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A rigid body is defined as one in which the distance between any two points in the body remains constant.
If we think of the body as made up of individual particles, the distances between any two of these particles
is fixed. We may equally well consider a continuum approximation. In either case the complete orientation
of the body requires six parameters. Beginning from an arbitrary origin and coordinates, we may locate any
one point, P;, in the body by three coordinates. Picking any other point, P, the distance di2 between them
is fixed, so P» lies on a sphere of radius dy2 centered on P;, and we may specify the position of P, on this
sphere by giving two angles. Finally, with the positions of P; and P, fixed, any third point P; lies in a plane
with P, and P5. Since this plane contains the line connecting P, and P», the only freedom in specifying Ps
is a single angle, specifying the orientation of this plane. The positions of all further points are fixed by their
distances from these three. We therefore require 3 + 2 + 1 = 6 parameters to fully specify the position and
orientation of a rigid body.

Fix an orthonormal coordinate system, with basis i, j, k, fixed in space, and a second set, i’,j’, k’, fixed in
the rigid body. Think of the origin of the second set as P; so that the origins of these two systems separated
by the position vector Ry of the point P;. The only remaining difference between the basis vectors will be
determined by the three angular variables required to specify Py, Ps.

1 Change of basis

We now seek the relationship between two orthonormal bases with a common origin.
The first key fact is that the transformation is linear, and this is immdediate by the definition of a vector
basis. Given a set of basis vectors (i, j, k), every vector can be expanded as a linear combination

v = v1i + v9j + vk

Since any other basis is comprised of vectors, the vectors of the new basis (i’,j’, k) may be expanded in the
old:

i = ani+anj+ask
J = axni+axnj+ask
k/ = (131i —|— a32j —|— a33k (1)
and conversely,
i = bl +biaj + bisk’
J = bai + booj + bask’
k = bgi + b32j + b3sk’ (2)

We consider two types of transformation: passive and active. A passive transformation is one in which
any given vector remains fixed while we transform the basis. An active transformation is one in which we
leave the basis fixed, but transform all vectors. Thus, for a passive transformation and an arbitrary vector
v, we expand in each basis:

v = wvi4vyj+usk
vii’ + vhj + vik!

where the new basis vectors expanded in the old as in Eq.(1) as above. For an active transformation, we
consider two vectors

v = wvi+wvj+usk
vl = vji4vhj+uik



where, since the transformation must still be linear, the components are related by

v = Apv 4 Apvs + Aizvs
Ulz = A21’01 + A22’U2 + A23U3
vy = Agzivr + Azavg + Assvs (3)

Before looking at the relationship between active and passive transformations, we develop some simpler
notation.

1.1 Einstein summation convention

All of this is much easier in index notation. Let the three basis vectors be denoted by €;, i = 1,2, 3, so that

e = i
& = ]
és = k

and similarly for é;. Then the basis transformations, Eqgs.(1) and (2), may be written as
3
éi = Z al—j éj
j=1
3
& = > byé
j=1

where a;; is the matrix
ail a2 ais
a;; = | a21 a2 a3
az1 Gz2 as3
This lets us write three long equations as a single short one. Note that the first index tells us which row,
and the second which column.
The expansion of the vector v is

3
vV = E vjej
j=1
and an active transformation as

3 3
kae = E ZAijjék-
= j=1k=1

It is easy to see that this will lead us to write 23_1 millions of times. The Einstein convention avoids this
by noting that when there is a sum there is also a repeated index — j, in the cases above. If we are careful
never to repeat an index that we do not sum, we may drop the summation sign. Thus,

3
E:Ujej — Uj€j



The repeated index is called a dummy index, and it does not matter what letter we choose for it,
’Ujéj = Ukék

as long as we do not use an index that we have used elsewhere in the same expression. Thus, in the
basis change examples above, we cannot use ¢ as the dummy index because it is used to distinguish three
independent equations:

€ = ;€

€ = €
’

€3 = as;e;

Such an index is called a free index. Free indices must match in every term of an expression. Thus, dummy
indices tell us that there is a sum, while free indices tell us which equation we are looking at.
Since the basis is orthonormal, we know that the dot product is given by
éi . éj = 5ij

where §;; is the Kronecker delta, equal to 1 if 7 = j and to 0 if ¢ # j. Notice that the expression above
represents nine separate equations. If we repeat the index, we have a single equation

€L €, = Ok
= 3

Be sure you understand why the result is 3.
We can find the relationship between the matrices a;; and b;;, since, substituting one basis change into
the other,

e, = aijéj
’
= (bjkek>
A/
= aijbjre

Taking the dot product with é;n (notice that we cannot use any of the indices 4, j or k), we have

/ !

€ = a;;bré
A/ A/ A/ A/

e, € = ¢&,- (G;ijb]‘k;ek)
A/ /\/
Omi = aijbjkey, - €
= aijbjrdme
aijbjm

and since d,,; = 0;p, is the identity matrix, 1, this shows that
AB =1
so that the matrix B with components b;; is inverse to A,
B=A"!
This introduces matrix notation, where A and B are entire matrices with components
[Al; = ai
[B]ij = bij

When we write a matrix product as AB we understand this to be normal matrix multiplication, in which
successive columns of b;,, are summed with successive rows of a;;.



1.2 Passive transformation

Consider a passive transformation from €; to é;-. Substituting for the relationship between the basis vectors,
we have

vie, = v;€
= v (b8))
= (vibij) &
so that the components of the vector v in the new basis are given by
v = vibig

To prove this formally, we take the dot product of both sides of our equation with each of the three basis
vectors, €,

N ’ NG /

v;€; &, = (vibjj)e; e,
’
viéik = vibijéjk
’
Vv = Vb

Notice how the identity matrix simply replaces one index with another.

1.3 Active transformation

What active transformation gives the same components for v’ as a given passive one? That is, suppose we
. . Ag Ag ’ . .
want an active transformation that takes v = v;&" to v/ = v/&" where v,, = v;b;,. This requires,

3 3 3
’
E v, = E E Apjvjéy
k=1 j=1k=1
Ag;

’

UV, = jUj

Vb, Apjvj
The relationship here is the transpose.
Let A have components a;;. Then the transpose of A, called A’, has components a;;:
[A}ij = Gy
t
[A], = ag
This allows us to write the relation
vibjk = Akjv;

as
vi [B']y; = Arjv

Since, for each value of j and k these are just ordinary numbers, we may write them in any order, so that

[Bt] kj vV = Akjvj
and therefore

B'=A



1.4 Transformations

We will normally write active transformations,

in components, or

in matrix notation.

Now consider an active rotation of a vector v to a new vector v/. Consider a counterclockwise rotation
about the z axis through an angle 0. If v begins as a vector (v,0,0) along the z-axis then it will end up as
v/ = (vcosf,vsind,0). Therefore, the first column of O must be:

cos
[O];; = | sin®
0

If v were initially in the y-direction, (0, v,0), then it would rotate to a negative z-value, v/ = (—vsin, v cos 6, 0).
This becomes the second column of O, and since anything in the z direction is unaffected, the full transfor-
mation must be

cos —sinf O
[0];; = sinf cosé 0 (4)
0 0 1

To accomplish the same result with a passive rotation, é; = 23:1 ai;€;, we would have rotated the basis
clockwise by the same angle. The matrix a;; takes the form

cosf@ sinf 0
aij = —sinf cosf 0
0 0 1

Notice that the matrix a;; is the inverse of O.

1.5 The Levi-Civita tensor

In 3-dimensions, we define the Levi-Civita tensor, €;;%, to be totally antisymmetric, so we get a minus sign
under interchange of any pair of indices. We work throughout in Cartesian coordinate. This means that
most of the 27 components are zero, since, for example,

€212 = —€212

if we imagine interchanging the two 2s. This means that the only nonzero components are the ones for which
1,7 and k all take different values. There are only six of these, and all of their values are determined once
we choose any one of them. Define

512351
Then by antisymmetry it follows that
€123 = €231 = €312 = +1
€132 = €213 = €321 = —1

All other components are zero.
Using €53 we can write index expressions for the cross product and the curl. The it" component of the
cross product is given by
[ux v]; = eijru;vr (5)



(note the two implicit sums on j and k) as we check by simply writing out the sums for each value of i,

[uxv], = eypuvg

€123U2v3 + €132u3ve + (all other terms are zero)

U2V3 — U3V2

[uxv], = egjru;vg
= €231U3V1 + €213U1V3
= U3V —u1vs
[uxv], = egpujv

= U1V2 — U2V;

We get the curl simply by replacing u; by V; = %

[V X V]i = Eijkvj"uk (6)

If we sum Eqgs.(5) and (6) with basis vectors e;, where e; = i,es = j,e3 = k, we may write the curl and
cross product as vectors:

uxv = [uxv)]e;
EijkU;VEL€;
Vxv = aijkeivjvk

There are useful identities involving pairs of Levi-Civita tensors. The most general is
EijkElmn = §i16jm5kn + 5im5jn6kl + 5in5jl5km - 6il5jn5km - 5in6jm6kl - 5im6jl6kn (7)

This happens because on each ¢;;1, the 7, j and & must be 1,2 and 3 in some order, so any individual term
may be written in terms of deltas. For example,

€1326213 = 4011022033

To check the whole identity explicitly, note that both sides are totally antisymmetric on ijk and on Imn.
But in three dimensions there can be only one totally antisymmetric object with three indices, up to an
overall multiple. Therefore, since the right side is antisymmetric on ijk and on Imn, it must be proportional
to both ;51 and e,

€ijk€imn = A (0310m0kn + 0im0jndki + 0in0;10km — 0:i10n0km — 0indjmOki — Oim0;i0kn)
for some A. To fix A we only need to check one component, say £123¢123 :

€123€123 = A (011022033 + 012023031 + 013022033 — 011023032 — d13022031 — 012021933)
Ad11022033

so we must have A = 1 and the full identity holds.
We get a second identity by setting n = k and summing,

€ijkEimk = 0i0jmOkk + 0im0;k0k + 0ik0510km — 0310 k0km — 0ik0jmOki — OimOj10kk
= 30ubjm + SOt + Gimdit — 6ubim — Oitdjm — i
= (31— 1)610m — (3—1—1)6;mdj
= 0u0jm — dim0ji



so we have a much simpler, and very useful, relation
€ijk€imk = 0i0jm — Oim0ji (8)

A second sum gives another identity. Setting m = j and summing again,

€ijk€ljk =  i0mm — OimOmi
= 30 — du
= 20y 9)

Setting the last two indices equal and summing provides a check on our normalization,
Eijk€ijk = 204 =06
This is correct, since there are only six nonzero components and we are summing their squares.

