w3lomwm
dwl

= I11ﬁ + e123wal33ws + €132w3l2awo
dwl

= Iuﬁ + wows (I33 — Ia2)

and similarly,

Ty = a-’zzwz + ea31wali1wy + 213w I33wW3

dw
= 1227; + wswq (111 — I33)

and
d
T3 = £I33w3 + e312wil22wa + 321wl 11w
dw
= Iy3— +wiws (I22 — In1)

dt

Introducing the briefer (but potentially misleading) notation

L = In
Iy = Iy
I3 = I33
we have the Euler equations in the form0
= Loy —wws (Ia — I3)
Ty = Iywo —wzwi (I3 —Ih)
T3 = Isws —wiws (I1 — 1)

3.2 Torque-free motion

When the torque vanishes, both the kinetic energy and the angular momentum are conserved. To find the
kinetic energy, we write the action. There is no potential; in the inertial frame, the kinetic energy is the
integral over the rigid body,

T = %/p(r)de?’x
/p(r)(wxr)-(wxr)d3x

/p (I‘) (Eimnwmrn) (Eijkwj‘rk) dgx

N~ N~



1
= 5/p(l‘) (5mmsjki)wmrnwjrkd3x
1
— §/p(r) (OmjOnk —6mk5nj)wmrnwjrkd3x

1

= Ewmwj /p(r) (O TnTn — rjrm)dgx
1

fwmwjlmj

2

so we have )
T = 511']'(.4)1'0)]'

The action is therefore )
S = /ifijwiwjdt

where w; = ¢n;. Since there is no explicit time dependence, the energy

oL
E = Zo1
&p@
N
= (Linin;p) o — ifijwiwj
1
= ill-jwiwj

is conserved. We also know that the total angular momentum is conserved,
Li = Iijwj

Suppose, for concreteness, that I3 < Is < I;. The case when two of the principal moments are equal is
simpler and will be examined separately. Then for torque-free motion, the Euler equations become

Lw, = wows (I —1I3)
Iy = —wswi([1 —1I3)
Lws = wws (1 — 1)

where the differences on the right are non-negative. Add multiples of the first pair:

I (I) — I3) wiun wiwows (Iy — I3) (I — I3)

Iy (Ip — I3)wawy = —wowswi (11 — I3) (12 — I3)
to find
0 = Il ([1 — ]3)&)1@1 + [2 (IQ — Ig)u]gd)g
1d

= 5@ (Il (11—13)(4)%4-[2 (12—13)(4)%)

so with A constant, we have
Il (Il — Ig) w% —+ IQ (IQ — Ig)wg = A

Similarly, we find a relation between w3 and w3,

I (I — L)wows = —wswiws (1 —I3)(I1 — I2)
I3 (I — I3) wsws = wiwows (I — Iz) (I1 — I3)



SO

1d
= 33 (I (I — L) wi + I3 (1) — I3) w3)

Calling the second constant B, we solve for two of the components,

1
Ilwf = Il —13 [A*IQ (IQ 7]3)(4}%]
1
2 2
13w3 = Il —IS [B*IQ (Il 712)0)2}

Substituting into the energy,

2F = NLwi+ Lwi + [wi

1 1
= A—TIy (I — ) W2 + Lw? + ——— [B— L, (I; — I5) w2
11—13[ 2 (I — I3) w3 + 2w2+11_13[ 2 (I — I3) w3
1
= 7o At B-L(h-D)w + 1 (h — B)w; — I (I — L) w))
— 1

1
= 7 (A4 B+ (Lh+ L+ LI~ LIy — L + L) w)
1 — 43
1
= A+B
117]3( + B)

so the sum of the constants is related to the energy,
A+B=2( -13)FE

To find the remaining component, we solve for w; and ws,

wp = \/11(11113) (A= I (Ir - Is) w3)

v \/Mhl_jg)(B—Iz(h—le%)

and substitute into the differentital equation for ws,

Lwy = —wswy (1 —I3)

