Connections to quantum mechanics

December 2, 2014

1 Quantum Mechanics and the Hamilton-Jacobi equation

The Hamiltonian-Jacobi equation provides the most direct link between classical and quantum mechanics.
There is considerable similarity between the Hamilton-Jacobi equation and the Schrédinger equation:
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We make the relationship precise as follows.
Suppose the Hamiltonian in each case is that of a single particle in a potential:
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Write the quantum wave function as
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The Schrédinger equation becomes
9 (Aets 2 _
mi( ~ ) - _2% 2 (Ae%*"> +V(Ae%*”)
) 2 ) ; ) )
zh%e%“’ — Ae%‘/’&p = " v lert v A+ P V@ |+ VAer®
t 2m h
2
2m h
h? i i
____eR¥P [ — _ 2
5 € (h VA Vet AV w)
R:(i\? .
(2 X4
o (h) e"? (A7 - Ve)
1V Aen®
Then cancelling the exponential,
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Collecting by powers of #,
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The zeroth order terms is the Hamilton-Jacobi equation, with ¢ = S:
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where p = \/S. Therefore, the Hamilton-Jacobi equation is the i — 0 limit of the Schrédinger equation.
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