Now we use these properties to prove some vector identities. First, consider the triple product (corre-
sponding to the volume of the parallelipiped defined by the three vectors),

u-(Vvxw) = u;[vxw]
uiaijkvjwk
= CijkUiVjWg
Because €;j1 = €rij = €k, it is unchanged by cyclically permuting the vectors
u-(vxw) = w-(uxv) = v-(wxu)
Each of these gives the same form when written in components, e.g., V- (W X W) = 0;€;j,W Uk = €;jRURV;W; =

€kijUrV;w;. Renaming the dummy indices gives the original expression.
Next, consider a double cross product:

[ux (vxw), = ejru;[vxw],
€ijkUjERIMUVIWm
= E&ijkEkImU; VW,
Now using our second identity, Eq.(8), to replace &;jk€rim = €ijk€imk = 0idjm — Oimdj;, and using the
Kronecker deltas to change indices,
[ux (vxw), = (0udjm — dimdji) ujviwn,
= 030imU; VW — Oim 051U VW,
= UVW; — UV;W;
= v(u-w)—w;(u-v)
Returning to full vector notation, this is the BAC — CAB rule,
ux (vxw) = (u-w)v—(u-v)w
As one final example of the usefulness of the Levi-Civita symbol, look at the curl of a cross product,
Vx(vxw)], = e;V;[vxw]
= Eijkvj' (aklmvlwm)
= giik€rim (V) wm + i Vjjwem,)
= (0ubjm — Oimdj1) (Vjv1) W + 0,V jwy,)
= 0i0jm (Vju) W + 01V jwp) — 8im0j1 (V01) Wy + 01V jwi)
= (Vi) Wi + 0,V — (Vjv5) w; — v;Vjw;
Restoring the vector notation, this becomes
Vx(vxw)=w-V)v+(V-w)v— (V- v)w—(v-V)w

If you doubt the advantages here, try to prove these identities by explicitly writing out all of the components!



2 Orthogonal transformations

2.1 Defining property
The squared length of a vector is given by taking the dot product of a vector with itself,
vi=v-v

An orthogonal transformation is a linear transformation of a vector space that preserves lengths of vectors.
This defining property may therefore be written as a linear transformation,

v =0Ov

such that
vV.vi=v.v

Write this definition in terms of components using index notation. Setting the components of the transfor-

mation to [O],; = O;; ,
v; = O4jv;
we have
v.v = v.v
! !
v;v; = U4
(Oijvj) (Oikvk = ;U

Notice that we change the name of the dummy indices so that we never have more than two indices repeated.
Each term in the expression (O;;v;) (O;,vy), for each value of ¢, 7, k is just a real number, so we may rearrange
the terms in any order we like. We may also write the dot product as a double sum, v;v; = d;,v;v,. Then

V; V4 = OijUjOikUk
5jk'UjUk = OijOikUjUk

or

0= (O,»jOik — 6jk) UV
If, instead of two copies of v;, we had two arbitrary, independent vectors
0= (O”Om — 5jk:) ’U,j’()k

we could conclude that O;;O;; — 0, must vanish. However, since v;v; = v;v; is symmetric, we need to
derive a further general result. Suppose A;; = —A;; are the components of any antisymmetric matrix, and
Si; = Sj; are the components of an arbitrary symmetric matrix. Consider the trace of the product,

tr (AS) =1tir (Aiijk) = Aiiji
We can evaluate this, just from the symmetries,
AigSji = AiySij
= —A;Si;

Since dummy indices can be named arbitrarily, we may rename ¢ as j and j as ¢ to write 4;;5;; = A;;S;.
Then

AijSji = —AjiSji
2Aiij‘ = 0
AyS; = 0

10



Therefore, the full contraction of a symmetric matrix with an antisymmetric matrix always vanishes.
Returning to our defining property of orthogonal transformations,

0= (O”Ozk - (Sjk) VjVk

and recognizing that the matrix
Mij = ’UZ"Uj

is symmetric but otherwise arbitrary, we see that we can make no claim about the antisymmetric part of
(0i;O0;r, — 6;1), since such a contraction vanishes identically in any case. What we can conclude is that
the contraction of (O;;O;, — d,5) with the arbitrary symmetric matrix v;vy requires the vanishing of the
symmetric part,

(0550ir — 6ji) + (005 — 0k;) = 0
This is enough, because
0ijO0i, = 00y
O = Okj
and we just have two copies of the same thing,
0ijO0ik — 6j. = 0
004, = i
and since the components of O* are just [O], ; = Oji, we may write this in matrix notation as
o' = 1
This is the defining property of an orthogonal transformation:

O'=0"! (10)

2.2 All real, 3-dimensional representations of orthogonal transformations

While we have found one particular rotation matrix, Eq.(4), knowing the defining property Eq.(10) allows
us to find an expression for any orthogonal transformation.

Notice that the transpose of the identity is the inverse of the identity, 1 = 1 = 1!, so we may consider
linear transformations near the identity which also satisfy Eq.(10). Let

O=1+¢

where the components [g] ij = €ij are all small, leij| < 1 for all 4, j. Keeping only terms to first order in ¢;;,
the transpose is just

O' = 1+¢

The inverse of a transformation near the identity must also be near the identity, so to find the right form
for O~ to first order, set

oo~ = (I+e)(1+9)
= 14+e+d—¢€d
1+e+46

11



To have the inverse requires only 0 = —¢, correct to first order in €. Now we impose Eq.(10),

ot = o'
1+ = 1-¢
e = -

so that the matrix € must be antisymmetric. Every infinitesimal orthogonal transformation differs from the
identity by an antisymmetric matrix.
Next, we write the most general antisymmetric 3 x 3 matrix as a linear combination of a convenient basis,

e = wiJi
0 0 O 0 0 -1 0 1 0
= w | 0 0 1 )J4+we| 0O 0 O +w3| =1 0 O
0 -1 0 1 0 O 0 0 0
0 wy  —Ws
= —W2 0 w1
ws —wW1 0

Notice that the components of the three matrices J; are neatly summarized by
[Jiljx = €ijin
where €, is the totally antisymmetric Levi-Civita symbol. The matrices J; are called the generators of the
transformations.
Knowing the generators is enough to recover an arbitrary rotation. Starting with
O = 1+c¢
= 14+ en;J;
where € is a small parameter and n any unit vector, we may apply O repeatedly, taking the limit

0@) = lm O"

n—>oo

= lim (1 + eniJi)n

n—»oo

where the limit is taken in such a way that we hold the product ne constant,
ne =10
where 6 is finite.
Quite generally, this limit gives rise to an exponential.

Theorem: For any matrix M,

lim (1+eM)" = exp(OM)

n—=o0

where the limit is taken so that ne = 6 remains finite.

Proof Noting that the calculation does not depend on the size or details of the matrix M, we use the
binomial expansion, (a +b)" =>"}_, Wik)!a”*kbk we have

O@,n) = lim O"

n—o0

= lim (1+eM)"

n—oo
— lim zn: gk ey
n—>o0 —o k! (n — k)!

_ ~nn-1)n-2)--(n-k+1)
= lm > k! M

k=0

12



Multiplying and dividing by n*,

& nn—-1)(n=2)(n—k+1) (ne)F
O(f6,n) = n@@;ﬂ X — M*
" n(1_1 _2 1— k=1
= > e
k=0 "
= exp (M)

We define the exponential of a matrix by the power series for the exponential, which we can compute
because we know how to find powers of the matrix.