Integrating gives an expression which can be written in terms of elliptic integrals,

111515 / dws
—y/ t =
AB \/(1 _ Ia(I2—1I3)
A

wg) (1 _ %u@)

Rescale ws, letting

[ 1a(I2 = I3)
X= a4 w2
Then
_ \/12 D) \/111213 e / dx
A AB VI =x?) (1 - k23

where

p2 - Al = D)

B(I —I3)



The right side is Jacobi’s form of the elliptic integral of the first kind,

r dt
Pk = N

so we have

_\/12 (12—13)\/11[213t:F L(lo—1L) AL —1Ip)
A AB A > B (I~ I)

We show below that for a symmetric body, the torque-free solution is much easier to understand.

3.3 Torque-free motion of a symmetric rigid body

Now consider the case when two of the moments of inertia are equal. This happens when th rigid body is
rotationally symmetric around one axis. Let the z-axis be the axis of symmetry. Then [; = I, and the
torque-free Euler equations become

0 = [1@1 — WaoWw3 (Il —13)
0 = Ild}2+wluJ3 (Il—Ig)
0 = Iys

The final equation shows that ws is constant. Defining the constant frequency
L —1I
Q=w
’ ( 5L )

d)l = QWQ

the remaining two equations are

wy = —Qu
We decouple these by differentiating the first and substituting the second,
0w = Quo
= —0%u

and similarly, by differentiating the second and substituting the first. This results in the pair

o +Qw = 0
o+ Q%w; = 0
with the immediate solution
w1 = AcosQt+ BsinQt

for wyi and, returning to the original equation w; = Qws,
wo = —Asin Qt + Bcos Ot

Notice that

w? 4+ wi = A? + B2
so the x and y components of the angular velocity together form a constant length vector that precesses
around the z axis. If the angular velocity is dominated by w3, the remaining components give the object a
“wobble” — it spins slightly off its symmetry axis, precessing. On the other hand, if ws is small, the motion
is a “tumble” — end over end rotation of its symmetry axis.

Remember that this analysis takes place in a frame of reference rotating with angular velocity w. If all
of the motion were about the z-axis, the object would be at rest in the rotating frame. The fact that we
get time dependence of our solution for w means that even in a frame rotating with the body, the body
precesses. If we transform back to the inertial frame, it is also spinning.



4 Lagrangian approach to rigid bodies

To study symmetric rigid bodies with one point fixed and gravity acting — tops — we begin afresh and write
an action for the problem. In order to do this, we require some set of coordinates. These are taken to be the
Euler angles. There are actually many ways to define a useful set of three angles; we follow the definition
used in Goldstein, Section 4.4.

Our goal is to related a fixed inertial system, (2/,y’, 2’) to a set of Cartesian axes fixed in the top, (z,y, 2).
The relationship is defined by concatenating three rotations:

1. Rotate about the z-axis through an angle ¢, giving intermetiate coordinates & = (&1, &2, &3). Call this
coordinate transformation matrix D.

2. Rotate about the & axis by an angle 6, giving coordinates &'. Call this coordinate transformation
matrix C.

3. Rotate about f;) by an angle ¥ to the final x coordinates. Call this coordinate transformation matrix
B.

We may think of (0, ¢) as the direction of the symmetry axis of the top, with ¢ giving its angle of rotation
about that axis. It is easy to construct the full transformation between x’ and x because each of these
transformations, D, C, B is a simple 2-dim rotation. The full transformation, A, is therefore just the product

x = Ax

= BCDx
of the three, applying D first, then C, then B, where

cosp sing 0

D = —sing cosp 0O
0 0 1
1 0 0
Cc = 0 cosf sinf
0 —sinf cosf
costyp siny 0
B = —siny cosy O
0 0 1
Multiplying this out, we have
A = BCD
cosy siny 0 1 0 0 cose sing 0
= —siny cosy 0 0 cosf sind —sing cosep O
0 0 1 0 —sinf cosé 0 0 1
cosy siny 0 CoS sin 0
= —siny cosy 0 —cosfsing cosfcosp  sinf
0 0 1 sinfsiny  —sinfcosy cosd
cos 1) cos ¢ — cos B sin p sin Y sin @ cos Y + cosfcospsiny  sinsin @
= —sin cosp — cosfsinpcosty —sinpsiny + cosfcospcosty cospsinb
sin @sin ¢ —sinf cos ¢ cosf

