Problem: Foucault Pendulum

A pendulum moves under the influence of gravity, suspended from a long cable with tension T. The equation
of motion is
T — mgk — 2mw X v=ma

where the centrifugal force makes only a slight change in the magnitude and direction of g,

|w x (W x 1)| = wrcos

with direction away from the axis of rotation.

Let the angle of oscillation of the pendulum be very small (and the supporting cable very long) so that
the arc of the pendulum is sufficiently close to horizontal motion. The net external force is the combined
effect of the tension and gravity, equal to a restoring force, mgsin 6, so

mgsinf =~ mgf = %LB
giving an effective Hooke’s law force with “spring” constant “2. The restoring force is therefore
T — mgk ~ —%p(icosgp + jsiny)

where p = /22 + y? and motion in the k direction is negligible. The velocity and angular velocity at latitude
« are

w = w(jecosa+ ksina)
v = Zi+yj
and the equation of motion becomes
f%p(icoscp +jsing) — 2mw (jeosa + ksina) x (zi+gj) = m(&i+gj+ zZk)
f%xi - %yj + 2wik cos @ — Qwijsina + 2wgisina = # 4+ §jj + 5k
Equating like components,
g . . L
731‘1 + 2wyisina = Ti
g . . L
fzy.] —2wzjsina = gj
2wikcosa = Zk

The z-direction may be ignored since any acceleration in this direction acts only as a mild perturbation on
the acceleration of gravity. We confirm later that wi < g. Then we have

.. g . .
+ =z = 2

T+ 77 w sin ay

. g . .
+Zy = =2

ity w sin az

We present three ways of solving this system of equations.

Method 1: Explicit rotating frame

We first solve this by putting in a slow rotation in the zy plane. Let

r . o
= xcoswpl —ysinwyt

/

T sinwpt + y cos wpt



Then:

0 = Zcoswpt — Twpsinwyt — ysinwyt — ywp, cos wpt
= (& — ywp) coswpt — (Twp + ¥) sinwyt
Yy = @sinwyt + zw, coswyt + 7 cos wpyt

(& — ywp) sinwpt + (zwp + J) coswpt

— Ywp Sinwpt

(zwp + U) wp sin wpt

2w sin o)’

—Z gy coswpt — (& — 2jwp — aw?) coswpt + (

L
- (x + (% — 2wsin aw, — wg) x— 2 (wsinc
—2w sin ai’

_ (iJr (% —Qwsinawpfwg)fo(wsin(

and
Z (& — gwp) cos wyt — (& — Yywp) wp sinwyt — (fwy, + §) sinwpt — (Twy + §) wy, cos wyt
= (w — 29w, — W ) coswpt — (y + 22w, — ywi) sinwpt
7 = (& — gwp)sinwyt + (& — ywp) wy coswpt + (a':wp + ) coswpt
= (& — 2wy — 2w)) sinwpt + (jj + 2w, — yw)) coswyl
Now substitute into the equations of motion,
w9
T+ Lm
— (4 + 24wy, — yw)) sinwyt — %y sin wyt — (2w sin ad — 2w sin ayw,,) sin wyt
_ <y + (% — wi - 2wsinawp> Y+ 2 (wsina + wp) :z:) sinwpt
+
i’ Ly
(y + (% - w — 2wwy, sma) y+2(wsina+wp) & ) cos wpt
and therefore, both equations are solved if
g+ (f — 2wsin aw, —w ) y+2(wsina+wp) &

T+ (% — 2w sin awy, — w2

p)fo(wsinaerp)y

which decouples when we choose w), to cancel the mixing term

Wp = —wsm«a

In this rotation frame, the equations of motion reduce to simple oscillation for both x and v,

i+ o’y
i+ @’z
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Finally, we compare magnitudes. We assumed that wt < g. But

Asin ot

= A®coswt
where & ~ A0 = L,,,.0 < L&. Therefore,
wr < Low
g

Since we know the rotation rate of Earth is much less than the pendulum frequency, w < @ this gives
wr K g

and our assumption is justified.

Method 2: Coriolis theorem

We may simplify this calculation by making a second use of the Coriolis theorem, changing to a rotating
frame in the xy-plane
First, write our equations of motion,

mi = —%x + 2mw sin ay
. mg . .
my = ——y—2mwsinazr

as a vector equation. Let x = xi + yj so that
mx = —Tgx —2m (wsinak) x x
This shows that we have a 2-dimensional system with an effective external force

Forf= f%x—Qm(wsinak) X X

Now rewrite this equation in a frame of reference rotating with constant angular velocity w, = wyk.
Then the (full) Coriolis theorem gives the equation of motion as

mx' = Ferp—2mw, x X' —mw, x (w, x x')
m, . . .
= —Tgx —2m (wsinak) x X' — 2mw,, x X' — mwﬁx’
so if we set
w, = —wsinak

the cross product terms cancel and we have

¥ = —Zx — WX

5&+<%+w§)x =0

which is the equation of a simple oscillator with frequency

in agreement with the previous result.



Method 3: Complex variables We may also define
z=x+ 1wy
so adding ¢ times the second equation to the first, the pair of equations becomes the single complex equation
e e .9
Z4+2iwpz+=2z = 0
L
wp = wsina

Let w be a variable rotating with angular velocity wp relative to z, i.e., z = we™*??, Then

(w—zwpw—wl%w)+2z‘wp(w—iwpw)+%w =0
w+(%+wgp)w = 0

so that w moves with the simple oscillation

w = Asinwt+ Bcoswt
_ 9 2
w = T + wp
Each of the three methods shows that in a reference frame rotating with angular velocity wp = —wsin «,

there is simple harmonic motion of the pendulum with frequency /4 + w,.