To find the form of a general rotation, we apply the theorem with M = n;J;. We therefore need to find powers
of n;J;. This turns out to be straightforward because of our choice for the three matrices J;. Remembering
that ninjéij = n-n-= ]_7

il = mnicin
[(mJi)Z} = (ni€imk) (Nj€jkn)
mn
= MNjEimkEjkn

= =N (0i0mn — 0inljm)
= —(nin;0i;) Omn + Nmip
= NmNnp — 5mn

[(niJi)g} = (Nmnk — Omk) Ni€ikn

mn
= NyNENiEikn — OmkNi€ikn

—Ni€imn

= —[niJi]

mn

The powers come back to n;J; with only a sign change, so we can divide the series into even and odd powers,

{(niJi)m}mn = (—l)l MmNy — Omn)  foralll >0
(g™ = (1) it foralll=0
We can now compute the exponential explicitly:
[0,0)],,, = lexp(Oniti)l,,

_ [Z - (anJl)kl

_ [(nJ)O} n i 6% (i) n i g2+1 (i Ji) 2+
Y L (20)! (21 +1)! v

o ') 1 l
= ; Omn nmnn) + ZO (2(l+)1)' [ni‘]i]mn

This first sum is (cos@ — 1) because the [ = 0 term is missing from the first sum, while the second sum is
sin @, so a general rotation matrix takes the form

[0(0,0)],,,,

[exp (003 ;)],.,,,
Ommn + (€080 — 1) (6mn — MmNy + 8in 0 [0, J;]

mn (11)

13



This is the matrix for a rotation through an angle # around an axis in the direction of n. To see this, let
O act on an arbitrary vector v, and write the result in normal vector notation,

06,0)],.,,vn = (Omn+ (cosO —1) (6mn — Nmnp) +sinb [0 J;],, ) vy,
= Omntn + (€080 — 1) (0rnvn — NpmNpvy) + sind [n; J;)

= Upm + (cos0 — 1) (v, — Ny (NpYy)) + sin O mpnvy,

mn Un

Define the components of v parallel and perpendicular to the unit vector n:

vy = (v:n)n
vy = v—(v-n)n
In terms of these,
0O@@®,n)v = v+ (v—(v-n)n)(cosf —1)—sinfd(n x v)

v +vicosf —sinf (nxv)

V| +vicos —sinf (nxvy)

since n X v = n x (VJ_ + V”) = n X v, . This expresses the rotated vector in terms of three mutually
perpendicular vectors, v|;, v, (n x v). The direction n is the axis of the rotation. The part of v parallel to
n is therefore unchanged. The rotation takes place in the plane perpendicular to n, and this plane is spanned
by v, (n x v). The rotation in this plane takes v, into the linear combination v cos @ —(n x v)sin 6, which

is exactly what we expect for a rotation of v, through an angle 6 according to the form of Eq.(4). The
rotation O (¢, 1) is therefore a rotation by 6 around the axis 1.

3 Unitary representations (optional)

3.1 The special unitary group in 2 dimensions

Every orthogonal group (SO (n), (rotations in n real dimensions) may be written as special cases of rotations
in a related complex space. For SO (3), it turns out that unitary transformations of a complex, 2-dimensional
space can be used to rotate real 3-vectors. We show that we can write a real, 3-dimensional vector as a
complex, traceless hermitian matrix.

Consider a linear combinations of traceless, Hermitian 2 x 2 matrices,

V = 0101 + U202 + V303

= Ui0;

B 0
(o} = 1
. 0
09 = i
(1 0
2 = o -1

Prove, as an exercise, that these are the only traceless, Hermitian 2 X 2 matrics. This means that there
is a one to one correspondence between 2-dimensional traceless Hermitian matrics and 3-dimensional real
vectors,

where o; are the three Pauli matrices,

vV = ;0
. U3 v — ivg
v + U9 —U3

14



Notice that linear combinations of these matrices remain traceless and Hermitian. The squared length of
the vector v may be written as the negative of the determinant,

detv = det ( U3 EE )

v+ ivg —7U3

[—vg — (v +iv2) (v1 — ivg)]
= - (U% + v% + vg)
= —V2

These facts give us a second way to describe orthogonal transformations. For the usual real representation
of vectors, we have already seen that a real, linear transformation satisfying O = O~! is an orthogonal
transformation. For the matrix representation, we require a similarity transformation,

v =UvU ™!
which preserves three properties:
1. Vanishing trace:
tr(v')=tr (UvU™") =0
We show below that v’/ will be traceless if v is provided the determinant of U is one, det (U) = 1.
2. Hermiticity:
vi = (ovu )t
= U liviyt
Utivut
For this to reproduce v’, we need U~'T = U, or equivalently, U~ = UT, the condition that U be
unitary.
3. Determinant:
detv/ = det (UVU!)
= det(U)-detv-det (U")
= detv
These properties guarantee that v’ has the form vo; for three real numbers v}, if and only if v does.
Furthermore, since the determinant is preserved, the vectors v/ and v have the same length. Therefore,
U produces an orthogonal transformation if and only if U is unitary, with determinant 1. The group of

matrices with these two properties is called SU (2), the group of special (i.e, det U = 1) unitary (UT =U™!)
transformations in 2-dimensions.

3.2 Rotations as SU(2)
3.2.1 Infinitesimal SU (2) matrices

We now find the general form of an SU (2) transformation. Starting from an infinitesimal rotation, U = 1+-¢,
we require

Ut =
(1+e)(1+e)f =
l+e+el+0(?) =
etel =

ET = =€

O = = =
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at+b c—1id
c+id a—-0b )

which means the generator must be anti-hermitian. Let ¢ = ih, where h is Hermitian, h = hf = (

We also need the determinant of U to be 1. To first order, with

U=1—|—i<a+b czd):<1+za+zb ic+d )

c+id a-—0D ic—d 1+ia—1b
and a, b, ¢, d all small, this gives

1 = detU

~ det 1 +da +ib ic+d
= @ ic—d  1+ia—ib

= (1+ia+1b)(1+ia—ib) — (ic+d) (ic—d)
= (1+ia—ib+ (ia — a® + ab) + (ib — ba + b%)) + (c* + d?)
= 1+41ia — b+ ia+ib+ second order

Dropping the second order terms and canceling the 1 on each side leaves

2ia=0

and therefore ¢ = 0. This means that h is traceless, and U may be written as a linear combination of the
Pauli matrices,
U=1+ien-o

with € < 1 and n a unit vector.

3.2.2 Finite transformations

Finite SU (2) transformations may be found by taking the limit of many infinitesimal transformations. Using
our general result [2.2]

U(p,n) = lim (1+ien-o)"
k— o0
= exp <Z;0n~a>
where
- .
%) = 5

The exponential is defined as the power series,
U = exp <wn . 0'>
2
9] . k
1 (1o
= 2 k! (2“ ' U)

so we need to compute powers of the Pauli matrices. For this it is helpful to have the product of any two
Pauli matrices,

0,05 = 51‘]‘1 + iaijko'k
which you are invited to prove. Then

m-0) = (n-0)°
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= (o) (n,0;)

nin;o;0;

= nny (5ij1 + ié‘ijkdk)

nin;0i; 1 +i€;;5MiNn; 0k

n-n)l+i(nxn) o
1

Higher powers follow immediately. For all k =0,1,2,...

. 2m—+1 2k+1
(Fre) = ) e

The exponential becomes

U = Z%(ia-a)k

k=0
R e PR S G VO
= 12 G (3) 0o ) B (3)
k=0
= 1cos§+in-asin§

There are important things to be gained from the SU (2) representation of rotations. First, it is much
easier to work with the Pauli matrices than it is with 3 x 3 matrices. Although the generators in the 2-
and 3-dimensional cases are simple, the exponentials are not. The exponential of the J; matrices is rather
complicated, while the exponential of the Pauli matrices may again be expressed in terms of the Pauli

matrices,

e%pn"’ :lcosgqtinwfsin%

and this substantially simplifies calculations.

3.2.3 Rotation of a real 3-vector using SU (2)

Now apply this to a 3-vector, written as
X=x0

We have
X = x0
= U(x-o)U'
= (lcosg—&—in-a'sin%)(x-a’)(lcosg—in~asin§)

= (x-a)cosfcosf+i(n-0')(x~0')cos£sin£—i(x~0') (n-O')cosfsing

2 2 2 2 2 2
+(n-a‘)(x-a)(n-a)sin§sin%
= (x-a)cosgcosg—i—inimj [Gi,aj]cosgsin§+(n~a) (x-0) (n~a’)sin§sin%
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Evaluating the products of Pauli matrices,

iz log,05] = ingxj (2igi0k)
= 2(nxx)-o
(n-o)(x-o)(n-o) = (n-0)zn;(d;1+ic;,0k)
= (m-o)((xn)l+i(xxn) o)
= (x-n)(n +i(n-o)(xxn) o

»
=

»
\./\_/E/\./\./

= n-o
-

= (x'n

+in; (x X n); 00

o)
)
n-o)+in; (Xxn) (051 + icijk0%)
n-o)+in- (xxn)l—(nx(xxn))~a
)

= (xn n-o

(x(n-n) —n(x-n))-o

Substituting,
xX -0 = (X-O’)COS%COS%—Q(HXX)~0'COS%Sin§+(2(X-n)(H-O’)—X-O’)Sin%sin%
= (x-0) (cos%cos%—sin%sin%) —(n><x)-U2cos§sin§+2(x-n)(n-a)sin§sin§
= (x-o)cosp—(nxx)-osinp+ (x-n)(n-o)(l—-cosyp)

= [xcosp—nxxsinp+ (x-n)n(l—cosy)]-o
[

x—(x-n)n)cosp —nxxsinp+ (x-n)n|-o

and equating coeflicients,

x = (x—(x-n)n)cospy —nxxsing+ (x-n)n
= X|+xXLcosp—(nxx)sing

which is the same transformation as we derived from SO (3).

3.2.4 Spinors

Because the transformation x’ = UxU' is quadratic in U, we find double angle formulas and the real rotation
is through an angle ¢, not £, This means that as ¢ runs from 0 to 27, the 3-dim angle only runs from 0 to
m, and a complete cycle requires ¢ to climb to 47. Notice that U and —U give the same rotation of x.
More importantly, there is a crucial physical insight. The transformations U act on our hermitian matrices
by a similarity transformation, but they also act on some 2-dimensional complex vector space. Denote a

vector in this space as ¢ = ( g ), so that the transformation of v is given by

¢/ —e¢ ;’Jn Uw
This transformation preserves the hermitian norm of v, since
iy = (v'UT) (Uw)
wT (UTU) W
= yly

The complex vector 1 is called a spinor, with its first and second components being called “spin up” and “spin
down”. While spinors were not discovered physically until quantum mechanics, their existence is predictable
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classically from the properties of rotations. Also notice that as ¢ runs from 0 to 27, ¥ changes by only

¢I _ eiﬂ'n-aw
= (lcosm+in-osinm)p
—1

so while a vector rotates by 27, a spinor changes sign. A complete cycle of an SU (2) transformation therefore
requires ¢ to run through 4.