The inverse transformation is just the transpose, A* = A~1.

10



Now denote the angular velocity vector of the rigid body as w’ with respect to the inertial frame or
reference, and let this velocity be the time derivative of the Euler angles, , (gb, 0, @[1) We can write this a
vector relationship using the intermetiate coordinates,

w = @7 +0&, + )z
Using A, B,C and D we can find these components with respect to the body frame. For the first term, ©z’
we write

0
Al _ O
1
and write this in terms of the body basis as
sin 1 sin 0
Az = cosYsinfd | = xsinysinf + y cos sin§ + z cos 6
cos 6
pz = Xpsinisind + Yo cosysin @ + 2 cos d

For the next term, 0%1 , we only need the final rotation to get to the body system, since é’l = él. Therefore,
we compute
B 9& 1 = 93% 1
) cos ) )
= 0| —siny | =%XfOcosyy —yOhsiny
0

Finally, ¢z is already in the body frame. Adding these, we have
w = ¢ +0& +z
= (gbsinwsinﬂ + écosw) X+ (cpcoswsin@ — 9Sin¢> y+ (w + gbcos@) Z

4.1 Action functional for rigid body motion

We are now in a position to write the Lagrangian and action for a rigid body. In terms of Euler coordinates,
the kinetic energy is

1
T = ifl-jwiwj

Substituting for the angular velocity in the principal axis frame this becomes
1 . 2 1 . 2 1 . 2
T=3h (gbsinwsinﬁ n Hcosw) + 5k (¢cos¢sm9 _ esimp) +50s (w n <,bcos¢9>

We may also have the kinetic energy of the center of mass.

For a slowly changing force field, we may write the potential as a function of the center of mass only, but
if there is a gradient or the forces are applied at specific points of the rigid body, there may be torques as
well. If the body is in a gravitational field, the potential is found by integrating

dV = —dmg (r) - dx

where g (x) is the local gravitational acceleration. For a uniform gravitational field, g = —gk is constant so
Jg(r)-dx=g x
av = - (pdgz) g X
V = —-g- / pxdx
= —-Mg-R

11



since the center of mass is defined as )
R=_— &*
M / pra-z

We now apply these considerations to the case of a rigid body symmetric about one axis, with one point
fixed: tops.

4.2 Symmetric body with torque: tops

Now suppose the rotationally symmetric body rests on one point of the symmetry axis, like a top spinning
on a tabletop. We take this point as fixed. Then, unless the top is perfectly vertical, there is a torque acting,
produced by gravity acting at the center of mass. If the center of mass is a distance [ above the fixed tip,

then the potential is
V = Mgl cosf

Taking the z-axis as the symmetry axis, we have I; = I, and the first two terms of the kinetic energy
simplify considerably. The cross terms cancel and the sums of squares combine to give

1 .. . 5 2 . . A . 2 . 1 2 .92 )
51’1 <(gps1nz/;sm€+9cos¢) + (gpcoswsm@fﬁsmdj) ) = §I1 (gp sin“ 6 + 60 )
Then the action becomes
S = /dt 111 (<p231n29+9'2)+113 <1/}+¢COSG)2—MgZCOSH
2 2