3.3 Lorentz transformations

A simple generlization of SU (2) allows us to describe the Lorentz group. With a general 4-vector given by
v = (v07vl,v2,v3) = (’UO,V)
we define a Lorentz transformation as any transformation preserving the proper lengths of 4-vectors,

§2 — _ (UO)Q + v2

Consider the space of 2-dim hermitian matrices. A general complex matrix may we written as

c=(53)
a=(53) -0 (55)

sothat a =@ =a,d =6 = b and B = 7, where a,b are real and an overbar denotes complex conjugation.
We therefore may write any 2-dimensional Hermitian matrix as

(3 1)

Introducing four real numbers, x,y, z,t, and setting a =t + 2,b =1t — z and 8 = = + iy, A takes the form

If A is hermitian then we require

2 Qi
SOV

. t+z x—1wy
4 = <x+iy t—z)
1 0 0 1 0 —i 1 0
Lo v ) (8 o) (T 7))
= t1+x-0

Hermitian matrices therefore form a real, 4-dimensional space. We choose the identity and the Pauli matrices
as a basis for this 4-dim vector space.
Now consider the determinant of A,

. t+z x—1y
detA = det(m—i—iy f . )
= (t+2)({t—2) — (z+1y) (z—iy)

— 22 g2y

= —52

This is the proper length of a 4-vector in spacetime, which means that any transformation which preserves
the hermiticity and determinant of A is a Lorentz transformation.
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It is now easy to write the Lorentz transformations. The most general, linear transformation of a matrix
is by similarity transformation, so we consider any transformation of the form

A= LAL'
where we use L' on the right so that the new matrix is hermitian whenever A is,

@) = (zarh)
_ LTTATLT
= LAL'
— A

L also preserves the determinant provided

1 = detA
= det (LALY)
= det Ldet Adet Lt
= detLdet L'
= |det L|?

so that det L = +1. The positive determinant transformations preserve the direction of time and are called
orthochronos, forming the special linear group in 2 complex dimensions, SL (2,C). Since these transforma-
tions preserve T2 =12 — 22— 22— yz, they are Lorentz transformations.

4 Rigid Body Dynamics

So far the problems we have addressed make use of inertial frames of reference, i.e., those vector bases in
which Newton’s second law holds (even though we have used the principle of least action, which allows
general coordinates). However, it is sometimes useful to use non-inertial frames, and particularly when a
system is rotating. When we affix an orthonormal frame to the surface of Earth, for example, that frame
rotates with Earth’s motion and is therefore non-inertial. The effect of this is to add terms to the acceleration
due to the acceleration of the reference frame. Typically, these terms can be brought to the force side of the
equation, giving rise to the idea of fictitious forces — centrifugal force and the Coriolis force are examples.
Here we concern ourselves with rotating frames of reference.

4.1 Rotating frames of reference

Using our expression for a general rotation, it is fairly easy to include the effect of a rotating vector basis.
Consider the change, db, of some physical quantity describing a rotating body. We write this in two different
reference frames, one inertial and one rotating with the body. The difference between these will be the
change due to the rotation,

(db)inertial = (db)body + (db)rot

Now consider an infinitesimal rotation. We found that the transformation matrix for an infinitesimal

rotation must have the form
O(df,n)=1—don-J

where
[Jiljx = €ijin
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and we write —df so that the rotation is in the counterclockw1se (positive) direction. To check the direction
of rotation, we may choose n = k and act on a unit vector i in the z direction,

[O (dg,fl)bk ’ik = (5jk — d@nisijk)ik
= (ij — dbes;n)
= (1,0,0) +d#(0,1,0)
since €351 must have j = 2 to be nonzero, and €321 = —1. The vector acquires a positive y-component, and

has therefore rotated counterclockwise, as desired.

Suppose a vector at time ¢, b (¢) is fixed in a body which rotates with angular velocity w = an Then

after a time dt it will have rotated through an angle df = wdt, so that at time ¢ + dt the vector is
b(t+dt) = O (wt,n)b(t)
In components,

bi(t+dt) = (djr —wtneijn) by (1)
6jkbk (t) —wt (nigijkbk (t))
bj (t) — wdt (eibr (t) n;)

Therefore, returning to vector notation,
b(t+dt)—b(t) = —wdtb(t)xn
Dividing by dt we get the rate of change due to the rotation,

db (t)

o = wxb(t)

If, instead of remaining fixed in the rotating system, b (¢) moves relative to the rotating body, its rate of
change is the sum of this change and the rate of change due to rotation,

db > < db >
— = | = +w xb(t)
( dt inertial dt body

and since b (t) is arbitrary, we can make the operator identification expressing the rate of change of any
quantity relative to an inertial frame of reference in terms of its rate of change relative to the rotating body,

() = (@)t
dt inertial dt body

4.2 Dynamics in a rotating frame of reference

Consider two frames of reference with a common origin — an inertial frame, and a rotating frame. Let r (¢)
be the position vector of a particle in the rotating frame of reference. Then the velocity of the particle in an
inertial frame, Vinertial, and the velocity in the rotating frame, vyoqy, are related by

( dr ) ( dr ) b
— = — w r
dt inertial dt body

Vinertial = Vbody +wXr
To find the acceleration, we apply the operator again,

o dvinertial
Qinertial = dt
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i+w>< (Vbody +w X 1)
di body

d(Vpo
_ (v dyd‘:w X r) w0 X (Viody + @ X T)

dv n dw T w X dr fw Fwx (wxr)
= —_ — r w —_ w Vo w w r
dt )y, dt dt body

- (T —l—d—wxr—i—?wxv +wX (wxr)
—o\dt ), dt body

The accelerations are therefore related by

dw
Qjnertial = Abody T E X r+ 2w X Vbody T W X (w X I‘)

Since Newton’s second law holds in the inertial frame, we have
F = Majnertial

where F refers to any applied forces. Therefore, bringing the extra terms to the left, the acceleration in the
rotating frame is given by

d
F — md—c: X T — 2Mw X Vpody — MW X (W X I') = Mapedy (12)

This is the Coriolis theorem. We consider each term.

The first
dw
—m—
applies only if the rate of rotation is changing. The direction makes sense, because if the angular velocity is
increasing, then ‘fi—‘: is in the direction of the rotation and the inertia of the particle will resist this change.

The effective force is therefore in the opposite direction.
The second term
—2mw X Viody

is called the Coriolis force. Notice that it is greatest if the velocity is perpendicular to the axis of rotation.
This corresponds to motion which, for positive vioq4,, moves the particle further from the axis of rotation.
Since the velocity required to stay above a point on a rotating body increases with increasing distance from
the axis, the particle will be moving too slow to keep up. It therefore appears that a force is acting in the
direction opposite to the direction of rotation. For example, consider a particle at Earth’s equator which
is gaining altitude. Since Earth rotates from west to east, the rising particle will fall behind and therefore
seem to accelerate from toward the west.
The final term
—mw X (w X )

is the familiar centrifugal force (that is, the centripetal acceleration treated as a force). For Earth’s rotation,
w X r is the direction of the velocity of a body rotating with Earth, and direction of the centrifugal force is
therefore directly away from the axis of rotation. The effect is due to the tendency of the body to move in
a straight line in the inertial frame, hence away from the axis. For a particle at the equator, the centrifugal
force is directed radially outward, opposing the force of gravity. The net acceleration due to gravity and the
centrifugal acceleration is therefore,

2

Jeff = g—wr
— 98— (7.29x 107°) x 6.38 x 10°
— 9.8—.0339
— g(1—.035)
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so that the gravitational attraction is reduced by about 3.5%. Since the effect is absent near the poles, Earth
is not a perfect sphere, but has an equatorial bulge.

5 Examples

5.1 Lagrange points

Consider the three body problem for gravitation, in which to much more massive bodies move about one
another in a circular orbit, with the third, lighter body moving in their combined potential. Assume the
motions of all three bodies lie in a single plane. The action for the full system is

1 - 1 . GMlMQ GMlm GMQ’/TL
=M>X3 + -mx* + + +
g 22Ty X, — Xo| Xy —x| [ Xs— x|

i
1 .
S=/§M1X§+

We treat this as a perturbative problem, with m < Mj, Mz, so that terms of order ; are completely
negligible — imagine a small rock or satellite in the neighborhood of the earth and the moon. Moving to

center of mass coordinates, we set

M1X1 + M2X2 + mx

R = My + Mz +m
M X1 + MyXo
M
r = Xg —X1

where M = My + M. Inverting as we did for the two body problem,

M
X, = R—i—ﬁlr
M.
X, = R—ﬁzr
and the dominant terms of the action become
1 . 1 . GM M, 1. . 1 . GM; M,y
SMXP+IMXE 4 . = CMRAP4 St ———2
g ARt 2 LR

Let our coordinate system be at rest at the center of mass, so the first term drops out. The action is now

S

— 2 —
2,ur —|—2mx + |r| | MQr—x’ ‘ r—X‘

t
/(1, 1 ., GMM  GMm GM2m>

0
t

1 . 1 G M M. GM GM.
/ <2u (7" +7r26% + 72 sin? 9@2) + 5m)’<2 + 12 1 + 2m )

|r| ’——r—x‘
0

Let the common plane of the motion be specified by § = 5. Then for a circular orbit at r = ro,

¢
- 1 1 2.9 GMlMQ GMlm GMgm
S = 0/<2Ms0 +2m(x +xs0)+ ] |_%r_x| |%r_ |>
The conserved energy is
E — 1/17“2@2 4 lm (ij + $2tpi) _ GM1M2 GMlm GMgm
2 2 |r| ]— r—x| |Ar — x|
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For a circular orbit, we expect
G M, M-

2
)

prog?

GM
2 _ 2
wn = = —_—
0= r3
Move to a frame rotating with this angular velocity. Since we are looking for stationary points, ¢? will
take this same value, w2, so the energy reduces to

1 1GMm GMim GMsm
B = = ) = 2 1 N 2
"ty 3 v |-fr — x| |Ar—x|

and effective potential for the satellite is,

v GMm , GMim GMom
= xr — —_
e T Tl x| [Brr—x

We need to expand the denominators. Define

M.
Ly = —ﬁQrfx
M2
= ﬁ%ﬂ—i— 2+ TX COS
M? 2M
Ly, = \/M12r2+x2— Mlm'cosgo

remembering that x is the vector to m from the center of mass, while r is the separation of M; and My,
with ¢ the angle between them. The effective potential is

GMm , B GMim B GM>m

Vert = 55 ¢ L, L
We seek the extrema,
0 = VVeff
_ <§(3 +¢13) (GmeQ B GMim 3 GM2m>
ox x 0 r3 Ly Ly
so we will need
2
1 N 2Ms . 2M, .
= —TL% (x <2x+ % rcosap) + @ (— i rsm<p)>
1 /. Mo L[ My
7[7% (x <:c + ﬁrcos gp) — @ (Mrsmcp>)
Vi - L ()% (x— MTCOS@) —@ (Mrsingo))
Lo L3 M M
Therefore,
0 = VVeff

N GMm GMlm M2 GMQ?TL M1
= X 3 x + L? strﬁrcosgo +T% zfﬁrcosap

+¢ ! ! G i
— - — in
@ I pmr sin @

There are two cases to consider, depending on whether sin ¢ = 0 or not.
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5.1.1 Case 1l: p=0

If ¢ = 0 then only the X term remains, and L, o simplify,

M3 2M:
Ly = M22+ + 2rg
4 M
= T+ —-—r
M
M
L, = x—ﬁlr

Therefore,

0 — Gme+GM1m x—i—%r +GM2m J;—%r
3 L3 M L3 M
M M M
= G _——
m( T+ L2 L%)
M
0 = r—BxL‘f‘L§+M1L§—M2L$

M (M 2 (M, 2 M, ? M, 2
= TB‘T(MT‘IE) (MT+$) +M1 ﬁf*"ﬂ 7M2 VT‘FI

This is a fifth order equation. Expanding the squares, the first term becomes

A = —z

_ % %12 2 2% 4 72 M2 _|_2M 4 72
= 7"33: Mz?“ M'r]) X M2 M’I‘x X

2 2 9
_ H /»LMl 3 M 2 2 2/.£M2 3 4,[1, 2 9 2M1 M 2 9 M2 3 4
- 73‘r M2 +2M2 $+M2 z e rx_M T — M +W x+2—Mra: +x
Mo (gt 20 =M 5 ] 2u (My — M) 4 [
= r—?’x (I‘ + TTOS + m ((Ml — Mg) — 2M1M2) r2a? + T T+ WT

The final pair of terms together become

M 2 M. 2
M, (]MIT—!E> - M, (A/[Qr—i—:c)

M M, M3 M,
= M1(1 —2r:r:+x)—M2< 2 2—}—27“35—1—1‘)

B

M2 M M? M
M} M} M; M3
= M12 Q—QWM:—&—MNC —ﬁéTQ—Zﬁm:—ngQ
M2 M2 3 _ 3
= (M]_—MQ)I2+—2( 2+ 1>m:+M1 M27“2

M M?
Putting these together,

0 = A+B
M 1 1 1, 2u(M; — M
_ Tgm5+2(M2—Ml)ﬁx4+M((Ml—M2)2—2M1M2) ~a a = 2) 2+Lm
2 2 3 3
) (M3 + M?) M} — M3
+ (M — My)z” + -2 % re + "



M 1 41 2 L g, 2u(M — M) ,
2 2 2 3 3
2 M (M2 + Ml) My —M; ,
+ (M, — My)x —|—er—2 7 re 4+ "
5 4 3
0 = M? (%) oM (M — M) (%) + (= M) = 200005 ) (£)

(st =2+ 37 06 - 20) (1) 62 205201 () + 5

We consider the much simpler case when M; = My, so that u = % = %. Then the condition reduces to
o = (D) - () - e ()
r 2 T 16 T

o
|

z\4 1 /x\2 15 x
(1656
and we can solve exactly. The first term vanishes if
() = (1 T

r 2\2 4 4

- i(uz;)

We must have the positive root, so the full equation factors as
x z D r D
o D
r (r + 4) (’I‘ 4)

In this case, we first solve the @ equation,

5.1.2 Case 2: sinp # 0

(1 1 .
0 = ¢ fg_f? Gumrsin ¢

If the sine does not vanish then we must have

Ly = Lo
M2 2M. M?
ﬁérg + 22 + 2ra cosp = ﬁlzr2 + 22 — T COS
M, 2M, M, M3,
7T Cosp + rTCosy = Tt = T
2 (M, + Mp) M — M3
————~~xcos = ——=r
M 4 M2
My — M,
rcosp = or "
Replacing z cos ¢ with this expression, L = L; = Lo, with
M2 2M.
L = \/]\4227"2+:c2+ M2mccos<p
M3 9 o | 2My My — M,
- VaeEm T T e
= ﬁﬂ + 22



Multiply the x equation by z and substitute for L and x cos ¢,

0 = ng—i—% wz—l—%mccos —i—% xQ—%rxcos
3 I M 7)) T3 M 7
M, 1 9 9 My —My, , M —M, ,
= 37 *m(Mlx Mo o R T T
M, 1 2
so that
L31‘2 — —7"3.172
L¢ = +F
3
() = v
3
1% x)2
al bl = 1
G ()
- (E)Q _ 1
M+ r
z H
T 4. /1-=
r M

and we have two Lagrange points with nonzero .

5.2 Foucault Pendulum

We apply the Coriolis theorem, Eq.(12), to the motion of a pendulum at latitude «.

F—m%’: X T — 2MW X Viody — MW X (W X T') = MApody
The rotating frame here is Earth’s daily rotation.

It is important to have an idea of the relative magnitudes of the various terms. The external force F is
due to gravity and tension, both of which are proportional to mg. The second term vanishes because the
angular velocity of Earth is extremely close to constant. For the Coriolis and centripetal terms, we need the
magnitude of the angular velocity of Earth, which is

2m 1day

= =727Tx107°H
@ 1day x 24 x 3600 sec X N

The radius of Earth is about 6.37 x 106 m while the velocity of a 10m pendulum is about v = /gL = 9.90 g
Therefore, the acceleration due to the Coriolis term is of order

vw ~ 9.90 = X 7.27 x 10 Hz = 7.20 x 10742
s s
and the centripetal acceleration is of order
w?R = .0337 =
s

Therefore,
9> w R > wv
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5.2.1 Modification to gravity

Because the centripetal acceleration does not depend on the motion of the pendulum, we simply regard it
as part of the acceleration of gravity. In fact, it is this combined force that determines what we regard as
“downward”, rather than the direction toward the center of mass of Earth. Therefore, if g = — %AQ/[ 7 is the

true gravitational acceleration, the acceleration we measure at the surface is

g=g-—wx(wxr)

Choose both Cartesian (i,j,f{) and spherical (f,é, cfo) coordinates at rest in the Earth, with »r = R the
radius of Earth, # = 7 — « the angle from the north pole, where « is the latitude. These are related by

r = isin@cosgo+jsin9sing0+f<cos€
6 = icos@cosg&—l—jcos@sincp—l;sine
p = —isinﬁsing@—i—jsinHCOS(p

The problem is symmetric in ¢, so we rotate the coordinates so that the pendulum is at ¢ = 0. Then the
unit normal to Earth’s surface in the Cartesian basis is

f = isinf+kcosf
= icosa+ksina
0 = icosf—ksind
= isina —kcosa
With the angular momentum given by w = wR, the centripetal acceleration is
wx (wxr) = wkx (
= wkx (wﬁxR(icosa+Rsina))

= wkx (wR cos aj)

= —w?Rcosai
or equivalently,
wx (wxr) = —w?Rcosa (f‘cosa—i—ésina)
Therefore, the actual downward direction is slightly away from the direction to the center of mass. This
makes a fractional correction of about "JzTR = % = .00344 to the acceleration of gravity. The pendulum,

when stationary, will hang in the direction of g’ and have magnitude

g \/(9 +w?Rcos? a)® + whR? cos? asin® a

= Vg2 +2gw?Rcos? a + wiR? cos? a
\/g2 + 2gw? R cos?

Q

since w*R? is only of order .0009.