We first look for conserved quantities. Two angles, ¢ and 1, are cyclic, so their conjugate momenta are
conserved:

oL
p@—%

= Il<psin29+l3(¢+gbcosﬁ)cosﬂ
= ¢(Ilsin20+I3c0829)+131/'Jcost9

and
oL
Py = —
P P
= I3 (z/J + <,bcos€)
= I3ws
The energy provides a third constant of the motion since %—% = 0. Since the Lagrangian is quadratic in the
velocities, we have E =T+ V,
1 .2 .92 N2 1 ; . 2
E = 511 (go sin“ 6 + 6 ) + 5[3 (w—l—gocose) + Mgl cos@

2

1 .
= =1 (gbz sin? 6 + 92) + Py + Mgl cos 6
2 213

To solve, we first eliminate 1),
Y= Py _ pcost
I3

12



then substitute this into p,,

Py = (Ilsm 6 + I cos? 9)—1—] (I cpcos@) cos
3

%) (11 sin? 6 4 I3 cos? 0) + py cos O — I3 cos? 6
= o¢h sin® 6 -+ py cos 0
so that we may also solve for . This gives

Dy — Dy COS O

L I, sin% 0

Finally, we use the energy to express # as an integral,

1
E = 511 (gp sin 9—}—92) + 2—13 + Mgl cos@
= 111 Pe =Py 050 sin29+92 +—+Mglcos€
2 Iy sin® 0 215
1. .o  (pp —pycos 0)> )
= 7192—&-@——&- Y 4+ Mgl cosf
27! 21 sin® 0 213 g
We may drop the constant term, 57 Then, solving for 6 to integrate,
/ de
\/21? - (pvl_Qp:i)nczoze)z - QJ\I/Ilgl COS&

/ sin 0df
\/ sin?@ — 2 (pw — Py COS 6)* — 2]\;[91 sin? @ cos #

or, setting x = cos#f,

/ dx
2 2Mgl .
VI (W =a?) — f (pp —pyr)” — 2 (a —a?)
The cubic in under the root makes this difficult, but it can be expressed in terms of elliptic integrals or
numerically integrated. The resulting 6 (¢) then allows us to integrate to find ¢ (¢) and ¥ (¢).
A simpler way to approach the qualitative behavior is to view the energy as that of a 1-dimensional
problem with an effective potential

(pp — Py cOS 9)2

+ Mgl cos 8
214 sin® 0 g

Vers =

2
. . Py
where we again drop the irrelevant constant, 5 I:‘

To explore the motion in this potential, again set x = cosf. Then

(pga Py )
Veps = —F———— 4+ Mgl
oL =22 + T
This has extrema when
dveff
0 =
dx

13



—2py (Pp —Py)  (Pp — py)°
= — —2z) + Mgl
26 (1 — ) 2]1(1—x2)2( )+ Mg
1 2
= — (—PwQ (pp = py) (1 = 2°) + 22 (p, — py)” + 211 Mgl (1 - o?) )
2[1 (1 — .%'2)
0 = —2pyp, (1 — 372) + Qpix (1 — 372) + Qpix — 4p¥,pwx2 + 2piﬂc3 + 211 Mgl (1 — 227+ 364)
0 (21 Mgl — 2pyp,) + (203 + 20%) @ + (2pypy — 4popy — 41 Mgl) 2* + (2p3, — 2p7) 2° + 211 M gla*
0 = (ILiMgl—pypy)+ (P2 + 1) © — (pppy + 211 Mgl) z° + (I, Mgl) z*
2
0 = LMgl(1-2%)" —pyp, (1+2%) + (pi, +py) @

For x near 1, the first term may be neglected and we have approximately

0 = pypp— (P5+1)) T+ pyppr’
1 2 2 \/ 2
= + ( 2 2) 422
x T ((p¢+pw) P2 + 1}, PP
1 2 2 2 2
x = ——(p,+py £, —P
2p1/1p90 ( » P ( » 1/)))
e = Pe Py
Py Po

In this case the top precesses in a nearly vertical position at a speed near its rate of spin.
Now consider small x, so we neglect the 2% term. Then