5.2.2 The motion of the pendulum

We now change to Cartesian coordinates centered on the pendulum. Let t be a unit vector opposite the
local “down”, that is, t = %, and let G, w complete an orthonormal basis, pointing to the East and North,
respectively. The equation of motion is now

T —mg — 2mw x v =mx
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where T is the tension and X lies in the uw plane.
Let the angle g of oscillation of the pendulum be very small and the supporting cable of very long length
L so that the arc of the pendulum is sufficiently close to horizontal motion. To be precise about the position,
when the pendulum is displaced through an arc length SL its gain in height is L — Lcos 3 = %LﬂZ, so the
position of the pendulum bob is
1 o . N L
x = §L,6’ t + Lsin B (icos ¢ + Wsin @)
~ LB (lhcosp+ wsiny) (13)

where ¢ is the angle in the uw plane measured from the u-axis. The tension is
T = T cos t 4+ T'sin f%x =TT

where X is the direction of the displacement from equilibrium given by Eq.(13). A
Decompose the equation of motion in directions parallel and perpendicular to T. There is no acceleration
in the along T so,

T-(T—mg —2mwxv) = mT- %
T —mg cosf—2mT-(wxv) = 0

and since wv is of order 10~* we may drop it and write

T = mg’ cos 83
Noticing that to first order in (3,
. . 1 -
x-T = (cos Bt + sin 5)2) . <2L52t + Lﬂf{)
1
= 5Lﬁ2 + LB?
~ 0

so the remaining equation is in the horizontal plane.
Writing out the remaining equation in the uw plane:

—mg'sinffX —2mw x v = mx

we may write ¢’ sin 8x ~ ¢'x = %LB?{. Then defining wy = \/% and recognizing 5L as the magnitude of
the displacement, the first term becomes
—myg’ sin f% = —mwix

To find the Coriolis force, we write the angular velocity of Earth in the new basis,

w = twcosh+ wwsind

= twsina + wwcos«a
Then
wxvx = (twsina+wwcosa) x (4 + ow)

= (4w — 00)wsina — tuw cosa
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The t component is a tiny contribution to the tension in the cable, and the tension always adjusts to balance
any force applied in its own direction, so we may drop this. Expandint the resulting equations in the (W, 1)
basis and cancelling m, we have

—w (uilt + ww) — 2 (aW — ) wsina = (il + D)

so we have two coupled equations of motion,

il — 2iwsina +wiu = 0

W+ 2iwsina +wiv = 0

We may write these as a single complex equation. Let z = u + sw. Then multiplying the second by 7 and

adding,

Z+4+ 2iZwsina —|—w§z =0
To decouple the two directions, define the precession velocity, w, = wsina, and let

z = se wrt

This means that z is just s together with a slow rotation in the plane. Finding derivatives,

z = se wrt

—twpt

N
Il

5 —iwps)e

—1w —iwpt

(
Po= (8 —iwps) et —iw, (8 —iwps) e
(¥

§— 2wps — wis) e !
and substituting,

0 = 2+ 2ijwsina+wiz
= ((5— 2iwps — wﬁs) +2i (5 — iwps) wy + wis) er’
0 = §—2iwys —wis + 2iwps + 2wys + whs
= 5+ (wg + wf,) s
This is simple harmonic with

s = Slezwt+82e—zwt

P (slezwt + sze—zwt) e—zwpt

where w = \/wg +w? = \/gf/ +w?sin®a. For L =10m and ¢’ ~ 9.8% , wo ~ 1 while w =~ 7 x 1075, so w?
is neglibible compared to w3.
Let s(0) = s and $(0) = 0, both real, at ¢t = 0. Then
s = rie Wit 4 pyeTivzomiwt
= ppefWime1) 4y ei(wite:)
So = Tie 1 fpgeTiP2

= 711 (cospr —isinp) + 7o (cos g + isin )

So = T1COSEP1 + T2 COS P2
0 = i(risinp; —rosines)
S0 = idwrie Pt —dwrqe '¥?

= iwry (cospy —isinpy) — iwrs (cos pg + isin ps)
So = wrysing; + wresin g

0 = dw(ricosy; —recosys)
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Therefore,

Sop = T1COSP1 + T COS P2
0 = rising; —resines
So = T1sin@) + rosin s
0 = 1r1cosp; —1TacCosps
Solving
"1 COS®Y1 = T2COSP2
So = 2ricosy
rising; = Trosines
50 = 2T1 sin ®1

If we take the initial velocity to be zero then ¢; = 0 and we have

T = T2CO0S8P3y
So = 2T1
0 7o Sin @9
So = 0
Then ¢2 = 0 and
o o= T2
So = 27’1
So = 0
Finally
50 1wt —iwt
s = — e e
D (et e
= sgcoswt

and the pendulum simply oscillates along the original displacement. To this, e’“»! adds a very slow precession,
z = u-+w
= (coswpt — isinwpyt) so coswt
so that

U = SgCoSwtCcoswyt

v = —5pcoswtsinwyt

The basic \/% oscillation is relatively fast, so seeing it, we separate the motion into two parts — oscillation
and precession — instead of a single looping motion.

6 Moment of Inertia

6.1 Total torque and total angular momentum

Fix an arbitrary inertial frame of reference, and consider a rigid body. Consider the total torque on the
body. The torque on the i** particle due to internal forces will be

N

T; = E I‘iXFji

Jj=1
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where Fj; is the force exerted by the jth particle on the i*" particle, with F;; = 0. The total torque on the
body is therefore the double sum,

N N
Tinternal = E § r; X Fji

i=1 j=1
1 N N
= §ZZ(riXFji+rjXFij)
i<j j=1
1 N N
= 322 (ri-r)xFy
i<l j=1

where we use Newton’s third law in the last step. However, we assume that the forces between particles
within the rigid body are along the line joining the two particles, so we have

i — T
Fji = sz —r 3
ri — 1y

and all the cross products vanish. The total internal torque is thus zero:

Tinternal = 0

Therefore, we consider only external forces acting on the body when we compute the torque.

For a macroscopic rigid body it is easier to work in the continuum limit. Let the density at each point
of the body be p(r) (for a discrete collection of masses, we may let p be a sum of Dirac delta functions
and recover the discrete picture). The contribution to the total torque of an external force dF (r) acting at
position r of the body is

dr =r x dF (r)

and the total follows by integrating this. For a small increment of mass, dm = p(r) d®z, the force using

Newton’s second law is dF (r) = dm ‘fi—‘t’ = ‘fi—‘{p (r) d®z. Integrating the resulting torque, we have

T = /p(r)(rx(fl:)d?’x
_ /p(r)[i(er)(Cz‘xv)}dSm

Since % x v =v X v =0, and the density is independent of time,
Com ey
T = — r)(r x v)d’x
at | ©

Compare this to the total angular momentum. The angular momentum dL for a small mass element,
dm = p(r)d3z,is dL = p (r) (r x v) dz. Integrating over the whole body gives the total angular momentum,

L = /p(r)(rxv)dsx

so the total external torque equals the rate of change of total angular momentum,

dL
- (14
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6.2 Moment of intertia

As it stands, the angular momentum of a rigid body depends on both the velocity of its parts and their
arrangement. To describe the motion of a given rigid body, it is useful to separate properties of the body
itself from the dynamical properties dependent only on its state of motion. We accomplish this as follows.

Suppose the rigid body rotates with angular velocity w. Then the velocity of any point in the body is
w X r, so the angular momentum is

L = /p(r)(rx(wxr))d3:c
[r) fwr —x () i

We would like to extract w from the integral above, but this requires index notation. Writing the equation
in components,

L;

/p (r) (wir® — rirjwj) &z
/p (r) (w;byyr® — rirjw;) d*z

wj/ﬂ(r) (0357 —riry)

where we may pull w; out of the integral since it is independent of position. Notice how the use of dummy
indices and the Kronecker delta allows us to get the same index on w; in both terms so that we can bring it
outside, keeping the sum on j. Now define the moment of inertia tensor,

Iij = /P(r) (0ij7® —riry) d’x (15)

which depends only on the shape of the particular rigid body and not on its motion. This moment of inertia
tensor is symmetric,
Lij = I

The torque equation may now be written as

4
dt

T, —

(Lijw;)
We have therefore shown that the angluar momentum is

Li = Iijwj (16)

where equation of motion in an inertial frame is still 7 = %. In general, I;; is not proportional to the

identity, so that the angular momentum and the angular velocity are not parallel.
6.3 Example: Moment of inertia of a thin rectangular sheet

For a uniform 2 dimensional rectangle of sides a and b along the x and y axes, respectively, we seek
Iij = /p(:l?,y) (xzéij — ximj) d2l’

about the center of mass. Since the body is uniform, the density (mass per unit area for a thin sheet) is

constant,
M

PZE
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Also note that the center of mass is at R; = (%, %), so we compute relative to that point,

M
Lij=— ((X ~R)? 6y — (v — Ri) (; — Rj)) &’z
We compute the integrals one at a time

L= o (R i~ (a1~ R) o1 — Ry)) P

0
oM (1/b\ 1 b\’
b 3(2) _3(_2>
M2 (P
B b3(8>
MY
12

For I55 the calculation is similar, yielding Iss = Ml—gz The off-diagonal component is

M b
112 = 121 = E ((X—R)Q(Slg— (l‘—%) (y—2)>d2x

a

b
< B o t) oo
0 0

Il Il
| |
e~ =)
@‘ >
Sz &I=
L —
N
/N
N | o N
~__ <
S |
| [CIRSS
PN ¥/M
| [
N | o
~__
.
(e} o
| — |
VS
N
N———
[\v]
|
/T\
NN S
N————
[\v}
_
=) )

6.4 Rotating reference frame and the Euler equation

Next, look at the equation of motion in a rotating frame of reference. We must replace the time derivative,

() ™ (i) 7
dt inertial dt body
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and the equation of motion becomes
(@)
T=|— +wxL
dt body
This is the Euler equation.

In order to use the Euler equation, it is helpful to choose the right frame of reference. Given our rotating
frame, any constant orthogonal transformation of the basis takes us to another equivalent rotating frame,
but with a different orientation of the basis vectors. Furthermore, we know that any symmetric matrix may
be diagonalized by an orthogonal transformation. Therefore, it is possible to rotate our basis to one in which
1;; is diagonal. In this basis, we have

Ln 0 0
N,=| 0 In 0 (17)
0 0 I

The three eigenvalues, 11, I22 and I3 are called the principal moments of inertia.
If we now write out the Euler equation in components using the principal moments, we have

Ti = —Iijw; + €4k Imwm

T dt

so writing each component, i = 1, 2, 3, separately,

™ = @Iljwj +€1jkwjlkmwm

= @Inwl + e123wal3mwm + €132w3lomwm
dwl
= In i + €123wal33ws + €132w3laowo
dw1

= 1
g

+ wows (I33 — I22)

and similarly,

Ty = %Izzwz + eo31waliiwy + 213w1 I33wW3

dw
= 122072 + wswr (I11 — I33)

and
73 = £133w3 + e312w1 loowa + 321wl 11w

dw
= 1337; + wiws (I2o — I11)

Introducing the briefer (but potentially misleading) notation

I = Iy
I, = Ixn
Is = I3
we have the Euler equations in the form
71 = L —waws Iz — I3)
Ty = Iy —wswi (I3 — 1)
T3 = 1302)3 — WiWwsa (Il — Ig) (18)
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6.5 Torque-free motion

When the torque vanishes, both the kinetic energy and the angular momentum are conserved. To find the
kinetic energy, we write the action. There is no potential; in the inertial frame, the kinetic energy is the
integral over the rigid body,

r = %/P(r) (v(r) dx
= o) @i
= %/p(r) (CimnwWmTn) (Eijpw;Te) d>x
= %/P(f) (Emni€ijki) WmTnw;Tkd>T
-2 / () (s — Omins) o
= %mej' /p (r) (OmjTnrn — TjTm) B
= §wmwjlmj
so we have 1
T= ifl-jwiwj (19)

The force-free action is therefore

1
S = /ifijwiwjdt

where w; = ¢n;. Since there is no explicit time dependence, the energy

oL
E = —¢—
057
N
= (IZ]TLZTLJQP) ® — §Iijwiwj
1
= ifijwiwj

is conserved. Since there is no torque (or because ¢ is cyclic), we know that the total angular momentum is
also conserved,
Li = Iijwj

Suppose, for concreteness, that Iy > Is > I3. The case when two of the principal moments are equal is
simpler and will be examined separately. Then for torque-free motion, the Euler equations, Egs.(18), become

Lot = wows (Io — I3)
L, = —wswi (1 —1I3)
Isws = wiws (1 —Iz)

where the differences between principal moments on the right are all non-negative. Add multiples of the first
pair:

Il (Il —13)(;.)1(,1}1 Wi1WwaWws (Il —13) (12 —13)
Iy (I — Is)wawy = —wowswy (I1 — I3) (I — I3)
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so that the right sides cancel, leaving the vanishing sum,

0 = Il (Il - Ig)wlwl + IQ (IQ — Ig)(dgd)g
1d
= 5@ (Il (Il—]-g)w%-l-_[g (IQ—Ig)wg)

so we find a constant, A, given by
A = I1 (I1713)w%+12(12713)w§

Similarly, we find a relation between w3 and w3,

I (I — L) waws = —wswiws ([1 —I3) (I — I2)
Is (I — I3 wsws = wiwaws (I1 — I2) (I1 — I3)
SO
1d 9 9
= 5@ (IQ (11—12)w2 +Ig([1—[3)w3)

Calling the second constant B, we solve for two of the components,

1
Ilwf = I]_ —13 [A*IQ (12 7[3)00%]
1
2 2
Lw; = I (B — 1, (I — L) w3

Substituting Eqgs.(20) and (21) into the energy,

2F = Ilwf +Igw§+13w§
1 2 2 2
- 7 (A~ T (T2 = Is) wp] + T + 7 — [B—IL (I - ) w3
1
ol (A+B—IL (I —I3)wi + I (I} — I3)ws — I (I; — I) w3)
1
- I T (A+B+(712I2+1213+11[2*1213*I1I2+12]’2)w§)
1— 13
1
= A+ B
LD

so the sum of the constants is proportional to the energy,
A+B=2(1-I3)E

To find the remaining component, we solve for w; and ws,

wi = \/11 11__, (A— I (I — I3) w3)

(I
1
(I

w3 = —

3)

B—-IL,(I, - I))w3

T 1_13>( 2 (It = Iz) w3)
and substitute into the Euler equation for ws,

Dy = —wswy (I1—I3)
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Integrating gives an expression which can be written in terms of elliptic integrals,

111515 / dws
—4/ t =
AB \/(1 _ Ia(I2—1I3)
A

wg) (1 _ %@)

Rescale ws, letting

_ 22— L)
X = 1w
K2 = Alh 1)
B(I, —1I3)

Then

Ly(ly—13) [Lilaly, dx
A = | e

The right side is Jacobi’s form of the elliptic integral of the first kind,

* dt
P = [ JI-0)(1-FP)

so we have

_\/12 (12—13)\/111213t_F (I, —I5) AL~ 1)
A AB A B, — Is)

which, in principle, gives the solution for ws (t).
We show below that for a symmetric body, the torque-free solution is much easier to understand.

6.6 Torque-free motion of a symmetric rigid body

Now consider the case when two of the moments of inertia are equal. This happens when the rigid body
is rotationally symmetric around one axis. Let the z-axis be the axis of symmetry. Then I; = I, and the
torque-free Euler equations become

= Luw —wows () — I3)
Ly +wiws (11 — I3)

= Izws

The final equation shows that w3 is constant. Defining the constant frequency 2 = ws (1 1;113> the remaining

two equations are
d)l = QOJQ
d)g = 79&)1
We decouple these by differentiating the first and substituting the second,
w; = Quo
= 792&)1

and similarly, by differentiating the second and substituting the first. This results in the pair of simple
harmonic equations,

w01+ QQ(Ul =0
W + QQ(A}Q = 0
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with the immediate solution

wi; = AcosQt+ BsinQt
for wy and, returning to the original equation w; = Qws,

we = —Asin Qt + B cos it

Notice that
w}+wi=A?+DB?

so the x and y components of the angular velocity together form a constant length vector that precesses
around the z axis. If the angular velocity is dominated by ws, the remaining components give the object a
“wobble” — it spins slightly off its symmetry axis, precessing. On the other hand, if ws is small, the motion
is a “tumble” — end over end rotation of its symmetry axis.

Remember that this analysis takes place in a frame of reference rotating with angular velocity w. If all
of the motion were about the z-axis, the object would be at rest in the rotating frame. The fact that we
get time dependence of our solution for w means that even in a frame rotating with the body, the body
precesses. If we transform back to the inertial frame, it is both spinning and precessing.

7 Lagrangian approach to rigid bodies

7.1 Angular velocity vector

To study symmetric rigid bodies with one point fixed and gravity acting — tops — we begin afresh and write
an action for the problem. In order to do this, we require some set of coordinates. We take these to be the
direction of a unit vector n = n (0, ¢) where 6 and ¢ are the usual polar and azimuthal angles, respectively,
and a third angle of rotation, ¢, about n. By specifying a triple of angles, (0, ¢, %), we may therefore specify
the orientation of any rigid body.

Pick a Cartesian inertial frame of reference, (i,j, l;) with position vector given by x' = (2/,y’,2’). To

rotate to our body axes, we use O (11 (6, ¢) , ),

x = O(hx)x

= x| +x/ cosf —sinf (nxx')

where

=33

x| = (“X)

’ ’ ’
X, = X —n(n-x)

It is convenient to choose three orthonormal vectors for the body frame, (@, m, §) given by

n = n
!
. X

m = =

Ty

§ = nxm
In terms of these, the rotation is given by
’ ’ !
O(0,n)x = zn+ 1z, cosfm — x, sin6s
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We also will need unit vectors in the directions of increasing coordinate angles, (0, , ),

0 = icos@cosgp—kjcos@singo—l;sinﬁ
p = —isingo—i—jcosgo
n = isin@coscp—Q—jsin0$ing0+f<cost9

We may use these to specify an arbitrary angular velocity vector. A change in ¢ produces an angular velocity
around the axis n x @, while a change in pproduces a rotation around k. Changes in are rotations about n.

A general change of all three angles, (0, &, 1/)) give a linear combination of all three, w = 6 x 0+ gbl; + m.
Expanding in the original basis,

w = 0hx0+¢k+yn
= é(isin@coscp+jsin951n<p+f<cos€) X (icos@cos<p+jcosﬁsing07Rsin&)
+<,blA<+1b(isin@cosgp—I—jsinesingo—i-f{cosﬁ)
= 9(l;cosesinﬁcoscpsincp—&—jsinﬂsin@cosap—ﬁcos@sin@sinwcosap—isin@sinﬁsing@+jcos€cos€cosg0—icos2esir

+<,blA<+1/.) (isin@cosga +jsinesin<p+f<cose>

<¢sin9008¢ — ésingo) i+ (écoscp + 1/}sin6’sin30>3+ <¢COSH + c,b) k
so the angular velocity is

w

(¢sin0cosgp—ésing@) i+ (0.cosg0+zl}sinesin<p)j+ (¢6089+¢) k

= wi+ ij + w3f<

7.2 Action functional for rigid body motion

We are now in a position to write the Lagrangian and action for a rigid body. In terms of Euler coordinates,

the kinetic energy is
1
T = §Iijwiwj

Substituting for the angular velocity in the principal axis frame this becomes
1 . . 2 1 . . 2 1 . 2
T:§I1 (wsin0cosg0—ﬂsingo) +§IQ <0cosg0+wsinesin<p) +§.[3 (wcos€+<p>

We may also have the kinetic energy of the center of mass.

For a slowly changing force field, we may write the potential as a function of the center of mass only, but
if there is a gradient or the forces are applied at specific points of the rigid body, there may be torques as
well. If the body is in a gravitational field, the potential is found by integrating

dV = —dmg (r) - dx

where g (x) is the local gravitational acceleration. For a uniform gravitational field, g = —gk is constant so
[g(r)-dx=g-x

av = - (pdgz) g X
V = —-g- /pxd?’x
= —Mg-R
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since the center of mass is defined as )
R=_— &*
M / pra-z

We now apply these considerations to the case of a rigid body symmetric about one axis, with one point
fixed: tops.