0 = (pypy+2LMgl)a’ — (0 +p}) « — (Mgl = pyp,)
1 2 2 \/ 2
- £/ (n2+02) +4 21, Mgl) (I, Mgl —
’ 2 (pypp, + 2L Mgl) <(pv+pw) Py + %) +4(pppe + 20 Mgl) (LM gl — pypy)
1 2 2 \/( 9 2
- + - 2) — 45, Mgl 8I2 M2 0212
: 2 (pypy + 201 Mgl) <(p¢+p¢) Py — Py 1Mglpyp, + 817 M2g

This has real solutions as long as
2
(pi — pi) + 8[12M292l2 > 41 Mglpyp,
When the spin is fast, we have py, > p, and may approximate

P+ 8IZM>g%12 > AT Mglp? 22
Py

But then

o
IN

2

(p, — 21 Mgl)
= py, — AL Mglp], + AIT M g*?
py, +AITM?¢*1> > 4L Mglpy

and since Z—: < 1, there is always a solution. When the energy equals the potential at such a minimum,
the top will precess in a circle at a fixed angle . We may the consider perturbations around this solution.
Various solutions are depicted in Figure 5.9 of Goldstein, depending on the relative frequencies in the 6 and
 oscillations.

14



4.2.1 Slowly precessing top
Consider the case when we have ¢ > 6 > . Then we may make the following approximations:

¥ = Py — @cost
I3

Py

Q

and

while the energy is approximately

1 .
E = 511<gb2511129+02) A +Mglcos€
3
2
1. .
E = (E—ﬁ}") ~ 51r102+Mgzcos9
3

Then, solving for 6 to integrate, we find an elliptic integral:

o / do
2B’ 2Mgl
> ol Tgcosﬂ

7 21, P 6. 4Mgl
N E — Mgl \2' 2E'—2Mgl

4.3 Gyroscopes

Gyroscopes are typically mounted on freely turning frames so that there is no external torque. In this case,
the potential vanishes and we have the simpler system

Dy

v = I—Sfc,bcosﬁ
. Dy — Dy COS 0
Y = T 5,
I sin“ 0
1. /.5 . o
E = Sn(¢Psin?0+6%) + 2
5 1 (@ s 0+ + o7
with effective potential
2
Vi — (pp — Dy cOS )

21, sin® 0

T = min (m7 W)
Dy Do

where the minimum selects for the value which gives < 1. There is therefore exactly one solution

The extrema at

2sin? 0

/\/ (pw Py cos 6)?
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/ sin 6df
\/E sin®6 — % (P — Py 6050)2

IldJ?

\/ (2LE — p2) + 2oy — (2L E + ) 2

This time the root is quadratic, and we may complete the square,

2
p p
(2[1E —pi) + 2pppyT — (2[1E —|—p12b) > =—|/2LE —l—piw S + # +2LE — pw
\/2LE +pl, 1B +pj,
Setting
5 = 1/2]1E +p12b$ — 7]’)@171/)
2L E +p,
d
g - %
1/2]1E -l-pi
2
p p
A? Y L 9LE -
21 E + 7 +2LE —p;
1
QO = —\2LLE+p?
I 1 erl/l
we have
,/211E+p /\/A2 &2
S0 we set
& =Asina
and the integral is
I .1 &
t = —L al
sin”™"

\/20E + p,
,/2[1E+pfpcos9—M = AsinQt
\/2LE +p2,

A
cos) = Poby + sin Q¢

2LE+p,  HLE+p?

= cosby+ bsin Ot

This displays nutation clearly' the tip angle of the gyroscope oscillates up and down around the angle 6
with period 2. From ) = —, /211 E + pw we see that (2 may have any magnitude, depending on the size of
1. Then, from
Dy — Dy COS 0
I, sin%0
we see that the value of p, makes ¢ independent of 2. This means that the rate of precession and the rate
of nutation are independent of one another.

()’02
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