7.3 Symmetric body with torque: tops

Now suppose the rotationally symmetric body rests on one point of the symmetry axis, like a top spinning
on a tabletop. We take this point as fixed. Then, unless the top is perfectly vertical, there is a torque acting,
produced by gravity acting at the center of mass. If the center of mass is a distance [ above the fixed tip,
then the potential is

V = Mglcosf

Taking the z-axis of the body frame as the symmetry axis, we have Is = I7, and the first two terms of the
kinetic energy simplify considerably.

1 ) . 2 ) ) 2 1 . 2
T = 51’1 <<1/Jsin0(zos<p9$inga) +(Qcoscp+wsin€singa) >+213(w0089+¢)
1 . . .
T = 511 (1/12 sin? 6 cos? o — 218 sin 6 cos psin ¢ + 62 sin® go)

1 . . . 1 . 2
+§Il (92 cos? o + 201 cos psin  sin ¢ + 2 sin? § sin® <p) + 513 (1/) cos 6 + gb)
1 . ) 1 . 2
T = 5h (¢2 sin? 0 + 92) +50s (¢cos9 n ¢)
Then the action becomes

— 1 22 @2 12 1 i p 2_ .
S = /dt(211 <<p sin“ 6 + 0 ) +213 (¢+<pcos0) Mgl cos 8

7.3.1 Conserved quantities

We first look for conserved quantities. Two angles, ¢ and 1, are cyclic, so their conjugate momenta are
conserved:

oL
p¢:%

= Lpsin®6+ I3 (w + gbcos@) cos
= ¢ (11 sin? 6 + I5 cos® 9) +131Lcos€
and
oL
0y
= I3 (LZ.JJrgbcosH)

The energy provides a third constant of the motion since % = 0. Since the Lagrangian is quadratic in

the velocities, we have E =T + V,

E

1 . 1 . 2
511 (c,bz sin? 0 + 92) + 5[3 (1/1 + <,bcost9> + Mgl cos @
2

1 .
-1 <¢2 sin? 6 + 02) + Py + Mgl cos 6
2 215

41



7.3.2 Solving

To solve, we first eliminate 1/},

Y = Py _ pcosb
I3
then substitute this into p,,,
pe = ¢ (I1sin®0+ I3cos?6) + I (1}1& - gbcosﬁ) cosd
3

= ¢ (Il sin? @ + I5 cos? 6 — I5 cos® 9) + py cos B
ol sin® 6 -+ py cost

so that we may also solve for . This gives

Dy — Py €OS 0

L I, sin? 0

Finally, we use the energy to express 6 as an integral,

1 , >
E = -L (gb2sin29+ 92) + By + Mgl cos 6
2 213
2 2
1 Po —PpcosON" . o) o) Py
= -7 LY ) sin®046% ) + =2 + Mglcosd
2! (( I, sin2 6 or; Y
L o (Pp—pycost)® Py
= -LP+ 22 2+ P 4 Mglcosf
27! 21 sin® 0 213 g
2 .
We may drop the constant term, % Then, solving for 6 to integrate,
/ do
t j—
—py 2
\/ 2 (”“’Ig’;ﬁni"z” — 2l e

/ I, sin 0do
\/211Esin2 0 — (pp — py cOS 9)2 — 211 Mgl sin® 0 cos 0

or, setting x = cos 6,

P / dx
- 2 2Mgl
VE =% — 4 (b, — pya)’ - (@~ a?)

The cubic in under the root makes this difficult, but it can be expressed in terms of elliptic integrals or
numerically integrated. The resulting 6 (¢) then allows us to integrate to find ¢ (¢) and ¢ (¢).

7.3.3 Potential energy

A simpler way to approach the qualitative behavior is to view the energy as that of a 1-dimensional problem
with kinetic energy %I 16% and an effective potential

(py — Py cOS 9)2

+ Mgl cos@
21, sin® 0 g

Vers =
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2
. . P
where we again drop the irrelevant constant, ﬁ

To explore the motion in this potential, again set x = cosf. Then

(py *pwx)Z
i o= P PyT) 4 gl
Vers of (1—a2) I
This has extrema when
dVess
0 = it
dx
~2py (Pp — Py) _ (P — Py)’
= - —2x) + Mgl
20 (1 —2?) 211(17952)2( )+ Mg
1 2
= — (—p¢2 (P — py) (1 — 2%) + 22 (py — pypx)” + 2L Mgl (1 — 2?) )
2[1 (]. — Z2)
0 = —2pyp, (1—27) +2pha (1 — 2°) + 2pLa — dpepya® + 2p),a° + 211 M gl (1 — 22° + 2*)
0 = (2IiMgl —2pyp,) + (Qpi + Qpi) T+ (2pypy — 4pepy — AL Mgl) 2% + (Zpi — 2pi) 23 4+ 21, M glz*
0 = (LMgl—pyp,)+ (p) +p5) v — (Popy + 2L Mgl) 2* + (I Mgl) &
2
0 = LMgl(1=2%)" = pype (1+2°) + (0, +p3) =

For x near 1, so that the top is nearly vertical, the first term may be neglected and we have approximately

0 = pypp— (P5+1)) T+ pyppr’
_ 1 2 2 2 2 2 22
T 2pypy ((p<,, ) \/(p“" +p’¢’> — AP
1 2 2 2 2
= P Ty £ (0, —p
2Dy ( ® ¥ ( ® w))
yielding two solutions, = = 2—:, Z—i. Only one of these values is less than one, so there is a unique angle
cosfy = min (i—:, 1;—”) which remains approximately constant. With xy = cosfy, the remaining angles
©
satisfy
_ Dby _ .
v = I, Fro
o = Py — PypZo
I (1 —a3)

Now consider small z, so we neglect the z* term. Then

0 = (pypy +20LMgl)a® — (p +p),) v — (I1 Mgl — pypy)
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1
- ) £ +4 9T, Mgl) (I, Mgl —
’ 2(pwp¢+211Mgz)<P¢+Pw \/pw+p<p (pypy + 21 Mgl) (I1 Mg pwp¢)>
1
v + i\/ 2 * unMgl + 8I2M2g212
2(Pwpw+211Mgl)<p“” pw <p 1M glpyp,

This has real solutions as long as
2
(3 — p2)” +8IM?g*1> > 41, Mglpyp,
When the spin is fast, we have py, > p, and may approximate

P+ 8I2M2g%12 > 4T Mglp2 Pe

But then

o
IN

2
(p3, — 21, Mgl)
— 45 Mglp, + AI; M? g1
py +AITM?g*1* > 4L Mglpy

and since i—i < 1, there is always a solution. When the energy equals the potential at such a minimum,
the top will precess in a circle at a fixed angle §. We may the consider perturbations around this solution.

Various solutions are depicted in Figure 5.9 of Goldstein, depending on the relative frequencies in the 6 and
 oscillations.
7.3.4 Slowly precessing top

Consider the case when we have 1/) > 60> . Then we may make the following approximations:

Dy

¥ = T pcosb
o P
I3
and
Dy — Py €O 0 < w
L I, sin’ 6
while the energy is approximately
1 .
E = 511 (gbz sin? 6 + 02) + Mgl cos@

1 .
51192 + Mgl cos@

Q

Then, solving for 0 to integrate, we find an elliptic integral:

. / do
N 2F/ 2Mgl cos 0

e
214 r Q 4Mgl
E'— Mgl 2’ 2E" — 2M gl
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7.4 Gyroscopes

Gyroscopes are typically mounted on freely turning frames so that there is no external torque. In this case,
the potential vanishes and we have the simpler system

¥ = Py — pcosb
I3
Dy — Py COS 0

I, sin% 6
1 .
E = 5]1 (()02 sin29+92>

1 Dy — Py COS 0 2
= L |([=—5—"") sin?0+6?
27! << I, sin? 0 ) e )

2
_ L Be—pocost)?
2 2]1 sin” 6

sb:

where we have dropped the extraneous constant from the energy. The effective potential is now

(pw — Py COS 9)
214 sin® 0

T = cosf = min (m, m)
Dy Do

where the minimum selects for the value which gives x < 1. There is therefore exactly one solution

Vers =

The extrema at

12 sin2 0

/ \/ (pgp Dy COS 0)

_ / sin 0d0
\/@ sin? @ — %2 (P — Py cosf)?
Ild.'IJ

/\/211E P2) + 2pepyx — (2[1E+pfb> z2

This time the root is quadratic, and we may complete the square,

2.2

PP
OLE —p2) 42 CQLE+p2)at=— | 2L Bt pre - PPy 4oL E—
BRE = pe) +2pepse — BLE L7 T TR 21, E + p?, +211E+ +20E -

Setting

¢ = \2LE+p2a— 2
2L E +p?,
d
de - 9%
/2L E + i)
2,2
PP
A2 _eY 91 p—
9LE + pwJr 1B -

Q = —,/2IE 2
I 1 +p¢
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we have

o[
so we set
£ = Asina
and the integral is
I
t = —L — sin? %

\/2LE + 2,
/2L E + p? cos 6 — __PePv  _ psinqt
1/2_[1E -l-pi,

A
cosf = PoPy + sin Qt

2LE+p; L E+p?

= cosfy+ bsin it

This displays nutation clearly: the tip angle of the gyroscope oscillates up and down around the angle 6
with period 2. From ) = %1 211 E + pi we see that 2 may have any magnitude, depending on the size of
I;. Then, from
Dy — Doy COS O

I sin? 0
we see that the value of p, makes ¢ independent of (2. This means that the rate of precession and the rate
of nutation are independent of one another.

p =
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